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Abstract

We prove that the integral trace form (the quadratic form obtained by restricting z
Trr/g(2?) to the ring of integer of a number field K) is a complete invariant for totally
real number fields of fundamental discriminant, we also study the relations of this invariant
with the trace-zero form and the shape of K (a geometric invariant introduced in [Ter97]
and studied in more generality in [BH10]), and give analog results for those invariants. As a
consequence, we settle a conjecture from 2012 made in [MS12] about tamely ramified quartic
fields of fundamental discriminant. Our method of proof is based on what we call Casimar
elements and Casimir pairings, new tools we introduce in this work, which are related to
(and generalize) the Casimir elements from the representation theory of Lie algebras. Ad-
ditionally, we give an alternative proof of this conjecture via Bhargava’s parametrization of
quartic rings.

Keywords: Trace form, Totally real number fields, Shapes of number fields, Casimir

invariant, Higher composition laws.



Resumen

Probamos que la forma traza entera (la forma cuadrédtica obtenida a partir de restringir
T — TI‘K/Q(iL’Q) al anillo de enteros de un cuerpo de nimeros K) es un invariante completo
para cuerpos de numeros totalmente reales de discriminante fundamental, también estudi-
amos la relacién de este invariante con la forma traza-cero y la forma geométrica de K (un
invariante introducido en [Ter97] y estudiado en méas generalidad en [BH16]), y damos resul-
tados analogos para estos invariantes. Como consecuencia, probamos una conjetura del 2012
propuesta en [MS12] sobre cuerpos cuarticos moderadamente ramificados de discriminante
fundamental. Nuestro método de prueba se basa en lo que llamamos elementos de Casimir
y emparejamientos de Casimir, herramientas nuevas introducidas en este trabajo, las cuales
estdn relacionadas con (y generalizan) los elementos de Casimir de la teorfa de representacion
de algebras de Lie. Adicionalmente, damos una prueba alternativa de esta conjetura via la
parametrizacién de anillos cuédrticos de Bhargava.
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Introduction

The main goal of this thesis is to show how under certain ramification conditions we can
completely determine a number field (up to isomorphism) by some associated invariant
quadratic form, namely its integral trace form. We begin by giving some motivation and
explaining the relevance of the problem, we also state the new results obtained in this work
and outline the general structure of the thesis.

Overview

The discriminant, an integer coming from Minkowski’s geometry of numbers, is one of the
most natural and important arithmetic invariants we can attach to a number field K. It
tells us, among other things; which primes ramify in K, the parity of the number sy of pairs
of complex embeddings of K and the parity of the Galois group of the Galois closure of K*.
Even more astonishingly, by a theorem due to Hermite and Minkowski, we know that (up
to isomorphism) only finitely many number fields can share the same discriminant.

This result allows us to study number fields by enumerating (listing) them by the size of
their discriminant. Actually, when people want to know “how many” number fields satisfy
certain property P, and there could be infinitely many that do, what they usually do is
study the asymptotic behavior of

Np(X) = #{K : K satisfy P and |disc(K)| < X} < o0

as X — oo?. Thus we can say that the discriminant is a fairly useful and strong invariant.
For instance, it characterizes completely a quadratic field among all other quadratic fields.
However, although only finitely many, there can be multiple number fields with the same
discriminant, e.g., the fields Q(+v/6) and Q(+v/12) both have discriminant —972 but they are
not isomorphic. Hence we see that the discriminant is in fact not a complete invariant, i.e.,
it does not specify completely the isomorphism class of a number field.

IThis group, view as a subgroup of S,, where n = [K : Q), is even if and only if the discriminant of K is a
perfect square. A transitive subgroup G of S, is said to be even if G C A,,.

2 Even for a simple property like P, := “having degree equal to n” the asymptotic behavior of Np_ (X) is
still unknown in general. A conjecture due to Linnik asserts that Np (X) ~ C, X.
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Since the discriminant is an invariant so close to being complete a natural question is

& Can we find a closely related invariant that refines (improves) the discriminant and
that is in fact complete?

3

Among the several options® one candidate seems to be the most natural. The integral trace

form is the integral quadratic form associated to restriction of the trace pairing

trxg: K x K = Q, (z,y) = Trgo(zy)

to the ring of integers Ok of K. Since the discriminant of K is the discriminant of the
quadratic Z-module (O, trg/qg), we can consider the isometry class of (O, trg ) as such
a refinement.

This invariant made its first appearance in the 80’s in a pioneer work by R. Perlis & P.E
Conner [C'P84] where they proved the following theorem

Theorem 1 ([CP&4, Theorem IV.1.1]). Suppose K and L are Galois number fields of odd
prime degree | such that disc(K) = disc(L). Then, for every isomorphism of groups

h: Ga(K/Q) = Gal(L/Q)
There is isometry of quadratic Z-modules ¢ : (O, triq) — (O, trr q) such that
¢o = h(o)¢ for all o € Gal(K/Q)

The theorem actually tells us the opposite of what we hoped for. For this type of fields
the integral trace forms is just as good invariant as the discriminant itself, there was no
improvement. And since there are examples of not isomorphic Galois cubic fields with the
same discriminant, we see that this invariant is not complete in general either.

However, when given any invariant we can always ask exactly when two objects that share
the same invariant are forced to be isomorphic. And in the case of the integral trace form
the question is particularly interesting due to its intimate relation with the discriminant.

The cubic case

This question was first studied systemically for cubic fields in [MS10]. To state the results
established there we need the following definition

Definition 1. An integer D is said to be a fundamental discriminant if it is the discrim-
inant of a quadratic field or equivalently if 1 # D and D is either square-free congruent to 1

30Other invariants refining the discriminant include its Dedekind zeta function (x (see [Per77]) , its Brauer
equivalent class (see [Linl8]) and its ring of adeles Ag.



3 Introduction

modulo 4 or of the form D = 4m where m is a square-free integer not congruent to 1 modulo 4

The paper [MS10] starts by giving lots of different examples of non-conjugated (not iso-
morphic) cubic fields K and L such that (Ok,trg/q) = (Op,trr/g). Here is a summary
of the examples found in [MS10] (the polynomials displayed define the corresponding non-
conjugated cubic fields K and L, i.e., the fields are obtained by adjoining a root of the
respective polynomial to Q):

Galois (square disc.) | non fundamental disc. | fundamental disc.
2 — 6224+ 9z + 1 20% 4 322 — 21z + 4
disc > 0 203 + 322 — 9z + 2 2%+ 922 — 18z — 1 277
disc = 422 disc = 3°-5%-11
x> —6 3 — 16z + 27
disc < 0 ok % — 12 23+ 2z + 11
disc = —2%2.3° disc = —3299

Table 1: Examples in the cubic case from [MS10]

Each example actually represents a theorem and whole family of examples, the upper left
being Perlis and Conner’s theorem in degree [ = 3. This may lead to the conclusion that the
integral trace form is not such a good refinement. Nevertheless, observe how in the upper
right no example was ever found. In fact, Mantilla-soler in [MS10] obtained a first positive
result by showing that the integral trace form is indeed a complete invariant for this type of
cubic fields!. More precisely, he proved

Theorem 2 (Mantilla-Soler, [MS10]). Let K be a cubic number field of positive, fundamental
discriminant. Let L be a number field such that there exists an isomorphism of quadratic
modules

(O%: tricja) = (O, tr o)

and assume 9t disc(L). Then K = L.

Here O% = {z € Ok : Trg/g(x) = 0} is the trace zero module. It is easy to see that for to-
tally real number fields* (O, trx/q) = (Or, trrg) always implies (O%, try/q) = (O, try )
(see Proposition 2.10) so the theorem in particular proves what we wanted since 9 { disc(L)
when disc(L) is fundamental .

The proof of Theorem 2 given [MS10] is not at all trivial and relies on a clever combination of
the law of composition of Bhargava cubes [Bha(O1] with the Delone-Faddeev parametrization
of cubic rings.

4A number field is totally real if every embedding o : K < C is real, i.e., 0(K) C R.
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Totally real vs Nontotally real

The dichotomy of positive versus negative discriminant that we saw in Table 1 for the cubic
case is by no means coincidental. It is related to a deep result in the theory of quadratic
forms known as Eichler’s theorem which implies, for example, that two indefinite regular
quadratic forms of dimension n > 3 are equivalent if and only if they lie in the same spinor
genus. By a theorem due to Olga Taussky (see Theorem 2.9) the trace form of a number
field K is definite precisely when K is totally real, this corresponds in the cubic case to
discriminant being positive. So for non-totally real fields, in order to see if the integral trace
forms are equivalent, it is sufficient to prove that they lie in the same spinor genus.

Surprisingly in [MS15] the author was able to completely characterize the spinor genus of
the integral trace form in terms of very simple invariants.

Theorem 3 ([MS15, Proposition 2.9]). Let K, L be tamely ramified number fields of the
same degree n > 3. The integral trace forms of K and L are in the same spinor genus if and
only if the following conditions hold:

(i) disc(K) = disc(L)
(i) K and L have the same number of complex embeddings.

(iii) For every finite prime p # 2 that ramifies in K if {p;}, {q;} are the primes lying above

p in K and L, respectively. Then, the numbers # {z : f(pi|p) is even or <%> = 1}

and # {j : f(g4lp) is even or (%) = 1} are congruent modulo 2.

In particular, Theorem 3 provides us with a general tool to find examples of non-totally real
fields K 2 L with equivalent integral trace forms in higher degrees. Here are the examples
with discriminant of minimal absolute value in degrees 4,5 and 6 found with Magma.

Example 1. The polynomials 2% — 222 — x — 2 and 2* — 2® — 22 — 3 define non-conjugated
quartic fields of discriminant —4027. They satisfy the hypothesis of Theorem 3 and since
they are not totally real they have equivalent integral trace forms.

Example 2. The polynomials 2° + 223 —x + 1 and 2° + 22* — 222 — 1 define non-conjugated
quintic fields of discriminant 16757 = 13 - 1289. They satisfy the hypothesis of Theorem 3
and since they are not totally real they have equivalent integral trace forms.

Example 3. The polynomials 2% —22°442* —623+62% —52x+3 and 25 —32° +42* —323 422 +1
define non-conjugated sextic fields of discriminant —64387 = —31% - 67. They satisfy the
hypothesis of Theorem 3 and since they are not totally real they have equivalent integral
trace forms.



5 Introduction

The Conjecture

Although Theorem 3 gives us a neat description of the trace form in the non-totally real
case, it still leaves us with the question of whether or not the analogue of Theorem 2 holds
for totally real fields in degree n > 3. More specifically, the following question was raised in
[MS12]

Question 1. Are there examples of non-conjugated totally real number fields K and L of
fundamental discriminant such that their corresponding trace zero forms (resp, integral trace
forms) are equivalent?

Mantilla-Soler gave a partial answer by proving computationally that there is no such ex-
amples with degree < 11 and discriminant < 10°

Theorem 4 (Mantilla-Soler, [MS12] ). Let n be a positive integer less than 11, and let X,
be the quantity described in Table 2. Suppose that K is a totally real number field of degree
n with fundamental discriminant bounded by X,,. If L is a tamely ramified number field such
that

(0%, trjg) = (O, triq)

Then K = L.
| X [ n |

00 1,2,3

1.0 x 10” | 4,5,6

8.9 x 101 7

2.5 x 10? 8

2.8 x 1019 9

2.8 x 101 10

Table 2: Upper bounds

The results were particularly solid in the quartic case. The reason for this, totally real fields
with fundamental discriminant (and such that there is at least one more field with the same
discriminant) get much more scare as we increase the degree. For 5 < n < 10 and the values
of X,, described in Table 2 there are only 5,122 such number fields with discriminant < X,
all of them for n € {5,6,7}. In contrast, there are a total of 1,301,472 quartic fields with
this property and discriminant < 10°. With such a strong evidence for the quartic case the
following conjecture was formulated

Conjecture 1 (Mantilla-Soler, [MS12]). Let K be a totally real quartic number field with
fundamental discriminant. If L is a tamely ramified number field such that an isomorphism
of quadratic modules

(0%, triyg) = (OF, trr )
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exists. Then K = L.

Since its formulation in 2012 the conjecture has received noticeable attention, see for example
= Jordan Ellengber’s post in Quomodocumque: Can the trace hear the shape of its field?.
» F.O. Odumodu’s thesis from Stellenbosch University [Odul3] (supervised by B.Erez).

However, the problem had remained open up to now.

New results
The main result of this thesis answers Question 1 for integral trace forms.

Theorem 5 (cf. Theorem 4.18). Let K be a totally real number field with fundamental
discriminant. If L is a number field such that an isomorphism of quadratic modules

(Ok, trijq) = (O, trr o)
exists. Then K = L.

The hypothesis of the above theorem can be interpreted in some sense as “having the least
possible ramification”. This is because a totally real number field is a field where the infinite
prime of QQ is unramified and a number field of fundamental discriminant is a field such that
for each finite rational prime p that ramifies in K only one prime p|p in K is allow to be
ramified over Q and for that prime the ramification index and inertia degree are as small as
possible e(p|p) = 2 and f(p|p) = 1, see (3.1).

This theorem is pretty general but it does not prove Conjecture 1 yet. This is achieved in
the next theorem

Theorem 6 (cf. Theorem 4.19). Let K be a totally real number field of fundamental dis-
criminant and degree n > 3 such that (Z/nZ)” is cyclic. Then, for any number field L the
following are equivalent:

(i) K= L
(ii) (Ok, trig) = (O, trrq)-
(ii1) (Og, triyg) = (OF, trig)-
(iv) Sh(K) = Sh(L) and L is totally real with fundamental discriminant.

If (n, disc(K)) = 1, then the four items are also equivalent to

(v) (O%, trijg) = (O, trpq).


https://quomodocumque.wordpress.com/2011/04/27/can-the-trace-hear-the-shape-of-its-field/
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Here Oy is the set of elements of Z + nOj with trace zero and Sh(K) is the shape of K, an
important geometric invariant that have been greatly studied in recent years, see Chapter 2
for its definition and more details.

Now Conjecture 1 follows from Theorem 6 for n = 4, by noting that for tamely ramified

_ - . _disc(0%) _ disc(0%) 1.
L we have Trz,q(Or) = Z (see (2.6)(77)), thus disc(L) = — % = — 2= = disc(K) (see

(2.3)). Also 2 1 disc(L), otherwise, 2 would ramify in L and, as we mentioned before, this

would imply 2 = e(p|2) for a unique p|2 in L, contradicting that L is tame at 2.

Observe that if we apply Theorem 6 to n = 3 we almost recover Theorem 2, but we would
have to change the condition 9 { disc(L) (which is equivalent to Trz,o(Or) = Z (2.6)(¢)) by
the more restrictive condition 3 { disc(L). Hence we would like to remove the hypothesis
“(disc(K),n) = 17 and “(Z/nZ)* is cyclic” from our theorem. Even though we were not
able to do that (and we are not sure if it is possible at all), we can prove that the theorem
with these hypothesis removed holds up to (possibly) finitely many counter examples for
each n.

Theorem 7 (cf. Theorem 4.20). Let K be a totally real number field with fundamental
discriminant and degree n. Then, for a number field L such that Tro(Or) = Z, the five
statements in the above theorem are equivalent up to finitely many counterexamples for each
n. More specifically, they will be equivalent as soon as disc(K) > (32n3)"2(++1)

For example, to completely recover Theorem 2 it would be “enough” to check it in a computer
for all the cubic fields with positive fundamental discriminant less that

8642 ~ 2.26 x 102

Outline of the thesis

» In Chapter 1 we fix some notation and review some of the basic notions and facts that
will be used in the rest of the work. From quadratic forms we will not need any deep
result, just some basic definitions. Since we will be working with both global and local
fields, we chose to make a presentation of the essentials of algebraic number theory via
the theory of Dedekind domains. We also work with some properties of permutation
group theory that will be useful in Chapter 3.

= The goal of Chapter 2 is to study the interplay of three closely related quadratic in-
variants that have been introduced in the literature. These are: the integral trace form
with associated quadratic Z-module (O, trg/q), the trace zero form with associated
quadratic Z-module (O, trx/g) and the shape Sh(X) linked to a quadratic Z-module
(OIJ% ) bK )
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After giving their definition and describing some of their well-known properties, we
show that for totally real fields (Og,trg/q) is the strongest of these invariants and
how under certain conditions on [K : Q| and disc(K) the trace zero and (O, tri/q)
become stronger that (Og, tri ). We also show that for Z/IZ-fields with [ prime the
three invariants (O, try/q), (O%, trx/g) and (Of, by ) are essentially the same.

Chapter 3 deals with Galois theory of field with fundamental discriminant. Most of the
chapter is devoted to prove Theorem 3.19 (a key result we need to complete the proof
of our main theorem in Chapter 4 in case the prime p = 2 divides the discriminant and
also to prove Theorem 7). Another important fact proved in the chapter is Corollary
3.8 (a statement on linear disjointness of fields with fundamental discriminant needed
in the proof of Theorem 5).

We also give an alternative proof of the fact that fields with (possibly even) fundamental
discriminant of degree n are S,-fields. This result was first proved in [N 88] for odd
fundamental discriminant and it was later generalized to any fundamental discriminant
in [Kon95]. The proof given here was constructed out of [N"88] without knowing of
the existence of [[Kon95].

In Chapter 4 we introduced the most important ingredient in the proof of our main
results, the Casimir elements cg(1), ¢) and the Casimir parings (-, -) 5. We explore some
of their nice properties and show how they generalize the Casimir elements from the
theory of representation of Lie algebras. We conclude the chapter by putting together
all the previous work to prove the main results.

Finally in Chapter 5 we adapt the proof of Theorem 2 given in [MS10] to obtain a
proof of Conjecture 1 via Bhargava’s parametrization of quartic rings.



1 Preliminaries

In this chapter we review some of the material from algebraic number theory and quadratic
forms that will be needed in the rest of the work, the main references are [Mil, Ser79] for
algebraic number theory and [Ger08, O'M13] for quadratic forms.

1.1. Quadratic modules

Definition 1.1. Let R be an integral domain and F' a field containing R, a quadratic
R-module is a pair (M, B) where M is a free R-module of finite rank and B : M x M — F
is a symmetric bilinear form. When R = F so that M =V is an F-vector space, we call the
pair (V, B) a quadratic F-space. Finally, if B is a symmetric bilinear form, the mapping
q: M — F defined by x — B(x, ) is the quadratic map associated with B.

Definition 1.2. Let (M, By) and (M, Bs) be quadratic R-modules an isometry is an
isomorphism of R-modules
@ . M1 — M2

such that Bys(¢(z), ¢(y)) = Bi(z,y) for all z,y € M;. We say that M; and M, are isometric
which we write as

(My, By) = (Ma, By)

or simply M; = M, if there exists a isometry between M; and Ms.
Let B := {v;} be an R-basis of the quadratic R-module (M, B), the symmetric matrix
A = (B(vi,v5)) € Mo (F)
is called the Gram matrix of (M, B) with respect to B. We write
M=AinB

if A is the Gram matrix of (M, B) in the basis B and we write M = A (no basis men-
tioned) if A is the Gram matrix of (M, B) in some basis. Also, if A is the diagonal matrix
diag(ay,...,a,) we write M = (aq,...,a,). Remark that the Gram matrix captures com-

pletely the isometry class of the quadratic module, i.e., if M; = A then M; = M, if and only
if My = A.



10 1 Preliminaries

Suppose M = A in a basis B := {vy,...,v,} and take {v],..., v} C M, then v; = >, t;;v;
for some matrix 7" = (t;;) € M,(R), hence if A" := (B(vj,v})) then A" = TAT* and thus

det(A") = det(T)*det(A) (1)

In particular, if B’ := {v{,...,v},} is another basis, so that M = A" in /', then the T is an
invertible matrix, i.e., det(7") € R*. So

det(A) = det(A4’) mod (R*)?
This allows us to give the following definition

Definition 1.3. Let (M, B) be a quadratic R-module with M = A. The discriminant of
(M, B) denoted disc(M, B) or disc(M) is defined as the class of det(A) in F/R*? (quotient
of multiplicative monoids).

Another easy but important consequence of the relation (1) is

Corollary 1.4. Suppose R is a principal ideal domain. Let (M, B) be an R-quadratic
module of rank n and let N < M be an R-submodule of the same rank. Write

M/N =2R/d\R® ... ® R/d:R
then where d; | dy. .. | d; are the elementary divisor, then
disc(N, B) = (d; - - - d;)*disc(M, B)
where (N, B) is the quadratic R-module obtained by restricting B to N. In particular, if
disc(M, B) # 0, then N = M if and only if disc(N, B) = disc(M, B).
For example if R = Z, this relation reads disc(N, B) = [M : N|*disc(M, B).

Orthogonality

Let (M, B) be a quadratic R-module. If N is a submodule of M its orthogonal comple-
ment is
N+t :={ve M:B(v,x) =0, forall x € N}

Two elements z,y € M are said to be orthogonal if B(x,y) = 0 and two subsets X,Y C M
are orthogonal if B(x,y) = 0 for all z € X and y € Y. Finally, given submodules N; of M
we write

Mm=_1n,

(an orthogonal sum) if M = €, N; and the N; are pairwise orthogonal. Note that if
N; 2 A;, then N =2 A where A is the matrix diagonal in the blocks A;. Thus,

disc(M) = H disc(M;)
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The following theorem is a consequence of a version of the Gram-Schmidt process, proved
for R™ in a basic linear algebra course, in general quadratic spaces.

Theorem 1.5 ([Ger08, Theorem 2.11)). Let (V, B) be any n-dimensional quadratic F-space,
then V' has an orthogonal basis, i.e., exists {vy,...,v,} such that V = Fuv; L ... LFv,.

Let (V, B) be a quadratic F-space we say that (V, B) is non-degenerate or regular if its
radical rad(V) := V4 is zero.

Corollary 1.6. A quadratic space is V' is non-degenerate if and only if disc(V') # 0

Proof. Let {v;} be an orthogonal basis of V', then rad(V') = 0 if and only ¢(v;) # 0 for all
and disc(V) = [, ¢(v;) mod F*2. O
Dual basis

Let F be a field and V' be a finite dimensional F-vector space. Each basis {v,...,v,} of
V' has an associated dual basis {fi,..., f.}, a basis of the dual space Homp(V, F) =: V*
defined by

fi(v;) = 0;; (Kronecker delta)

In particular, V' = V* as both spaces have the same dimension n.
Now let B:V x V — F be an F-bilinear form, this induces a map

¢p:V =V v— (w— Blv,w))
Which is injective, and thus an isomorphism, if and only if B is non-degenerate. In that
case, for each F-basis {v;} of V, by taking the inverse image through ¢p of the dual basis
{fi} of {v;} in V* we get a unique F-basis {v}} of V such that
B(UZ', U:) == 52']'
we call {vf} the dual basis of {v;} in V' with respect to B.

Scalar extension

Let R C S be commutative rings and (M, B) be a quadratic R-module, then we can endow
the S-module M ®p S with a natural structure of quadratic S-module (M ® S, B® S) by
defining B ® S as the unique S-bilinear form such that

(BoS)(vel,w®l)=DB(vw) e’

for all v,w € M.
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Signature

Theorem 1.7 (Witt Cancellation , [Ger08, Theorem 2.38]). IfV, Vi, Va are non-degenerate
quadratic F-spaces such that

Vivi=V.iy,
then Vi = V5.

Since R* /R*? = {—1,+1}, this result together with (1.5) implies the following

Theorem 1.8 (Sylvester’s law of inertia, [Ger(8, Theorem 2.40)). Let (V, B) nondegen-
erate quadratic space over R then exists unique r and s such that

V(1,11 .., 1)

We define the signature of a non-degenerate real quadratic space (V, B) as (r,s), we say
that (V, B) is positive definite is it has signature (r,0) or equivalently if ¢(v) > 0 for all
v # 0. We say that (V| B) is indefinite if neither r nor s is 0. If (V, B) is a non-degenerate
quadratic Q-space, then the signature of (V| B) is the signature of (V@ R, B ® R).

1.2. Some basic algebraic number theory

1.2.1. Number fields and rings of integers

Let A be an integral domain, which is not a field. We say that A is a Dedekind domain
if any of the following equivalent conditions hold:

(a) Every non zero proper ideal a of A factor uniquely (up to order) into a product of prime
ideals.

(b) A is Noetherian, integrally closed and every nonzero prime ideal is maximal (i.e., A has
Krull dimension 1).

(c) A is Noetherian and for every pair of ideals a and b such that a C b exists ¢ such that
a = be (to contain is to divide).

Dedekind domains are a fundamental concept in algebraic number theory, because, as shown
in condition (a), they somehow mimic the fundamental theorem of arithmetic in Z in arbi-
trary domains. Another reason why they are important is given by the following theorem

Theorem 1.9 ([Mil, Theorem 3.29]). Let A be a Dedekind domain with field of fractions K,
and let B be the integral closure of A in a finite separable extension L of K. Then B is a
Dedekind domain.
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A prototypical example of a Dedekind domain is A = Z, since for example clearly satisfies
condition (a) in the definition. A number field K is a subfield of C of finite degree over
Q, it follows from the above theorem that the integral closure Ok of Z in a number field
K (i.e. the set of all elements in K which are zeros of monic polynomials with coefficients
in Z) is also a Dedekind domain, this ring is known as the ring of algebraic integers in K.

Let A be a Dedekind domain with field of fractions K, and let B be the integral closure of
A in a finite separable extension L of K. Take a prime ideal' p in A, then according to (a)
the ideal p B, generated by p in B, factors uniquely in B as
pB =B Py

where g > 1, the B; are distinct prime ideals in B and e; > 0. The primes 33;, which by
(¢) are precisely the primes in B containing p, are said to lie over p or divide p; the number
e; denoted e(B;|p) is called the ramification index and the number f; := [B/B; : A/p]
denoted f(B;|p) is called the inertia degree. In this case we use the notation? fi* f52 - f4’
and we say that p has factorization type f{'f5? - f,° in B.

We say that the prime p is ramified in B if there is a prime 8 in B lying over p such that
e(P|p) > 1 (in that case we also say that B is ramified over K) and we say that p splits
completely in B if e(B|p) =1 = f(B|p) for all primes P in B lying over p.

A fundamental relation between the e’s and f’s is the following

Theorem 1.10 ([Mil, Theorem 3.34]). Let A, K, B and L be as above, and let Py - - - P, be
the primes in B lying over a prime p in A; then

g

Ze(%hﬂ)f(wp) =[L: K]

i=1
If L is Galois over K, then all ramification index are equal and all inertia degrees are equal,

and thus
efg=|L: K]

where e :== e(P;|p) and [ := f(Bilp).
A simple fact that is used quite often is that these numbers are multiplicative in towers.

Proposition 1.11. Let K C L C M be a tower of fields where K and L are as above and
M/ L is finite and separable. If 9 is a prime in the integral closure of B in M, P :=Q N B

and p := PN A. Then, e(Qlp) = e(QP)e(Plp) and f(Q[p) = f(QIP)f(Blp)-

! As in many texts in algebraic number theory from now on we will assume the convention of ideal meaning
a nonzero ideal.
2This is Bhargava’s notation.
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Another useful property of this kind of extensions is the following

Proposition 1.12 ([Mil, Proposition 2.29]). Let A be an integrally closed domain with field
of fractions K, and let B be the integral closure of A in a separable extension L of K of
degree m. There exists free A-modules M and M’ of L such that

McBcM

Therefore B is a finitely generated A-modules if A if Notherian, and it is free of rank m if
A is a principal ideal domain.

1.2.2. Hilbert ramification theory

Suppose A, B, K and L are as above and suppose L/K is a Galois extension with Galois
group G := Gal(L/K). The group G acts naturally on the set of all primes 3 in B above a
given prime p in A by setting o3 := o(), 0 € G. A key fact that links Galois theory and
the decomposition of primes in field extensions if the following

Proposition 1.13 ([Neul3, I Proposition 9.1]). The above action is transitive.

It follows from the Orbit-Stabilizer theorem that if we fix a prime 3 in L over p, then the
total number of such primes will be

|G : Dy

where Dy := {0 € G : o(*B) = P} is the decomposition group of B. This together with
(1.10) shows [Dg| = e(PBp) f(Blp)-

It is also possible to give a interpretation of the ramification index in terms of groups. To
see this let us define the inertia group of a prime f in B as

Iy :={ceG:0(0) =a modP,forall « € B}

Proposition 1.14 ([Neul3, I Proposition 9.4]). Let G be the Galois group of A/p C B/,
then there is an exact sequence of groups

1 —= Ip— Dy — G—1
and hence Iy < Dy and |Iyp| = e(Pp).

Let us fix a prime 3 in L lying over p := P N K with decomposition and inertia groups D
and /. According to propositions 1.13 and 1.14 if D acts by right multiplication on G, then
there is a bijection between the set D-orbits (or right cosets) G/D := {oD : ¢ € G} and the
set of primes in NV over p, given by

oD +— o(’B)
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Moreover each D-orbit oD has size |D| = e(B|p)f(Blp) and if we restrict the action to [
then each I-orbit ol has size |I| = e(*B|p).

This generalizes naturally to a (possibly non-Galois extension) L/K. More precisely, we
have the following

Proposition 1.15. Let A be a Dedekind domain with field of fractions K, let B be the
integral closure of A in a finite separable extension L of K and suppose N/K is a Galois
extension of L/K with Galois group G. Fix a prime B in N with inertia and decomposition
groups I and D. Let H := Gal(N/L) and let D act on the set of left cosets H\G = {Ho :
o € G} by right multiplication, then

(i) The map taking the D-orbit of the coset Ho to o(J3) N L is a well defined bijection
between the double quotient H\G/D and the set of primes in L lying over p := PN K.

(i) If q := o(*P) N L, then the size of the D-orbit of Ho in H\G is given by
(0D Do~ H] = e(alp)f(alp) = |HoD|/|H]
and the size of the [-orbit of Ho (the orbit of the action restricted to I) is given by

[clo™! :olo™' N H] =e(qlp) = |Hol|/|H|

Proof. See [Neul3, I1§9] . O

Corollary 1.16. Let L;/K and L,/K finite separable extensions of K, then a prime p is
unramified in L Ls if and only if p is unramified in L; and L.

Proof. Let N be a Galois extension containing L; and Lo. By (1.15)(i7) if I is the inertia
group of a prime in N lying over p, then p is unramified in L; if and only if olo™! C
Gal(N/L;), for all 0 € Gal(N/K). The claim now follows from the fact Gal(N/LiLy) =
Gal(N/Ly) N Gal(N/Ly) O

Corollary 1.17. Let L be the Galois closure of L /K, then a prime p is ramified in L if and
only if p is ramified in L.

Proof. The Galois closure L is the compositum of the conjugates of L over K all of which
are unramified at p if and only if L is. O]

Norm and trace

Let A C B be commutative rings such that B is free of finite rank as an A-module. Then
each b € B induces an A-linear endomorphism of B

r—=b-x
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the norm and trace of b € B, denoted Nmp,4(b) and Trp,4(b) are defined as the determi-
nant and trace of this endomorphism.

The following proposition gives us way to compute the norm and trace in finite separable
extension of fields

Proposition 1.18 ([Mil, Corollary 2.20]). Let L/K be a separable extension of finite degree
n. Fix an extension €2 of K containing the Galois closure of L/K. If {oy,...,0,} are the set
of embeddings L — € fixing K, then

n

Trr/x(B) = Zai(ﬁ), Nmp/k(8) = H%(ﬁ)

i=1

Note that this in particular imply that if B is the integral closure in L of an integrally closed
ring A C K with field of fractions K, then Nmy x(83), Trz/x(8) € A for all 5 € B.

There is also a notion of norms for ideals compatible with this. Namely, suppose A is a
Dedekind domain with field of fractions K and B is the integral closure of A in a finite
separable extension L of K. Denote Id(A) the group of fractional ideals and consider the
unique homomorphism of groups

Nik : 1d(B) — Id(A)

defined in primes ideals of B as N7/ (B) = p/*® where p := PN K. This generalizes
Nmy, g, because for principal ideals in B we have

Nk (BB) = Nmyk(B)A,
see [Mil, Proposition 4.1(c)]. Here are some other properties of N.
Proposition 1.19 ([Mil, §4]). With A, K, B and L as above we have:

(i) If M/L is a finite separable extension, then
NM/K = NL/K ONM/L

(ii) For every ideal a C A, Ny x(aB) = alF*Kl,
(iii) If L/K is Galois, then
Nyx@®B= [ o%

oeGal(L/K)

(iv) If A =7 so that K = Q and L a number field then

Nijg(a) = (N(a))
where N(a) := [0, : a].
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1.2.3. Absolute values and completions

Definition 1.20. Let K be a field an absolute value on K is a map z — |z| : K — R
such that for all z,y € K

(a) |x| >0 and |z| =0 if and only if x =0
(b) [zy| = [=[ly]

(©) [z +yl <[z +y|

If in addition the absolute value satisfies
(@) |z +yl < max{lz], |y[}

we say that | - | is a non archimedean absolute value. The pair (K, |- |) is called a
valuated field.

Every absolute value determines a metric on K by taking
d(z,y) = |z —y|

as the distance function and thus a topology on K. We say that two absolute values | - |;
and | - |2 on K are equivalent if they define the same topology over K, this can be seen
to be equivalent to say that there exists @ > 0 such that |- |3 = |- |{ or that for all z € K
|z]o < 1 implies |z|; < 1, see [Mil, Proposition 7.8].

Definition 1.21. Let K be a field. A discrete valuation on K is a nonzero homomorphism
v : K* — 7Z such that v(a+b) > min{v(a),v(b)}. We say that the valuation is normalized
if v(K*) =Z.

Sometimes is convenient to extend v to all K by defining v(0) = oc.

Let v be a normalized discrete valuation, then the set
A:={x e K:v(zx) >0}

is a local subring or K with maximal ideal m = {z € A : v(z) > 0}, which is principal
generated by any element 7 such that v(7) = 1 (the element 7 is called a uniformizing
parameter or prime element). A ring A arising in this fashion is known as a discrete
valuation ring, discrete valuation rings are Dedekind domains and in fact a ring A is a
Dedekind domain if and only if every localization A, is a discrete valuation ring.

Let e > 1 be a real number, then every discrete valuation on K induces a non archimedean
absolute value by taking

] i= e (2)
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Conversely, for every nontrivial non archimedean absolute such that

{~loglz| : 2 # 0}

is a discrete in R exists a unique normalized discrete valuation v on K and e > 1 such that

(2) holds.

We say that a valuated field (K, |-|) is complete if every Cauchy sequence (x,,) with =, € K
converges in K. A completion of (K, |-|) is a triple (K, ||, ) such that (K, |-|) is complete
and ¢ : (K,|-|) < (l? .| - 1) is a ring homomorphism preserving absolute values such that
t(K) is dense in K.

Given a valuated field (K, |- |) we can always construct a completion by taking K to be the
set of equivalence classes of Cauchy sequences where

(n) ~ (yn) = liyrln |z, —yn| =0

with the natural multiplication and addition, absolute value defined by |z|" := lim |z, | and
L (K| ]) = (K,|-]), given by the diagonal embedding mapping a € K to the class of the
constant sequence (x,,) with x, = a for all n.

Any completion ([A( -y e) of (K| -]|) satisfy the following universal property: Given a
complete valuated field (L, |-|”) and a ring homomorphism f : (K,|-|) = (L, |-|”) preserving
absolute values, there exists a unique f : (K, |-|') — (L, ||”) ring homomorphism preserving

absolute values such that f = f o.

(K,|-|) —— (K,

)
.
.
fl F
.
.
.

(L, [-17)
Hence a completion of (K, |- |) always exists and is unique up to isomorphisms preserving
absolute values.

Theorem 1.22 ([Mil, Theorem 7.38]). Let K be complete with respect to an absolute value
| |k and let L be a finite separable extension of K of degree n. Then ||k extend uniquely to
an absolute value || and L is complete for the extended absolute value. For all f € L,

Bl = |NH1L/K5\}</TL

Corollary 1.23. Let K be as in the theorem, and let Q2 be a (possibly infinity) separable
extension. Then | | extends in a unique way to an absolute value | | on
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Completions of global fields

Let A be a Dedekind domain with field of fractions K. For every 0 # x € K, the fractional
ideal (z) = {za : a € A} factors uniquely as

(x) =[] p®
p

where the v,(z) € Z are all but finitely many equal to zero. Thus, if we fix a prime p in
A we get a map v, : K* — Z, x — v,(z) and it is easy to check that this is a normalized
discrete valuation. The completion of K with respect to the corresponding nonarchimedean
absolute value | |, is denoted as Kj.

Theorem 1.24 ([Ser79, II §3 Theorem 1(i)]). Suppose A is a Dedekind domain with field
of fractions K and B is the integral closure of A in finite separable extension L of K. Let
B be a prime in B dividing a prime p in A, then

e(Blp) = e(Ly/Ky), [(Blp) = e(Ly/Ky)

Proposition 1.25 ([Mil, Proposition 8.2]). Let K be a field, | | an absolute value on K
(archimedean or discrete nonarchimedean) and let L be a finite separable extension of K.
Let K be the completion of K with respect to | |. Then | | has finitely many extensions
| l1,...,] |g to L. If L; denotes the completion of L with respect to the absolute value | |;,
a — a; denotes the inclusion of L in L; and b — b denotes the inclusion K< L;, then the
canonical map

9

Lex K — ] L
i=1

induced by the one taking a ® b to (ab, ..., ayb) is an isomorphism.

Corollary 1.26. For any element of a € L we have

Nmy/k(a) = HNmLi/f{(ai), Trr k(a) = ZTrLZ_/f{(ai)

If | | is a discrete nonarchimedean (i.e. if | | comes from a discrete valuation defined on K)
we can work directly with the valuation rings.

Proposition 1.27 ([Ser79, IT §3 Proposition 4]). With the same set-up as in (1.25), suppose
| | is discrete nonarchimedean an A C K is the corresponding valuation ring with completion
A and let B the integral closure of A in L. If B; is the valuation ring corresponding to | |;,
then the canonical map
g
BwaA— ][] B
i=1

is an isomorphism.
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The primes of a number field

Let K be a number field. An equivalence class of absolute values on K is called a prime or
a place of K. The following theorem describes the places of a number field.

Theorem 1.28 (Ostrowski, [Mil, Theorem 7.14)). Let K a number field. Let v be a place of
K, then v is the equivalence class of exactly one of the following absolute values

(a) |al, :== (1/Np)*@ forp is a prime ideal in Ok (nonarchimedean case)
(b) |a| :=|o(a)| for a real embedding o : K — R.
(c) |a| := |o(a)| for pair of complex embeddings {c,T}.

We say that the prime v is finite if it correspond to a prime ideal and infinite otherwise.

Let K C L be number fields. Given a prime w in a number field L we can restrict any
absolute value in w to K to get a prime v in K, we say that the prime w divides or lies
over v and write v | w. When w correspond to prime ideal B,,, v correspond to the prime
ideal p, := P, N Ok. So this coincides with our earlier notion. And if w is an infinite
prime corresponding to an embedding o, : L < C, then v correspond to the embedding

Oy =0y K-

There is also a notion of ramification for infinite primes. Given an infinite prime v in a
number field K, we say that v is ramified in a finite extension L/K if first o,(K) C R and
there is a prime w|v in L such that o, (L) ¢ R.

1.2.4. Different and discriminant

Let B C A be rings such that B is a free A-module of degree n and let {ay,...,a,} C B
the discriminant of {«q, ..., a,} is defined as

Dpja(a, ..., 0p) = det(Trg/a(osa;))

If Se M,(A) and g; := 2?21 s;;ja; then, as Tr/a is A-linear, we get

(Trp/a(BiB;)) = S(Trp a(ciay)) S

hence
DB/A(ﬁla ce ,ﬁn) = det(S)zDB/A(al, ce ,C\Jn)

In particular, if {a;} and {8;} are A-bases of B, then their discriminant lie in the same class
of AJ/A*? (quotient of multiplicative monoids). The discriminant of B over A denoted
disc(B/A) is the image in A/A*? of the discriminant of any A-basis of B. Note that every
element d € A such that dA*? = disc(B/A) generates the same ideal in A.
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If A=7Z (resp. Z,), K is number field (resp. a finite extension of Q,) and B = Ok. We
define the absolute discriminant of K or simply discriminant of K as

disc(K) := disc(B/A) € AJA*?

and denote D the ideal in A generated by disc(K). Remark that, since Z*% = {+1}* = {1},
disc(K) is a well defined integer in the number field case.

Now suppose A is a Dedekind domain with field of fractions K and B is the integral closure
of A in finite separable extension L of K. Let n := [L : K], then the relative discriminant
of L over K denoted 0, is the ideal in A generated by the set

{Dr/k(ai,..., o) : {a;} is a K-basis of L contained in B}

If Ais a principal ideal domain so that B is free over A of rank n (by 1.12), then 07k
is the ideal in A generated by disc(B/A). In particular, if A = Z ( resp. Z,) the relative
discriminant of a number field (resp. a finite extension of Q,) K over Q (resp. Q,) agrees
with our definition of absolute discriminant of K.

Here are some of the properties of the discriminant
Proposition 1.29 ([Mil, Proposition 2.40]). Let K be a number field, then

(i) If s is the number pairs of complex embeddings, then the sign of disc(K) is (—1)°.
(i) (Stickelberger’s criterion) disc(K) = 0,1 mod 4

As a consequence of (1.27) we have

Proposition 1.30. Let K be a number field and p a rational prime, then

disc(K) = HdiSC(Kp) mod Z?
plp

The different ideal

Suppose A is a Dedekind domain with field of fractions K and B is the integral closure of
A in finite separable extension L of K. Consider the B-submodule of L

{.CE eL: TI'L/K(.CEB) C A}

is called the codifferent of L over K. It is easy to see that this is in fact fractional ideal
containing B, hence its inverse denoted Dy is an integral ideal in B which is known as
the different ideal. The key relation between the different and the discriminant is the
following, see [Ser79, III §3 |.
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Proposition 1.31. 0,5 = N7k (Dr/x)
Other properties of the different and discriminant that will be useful later are
Proposition 1.32 (Transitivity). Let M/L be a finite separable extension, then
(i) Dyyx = DayeDrjx
(i) D/ = Niyre@aryn)oL i

Theorem 1.33 (Ramification). Let P be a prime ideal in L. The prime B is unramified
over K if and only if B does not divide the different Dy k.

Corollary 1.34. Let p be a prime in A, then p ramifies in L if and only if p divides 07k
Proof. This follows form (1.33) and the fact that N7 () = p/F). O

The following theorem due to Dedekind gives us a sharper version of (1.33).

Proposition 1.35 ([Ser79, 11T §6 Proposition 13]). Let B be a prime ideal in K, p = PN A,
p = char(A/p) and e := e(P|p), then

(i) Ifpte, we have vp(Dr/x) =e—1

(ii) If p| e, then e < vp(Dr/k) < e — 1+ evy(e)
We say that the extension L/K is tamely ramified at a prime p in K if p t e(*B|p) for
all primes B lying over p, where p := char(A/p). The extension L/K is said to be wildly

ramified at p if it is not tamely ramified at p. On taking norms we get by (1.31) the
following useful fact

Corollary 1.36. If p is a prime in A, then
> (e(Rlp) = DF(Blp) < vp(0r/x)
B
where the sum is over all primes 9 in L dividing p and the equality holds if and only if L/ K

it tame at p.

Tame ramification behaves well when taking compositum, more specifically, we have the
following analogs of (1.16) and (1.17)

Proposition 1.37. Let L;/K and Ly/K extensions of number fields, then a prime p is
tamely ramified in L;Ls if and only if p is tamely ramified in both L; and Ls.

Proof. By (1.24) it is enough to prove it in the local case. For a proof of this see [Narl3,
Corollary 2, pag. 229 O

Corollary 1.38. Let L be the Galois closure of a number field extension L /K, then a prime
p is tamely ramified in L if and only if p is tamely ramified in L.

Proof. The Galois closure L is the compositum of the conjugates of L over K all of which
are tame at p if and only if L is. ]
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1.3. Some results from permutation group theory

Let € be a nonempty set. The set Sym(€2) all of bijections of 2 forms a group under compo-
sition; a permuation group is simply a subgroup of Sym(2). By Cayley’s theorem every
group is isomorphic to a permutation group on some set, however, seeing the group as a
group of permutations allows a more combinatorial approach. In this section we state some
result of this theory that will be useful in Chapter 3. Our main reference for this section
will be [DMOG].

Let G be a group acting on a nonempty set ). Given A C §2 we define the pointwise-
stabilizer of A in G as

Gay={9€G:g-x=uz, foralzecA}
and the setwise-stabilizer as
Giay={9eG:9-A=A}

where g-A = {g-x : x € A}. Suppose that G acts transitively on €, we say that a nonempty
subset A of Q) is a block if for all g € G either g- A = A or (g- A)NA = ), or equivalently,
if for every x,y € A and g € G we have g- v € A <= ¢ -y € A. The importance of the
notion of block is reflected in the following correspondence theorem

Theorem 1.39 ([DM96, Theorem 1.5A]). Let G be a group which acts transitively on a set
Q and let a € Q. There is an order-preserving correspondence between subgroups H of G
containing G, (the stabilizer of o in G) and the set of all blocks A with o € A. Given by
H—={h-a:hecH} and A— Gay.

Corollary 1.40. Let n > 2. The group {0 € S,, : 0(1) = 1} is maximal in S,,.

Proof. Take G = S,, with its natural action on 2 = {1,...,n}. This action is transitive and
if 1 € A C Qis a block, then A = {1}, otherwise, there would exist 1 # j € A and if we
take i ¢ A, then o := (ij) is such that o(1) =1 € A but (i) = 7 € A, contradicting that
A is a block. Hence by (1.39) the stabilizer Gy := {o € S,, : 0(1) = 1} is maximal. O

Automorphisms of S,

Recall that an automorphism ¢ of a group G is said to be inner if there exists g € G such
that ¢(z) = grg™' for all z € G. The set of inner automorphism Inn(G) form a normal
subgroup of Aut(G) and the quotient Out(G) = Aut(G)/Inn(G) is known as the group of
outer automorphism. The following theorem is a well-known result first proved by Otto
Holder in 1895, see [Mil58].
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Theorem 1.41 (Holder, [H6195]). The group Out(S,) is not trivial if and only if n = 6.
Hence

Aut(S,,) = Inn(S,)

whenever n # 6.

Corollary 1.42. Let n # 6 be an integer, then every subgroup of index n in S,, is the
stabilizer of a point. In particular, every two subgroups of index n in S,, are conjugated.

Proof. Let H be the a subgroup of index n in S,, and let 2 := G/ H be the set of right cosets,
the action by right multiplication defines a homomorphism

©:S, = Sym(Q), o (TH — o7H)

Since ker(¢) is normal and is contained in H then, ker(¢) = 1. This is because the only
normal, proper and non trivial subgroups of S,, are V; and A4 if n = 4, and A,, if n # 2,4, but
none of this has a size dividing |H| = (n — 1)! . Hence ¢ is injective and, as |[Sym(Q2)| = n,
we conclude that ¢ is an isomorphism. Now if Q = {r H,...,7,H} with 71 = 1, then the
map

VS, = Sym(Q), o (H — 75, H)

is also an isomorphism. It follows from Hoélder’s theorem (1.41) that there is p € S,, such
that
(v~ ') (o) = pop~?, for all o € S,

thus

(pop (1) =1 = W '9)(0)(1) =1 <= (p(o))(nH)=nH < cH=H <= o€ H
and therefore H is the stabilizer of p~1(1). O
Complementing this corollary for n = 6 we have the following

Proposition 1.43. There are exactly two conjugacy classes A; and As of subgroups of
index 6 in Sg. Moreover, every pair of representatives H; € A; and Hy € A, satisfy

36:[56HlmHg]:[S()HlHS(gHQ]:(SG

Proof. See [Sch94, Lemma 7.8.6]. O



2 The quadratic Z-modules associated
to a number field

Throughout this chapter K denotes a number field of degree n = [K : Q).

2.1. Definition and some properties

2.1.1. Definitions

Let A C B be rings such that A is an integral domain and B is free of finite rank over A.
The ring B, view as a A-module, can be naturally endowed with a structure of A-quadratic
module (B, trg/4) by taking the trace pairing

trga: Bx B — A, (v,y) = trg/a(z,y) = Tra/p(xy)

as bilinear form.

Let Ay C A be aring and M C B a free A;-submodule of B of finite rank, then restricting
trp/a to M gives us an A;-quadratic module structure on M which, to simplify notation, we

will denote (M, trp/a) instead of (M trp) A‘ M M), when there is no place for confusion.

For a finite extension of fields F,/F; the Fi-quadratic module (F3,trp,/p, ) is nondegenerate
if and only if the extension is separable [Mil, Remark 2.28]. In particular, (I, trg/q) is
nondegenerate for any number field K.

Since, by (1.12), Ok is a free Z-module of rank n, the pair (Ok,trg/q) is a quadratic Z-
module of dimension n which we call the integral trace quadratic module associated
to K. In Ok we have a distinguished Z-module given by the elements orthogonal to 1

09{ = {l’ € OK . TI‘K/Q(.%') = O} = OK N KO

where K := {z € K : Trgsg(z) = 0}. It is free of rank n — 1 (being the kernel of
Tri/g : Ox — Z), thus (O, trg/g) is a quadratic Z-module of dimension n — 1 which we
call the trace-zero quadratic module associated to /K. The main feature of (O, trx/q)
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is that it allows us to lower the dimension without “ loosing too much information .

A third quadratic invariant, with a more geometric interpretation, that has been studied by
several authors is the shape of K. It can be defined as follows: Endow K with the real-valued
Q-bilinear form bx whose associated quadratic form is given by

0:K—=C
(note that when K is totally real by is just trg,g). The orthogonal complement of 1 in
(K, bk) is still K°. Now, project K onto K° by the map a — o := no — Trgg(c) the
shape of K, denoted Sh(K), is defined as the isometry equivalence class of (O%,bx) up to
scalar multiplication, where O% is the image of O under this map, i.e.,

O ={ay :a € Ok} ={r € Z+nOk : Trgg(z) = 0}

Thus Sh(K) = Sh(L) if and only if (O%,br) = (Of, \bz) for some A € R*.

Equivalently, the shape invariant Sh(K’) can be defined as the (n — 1)-dimensional lattice in
R™ given by the image of O% under the Minkowski map

Jjr : K = R", a— (01(a), o (@), V2R(11 (@), V2S(1i (), . . . \/5%(73(@)))

where o4,...,0.,7,T1,...,Ts, Ts are the embeddings of K in C, up to reflection, rotations
and scaling by R*. The v/2 factor in the complex embeddings ensures that j : (K, bg) <
(R™, (-, -)) is an isometry in its image (where (-, -) is the usual euclidean product of R")
and that the lattice jx(Of) has co-volume |disc(K)|'/? in R™.

Hence Sh(K) correspond to an element of the double quotient
Sn—l = GLn_l(Z)/GLn_l(R)\GOn_l(R)

called the space of shapes (the left quotient modules the change of Z-basis of the lattice
and the right modules the geometric transformations that preserve “shapes”, the orthogonal
similitudes). This space and the distribution of the shapes of number fields in it have been
the subject of a lot of interesting current research see [BH16, Harl7, MSM16].
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Remark that for every Z-basis of Ok of the form! {1, as, ..., a, } we have that {as,, ..., .1}
is a Z-basis of Of.

Example 2.1. Let K be a quadratic field, i.e., such that n = 2. Since n — 1 = 1, the
shape of K is the unique 1-dimensional lattice up to scalar multiplication, namely Z. More
formally, the space of shapes S; consists of a single point, the class of 1.

Example 2.2. Let K = Q(«), where a is a root of 2> — 22 + 2x + 1. The field K has
discriminant 72, thus is a cyclic cubic field, i.e., Gal(K/Q) = Z/3Z, in particular K is
totally real. The set {1, a, a?} is an integral basis of K and Trg/g(a) = 1, Trg/g(a?) = 5.
Thus {3a — 1,302 — 5} is a Z-basis of Ox. The Gram matrix of try /g = by in this basis is

2 1
577 )]

Therefore ((’)jg,ﬁb[() is isometric to the lattice L = Zv; + Zvy, where v; = (1,0) and

Vg = (%, \/75) The lattice L has the property that the set of lattice points that are closest to

the origin form an hexagon, hence L is called the hexagonal lattice. 1t is denoted as As.

As an element of Sy, we have

—_
vfG =

GO»(R),

Sh(K) = GL,(Z) [ -

N

i.e., the field K has hexagonal shape. In fact, this is true for every cyclic cubic field. This
was first proved by David C. Terr in [Ter97] and in [MSM16] Mantilla-Soler and Marina
Monsurro gave generalizations of this theorem to every Z/IZ-field with [ odd prime.

!The basis can always be taken in this form. Indeed, take an arbitrary basis {a,... a/,} of Ok and write
1 =3, mja; for some integers {m;}, note that these integer are coprime, thus they are the first row of
some matrix M = (m;;) in GL,(Z) and the basis a; := ), m;;a) begins with 1.
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Here are some visual examples of shapes:

- ® O o—o O ©o - - -

°
(b) Shape of every quadratic
(a) Shape of Q. field Q(v/d).
(c) Shape of every cyclic cubic field. This is the (d) Shape of Q(/6).

As-hexagonal lattice.

(e) Fundamental parallelepipeds of LLL-reduced basis® for shapes of two different totally real quar-
tic fields with the same fundamental discriminant d = 3557.

@ See [Cohl13, §2 Section 2.6] for the definition

Figure 2-1: Shapes of some number fields
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In [Har17] R. Harron showed that every cubic field of the form Q(m'/3), where m = ab?
with a and b coprime, square free and positive, such that 3 is wildly ramified has a rect-
angular shape with sides of ratio (a/b)'/3. Example (d) is a particular case with a = 6,
b = 1. The example (e) corresponds to the quartic fields whose defining polynomials are
2t — 23 — 822 — 32 4+ 4 and 2* — 223 — 92% 4 5z + 16 it was computed using the commands
MinkowskilLattice(R) and LLL(Lattice(X)) in Magma. By Theorem 6, the fact that we
can “see” that they have different shapes implies that they are not isomorphic.

2.1.2. Discriminants

Recall that by definition disc(K) = disc(Og,trg/g) (which is precisely the reason why
(Ok, trg)g) is thought as refinement of disc(K)). The discriminants disc(O%, trx/q) and
disc(Ox, b)) are also related to disc(K), the former was computed in [MS10, Lemma 2.3]
and we state this computation as:

Lemma 2.3 (Mantilla-Soler, [MS10]). Let k be the positive integer such that Trx/o(Ok) =
kZ, then [Ok : ZLOY] = n/k and disc(O%, trg/q) = 7xdisc(K).

Proof. Consider the surjective map Trg,q : Ox — kZ. The set ZLOY is a submodule of
Ok containing the kernel of Trg,q and whose image by Trg,q is nZ. Thus Trg/q induces
an isomorphism

Ok |Z10O% = kZ/nZ,
it follows that Z L O% has index n/k in Ok. Therefore by (1.4)
disc(Z L O, tri/q) = (n/k)*disc(K)

as disc(Z L O%, trg/q)

that disc(O%, trg/q) = 15disc(K).

[
To compute disc(O3, br) just note that Z L Oz has index n" ! in O, so by (1.4)
disc(ZLO%, by) = n*"Vdisc(Ok, br) = n*"Y|disc(K)|

and disc(Og, b ) = n®"~?|disc(K)|. It also follows that disc(O%, trg/q) = n*"~*disc(K).

2.1.3. Localization

The “local-global” Hasse principle tells us that to solve a global problem it is often very
useful to consider its local analog first. Since for a place v in Q Proposition 1.25 gives a
decomposition of the underlying vector space in the localization at v of (K, trg/g) in terms
of local (simpler) fields, one expects that such decomposition would be useful to give a local
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description of (K, trg/q). A key observation made by D. Maurer in [Mau73] is that a similar
decomposition carries over to (Og, tri/g) too, this idea materializes as:

Proposition 2.4. (Maurer, [Mau73]) Let v be a place in Q, let {w;} be the places in K
extending v, for each ¢ fix a completion K; of K with respect to w;, endow each K; with
their respective trace forms trg, g,and endow K, := K ® Q, with its trace form trg, q, .
Then

(i) The isomorphism of Q,-algebras

induced by a ® b — (a1b,...,a;b,...) (where a — a; and b — b are the inclusions
K — K; and Q, — K; ) is also an isometry of quadratic Q,-spaces.

(ii) Suppose v = p is a finite prime. Let (Ok), be the Z,-span of {a; ® 1,...,a, ® 1} in
K ® Q, where {,...,o,} is an integral basis of K, then fi ((Ox),) = _L; Ok, and
thus fx restricts to an isometry of quadratic Z,-spaces

Ok ®2 Ly = (Ok)p = Jf Ok,

Proof. The statement (i) is just a reformulation of Proposition 1.25 and Corollary 1.26. To
prove (ii) observe that fx ((Ok),) € _L; Ok, but since both sides have the same discrim-
inant disc(K)(because disc(K) is the product of the local discriminants, see Proposition
1.30), then the equality must hold by (1.4). O

This orthogonal decomposition was exploded in [BMP] to compute the genus of (O, trg/q)
(i.e. to compute the Jordan decomposition of (Ox ® Zy, trix/q ® Z,) for all primes v) for
tamely ramified extension K/Q. Although, in Chapter 4 we will use some of the ideas in-
volved in their proof, we will not go into the details of the statement here, for we will not
need the full power of their result. For an excellent treatment of this theorem and its proof
see [MS].
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As a consequence of Proposition 2.4, Maurer also deduced the following lemma? which com-
bines quite well with Lemma 2.3.

Lemma 2.5. (Maurer, [Mau73]). Let k be an integer such that Trg,o(Ox) = kZ, then a
prime p divides k if and only if p | e(p|p) for all primes p in K lying over p.

Proof. We will give an alternative proof to that presented in [Mau73]. In fact, it is not
hard to see that the following slightly more general statement holds: Let Dy /g denote the
different ideal of K/Q, then for a rational prime p we have

vp(k) = min \‘—Up (DK/Q)J

e | e(plp)

and the lemma will follow from the fact v, (Dk/q) > e(plp) <= p | e(p|p) (1.35). To prove
the statement observe that, for any r € Z* U {0},

Pk = Trg(Ok) C p'Z

Triy(p™" Ok) C Z

p" € Dyjg

Dig C (p")

rvp(p) < vy (DK/Q) , for all p prime in K

re(plp) < vy (Pryg), for all p dividing p
D

r< % (Prja) , for all p dividing p
e(plp)

{Up (DK/Q)J

e(plp)

rreeuy

!

r < min
plp

and we are done, since v,(k) is the largest of such r. O

Corollary 2.6. Suppose any of the following conditions holds:
(i) Every p | n satisfies p" t disc(K).
(ii)) The extension K/Q is tamely ramified at p, for every p | n.
(iii) The field K has fundamental discriminant and n > 2.

Then, Trg/g(Ok) = Z. Moreover, if n = 4 condition (7) is equivalent to Trx/o(Ok) = Z
and if n is a prime conditions () and (ii) are equivalent to Trx/(Ok) = Z.

2In [Mau73] the lemma is stated for local fields too, but we stated it like this because it suits our purposes.
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Proof. Let k € Z* be such that Trgo(Ok) = kZ, then:

= If (z) holds, by definition of discriminant as determinant of a Gram matrix of (O, trx/q),
we know that k" | disc(K), as k | n, any p prime dividing k£ would satisfy p" | disc(K)
and p | n, thus no such prime exists and k& = 1.

» If (¢7) holds and p is prime dividing k | n, then p 1 e(p|p) for every prime p lying over
p, contradicting Lemma 2.5. Therefore k = 1.

» If (4i7) holds, the extension K/Q is tame at every odd prime, hence p 1 k for all p # 2.
Suppose 2 | k and let fi* f5?--- be factorization type of 2 in K, then 2 | ¢; for all i,

and
3> wo(disc(K)) >eifi+efo+ --=n>2
yields n =3 =ei1fi +esfo+--- =0 mod 2, a contradiction. Thus k = 1.
To prove the reciprocals, suppose k = 1 and n = p is prime. Let f{'--- f;° be factorization

type of p in K, if condition (77) did not hold, there would be an index i such that p | e; and
we may assume ¢ = 1 but then p = e f; + -+ > p implies that there is only one prime p
in K lying over p and for that prime p | e(p|p) = e, contradicting (2.5). Since condition
(44) always implies condition (), this proves Trg,o(Ok) = Z <= (ii) <= (i), in this case.

Similarly, if £ = 1, n = 4 and condition (i) did not hold, then 2 | disc(K), in particular 2
would be wildly ramified in K, so its factorization type would be 122, 1211, 1212 or 22, as
k = 1, only the first two cases are possible, however, for a prime p in K the exact power
of p dividing the different ideal Dg g is bounded by e - (v,(e) + 1) — 1, where e = e(p|p)
and p = pNZ (see (1.35)(éi)), thus in either case if p is the prime in K with e(p|2) = 2
we would have Dk /g = p“a, where (a,2) = 1 and v < 3, but this yields 4 < vy(disc(K)
vy (M (Dkyg)) =v- f(p|2) = v < 3, a contradiction.

ol

Example 2.7. Let K be the sextic field with defining polynomial 2® — 22° + 22* + 22 4 1,
then disc(K) = —2°- 3% - 31, so condition (i) does not hold and yet Trx/q(Ok) = Z. This
shows that Trx/o(Ok) = Z is weaker that (i) if n is not 4 or a prime.

Example 2.8. For any quartic field K such that disc(K) is fundamental and even, we
have that 2 is wildly ramified in K and yet Trxq(Ok) = Z. Thus (i) is weaker that (i)
if n is not prime. This is true for example for the quartic field with defining polynomial
zt — 2% — 52% + 4z + 2 and discriminant 2% - 19 - 149.

2.1.4. Signature

It turns out that the signature of the Q-quadratic space ([, trg/g), and thus the signature
of (Ok, trg/q), it is completely determined by the signature of K, this is the content of the
following theorem due to Taussky.
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Theorem 2.9. (Taussky, [Tau68]). Suppose K has r real and s complex pairs of embeddings
then the signature of (K, triq) is equal to (r + s, s).

Proof. By (2.4) there is an orthogonal decomposition

(K X R, tI‘K/Q (29 R) = J_ (KZ, trKi/R)
where {K;} are the r 4+ s completions of K at the primes extending the infinite prime of
@, thus (KiatrKi/R> =<1 >if K, =R and (KiatrKi/R) =2<1,-1 > if K, = (C, hence the
result. O

Note also that as K = Q L K, the space (K, trg/g) has signature (r + s — 1, s) and so do
the quadratic modules (O, tri/q) and (O, tri/q).

It follows for example that (Of,bg), being by definition positive definite, will be different
form (O, trig) as soon as K is non-totally real.

2.2. Interplay of the quadratic modules

For a general number field K it might be the case that the quadratic modules we are
associating could not be related at all, for example in [Harl7] the author exhibited two
number fields K = Q(v/6) and L = Q(+v/12) such that (O, trx/q) = (Or,tryg) and yet
Sh(K) # Sh(L), by contrast in the totally real case we have the following.

Proposition 2.10. Let K be totally real and let L be any number field, then every isometry
¢ : (Ok,trgg) = (Op,trpg) satisfies ¢(1) € {+1,—1}. In particular, ¢ restricts to an
isometry (O%, trg/g) = (09, trrg) and to an isometry (O, bx) = (Of,by).

Proof. Suppose ¢ : (Ok, trix/g) = (Op,trrg) is an isometry, then both fields must have
the same degree n and, by Taussky’s theorem, L is also totally real. Since ¢(1)? is a totally
positive? algebraic integer and Trg q(¢(1)?*) = Trp/(1%) = n, by the arithmetic-geometric
means inequality applied to the n conjugates of ¢(1)? over Q, we have that the equality in

Tric/q(é(1)%)

implies ¢(1)? rational and therefore equal to 1. The relations ¢(O%) = 09, and ¢(O%) = OF
follow from the equivalences

1 < Nmgg(o(1)2)" < 1

=0
1)) =0
=0

r€ 0 = Trg gz - 1)
< Trpo(é(z)o
— £Trpp(o(x)
= ¢(x) € O

~—

3 An element z in a number field K is said to be totally positive, denoted x > 0, if o(x) > 0 for every o
real embedding of K
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for all z in Ok, and from the fact that ¢(Z +nOk) = ¢(1)Z + n¢(Ok) = Z + nOy. O

So for totally real K we have that (O, trx/g) = (O, trrg) always implies (O%, trg,q) =
(09, tr/q), the following example (found using Magma by “brute force”) shows that the
converse is not true even under this hypothesis.

Example 2.11. Let K and L be the quartic fields with defining polynomials z* + 8222 + 656
and z* — 223 — 1922 + 202 + 18 respectively, then K and L are totally real fields such that
disc(K) = 20413 = disc(L) and (O, trx/q) = (O, tr1q) however (Ok, tri/q) 2 (Or, trr o)
and (O%,bg) % (Of,br).

In view of such example it is natural to ask under what conditions we could expect to have
a reciprocal for Proposition 2.10. To address that question, remark that since K = Q L K°,
each isometry ¢ : (K% trgg) — (L° try g) has two natural extensions to an isometry
(K, tri/g) = (L, trrq), namely, the one taking 1 to +1 call it ¢* and the one taking 1 to —1
call it ¢~. These are in fact the only two possible extensions of ¢. Indeed, given an isometry
¢ : (K, trgg) — (L,try q) extending ¢, we know that ¢(1) is orthogonal to ¢(K°) = L°,
which is the orthogonal complement of 1-Q and, as (L, try,g) is non degenerate, this implies
#(1) € Q but then n = Tryg(4(1)?) = n¢(1)?, which proves ¢(1) € {—1,+1}.

Since K = 0% - Q = Oy - Q, it follows that an isometry ¢ : (O%, trx/g) — (O, trr/q),
respectively ¢ : (Ox, trgg) — (Of, trq), will lift to an isometry (O, tri/q) = (Or, try/q)
if and only if either ¢ (Ok) = Op or ¢~ (Ok) = Or. But when do we have this equalities?.
This motivates the following

Lemma 2.12. Let L be a number field, then:
(i) Let ¢ : (Of, trg/g) — (Of,trr ) be an isometry, then p*(Ok) = Oy if and only if

there exists a basis {1, a1, ..., a,_1} of Ok such that t; = £s; mod nforall 1 <i <n,
where t; := Try/g(a;) and the s;’s are any integers such that ¢(a;1) =nf; — s; € O7,
with ﬂz S OL.

(ii) Suppose Try/o(Ok) = kZ = Tr;(OL), k € ZT and let ¢ : (0%, tri/q) = (OF,trr/0)
be an isometry, then ¢*(Ok) = O if and only if ¢(y) = +1 mod n/k. Where
Yo :=1— (n/k)yk € O% and 7 is any element in Ok such that Try/g(vx) =k .

Proof. Note that in both cases the hypothesis and the existence of the respective isometry
imply [K : Q] = n = [L : Q] and disc(K) = disc(L). This is clear for the degrees and
for the discriminants it follows from the equalities disc(Og, trx/g) = n*"3disc(K) and
disc(O%, tri/g) = #disc(K). Thus in each case p=(O) C Oy if and only if p*(Of) = Oy..
Now to prove (i) observe that for any basis {1, a1, ..., a,_1} of Ok we have
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0T (Ok) COp <= ¢*(a;) €Oy Vi<i<n
<:>goi<au—+ti)EOL Vi<i<n

n
@%GOL Vi<i<n
ﬁ@@(% Vi<i<n
— SinitieOL Vi<i<n
<—— s, ==+t; modn Vi<i<n

As for (i) observe that Ox = yxZ + OY%, thus
$*(Ok) C Op <= ¢*(1x) € Oy
= (k/n)p*(1-) € OL
> (k/n)(+1 = ¢(1)) € O
<~ ¢(y) ==£1 mod n/k

]

To see how we could use this lemma, we begin by giving a description of the basis of 0%
that generalizes [MS10, Proposition 5.2]

Proposition 2.13. Suppose n > 3 and Trg,g(Ok) = kZ, k € Z*, then exists a basis
{1,01,...,0,_1} of O such that

(TI'K/Q(C)Zl), c. ,TI'K/Q(CYn_g), TrK/Q(an—1)> = (tl, c. ,tn_g, tn—l) (O, e ,O, k’) modn
and therefore {a; —t1/n, ..., n_o —ty_o/n, (n/k)an,_1 — t,_1/k} is a basis of O%.

Remark 2.14. If n = 2, for any basis {1, } of Og we have Trg/g(a1) =t = k mod 2
and {(2/k)a; — t1/k} is a basis of O%.

The proof is based in the following elementary lemma:
Lemma 2.15. Let r and m > 2 be integers, then:

(a) Given any sets of integers {uy, ..., uy,} and {s1,..., s}, there exist integers {c1,...,¢n}
such that ). ¢;s; = 0 and ged(ug — ¢, ..., Uy — C) = 1.

(b) If ged(r, s1, - - ., Sm) = 1, then there are integers {hq, ..., h,} such that

ged(rhy + 81, ...y Thy + Sp) = 1.
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Proof. Let s := ged(sy, ..., sm) and consider the surjective map

f:Zm%SZ,(cl,...,cm)HZCisi

since Z is a PID, there is a exact sequence of Z-modules Z™ 25 Z™ I sz 0.

For a prime p denote v +— v the canonical projection Z — F, and g : F;" — F" the map
induced by g. We claim that ker(g) # IF;'. Indeed, since the tensor product _ @z F,, is right
exact, we get an exact sequence of IF,-spaces

Fr 5 Er L 5F, -0
thus if Im(g) = 0 we would have F* = 5F,, which contradicts m > 2.

Now set N := ) u;s; and u := (uq,...,uy,). First suppose N # 0 and for each prime p
dividing N consider the set

X, :={v e F) :g(v) = u}
then either X, = () or X, = 75 +ker(g) with 75 € X, and from of the above paragraph follows
that X, # ", so we may pick v, € F* such that g(v,) # u. By the Chinese remainder
theorem we can choose v € Z™ such that

v=wv, modpforal p|N

(if N = £1 any v € Z™ will satisfy this condition). Define ¢ = (ci, ..., ¢p) := g(v) € ker(f),
then ). ¢;s; = 0 and the integers {u; — ¢;} are coprime, otherwise there would be a prime p
such that p | u; —¢; for all i <m, so p| >, (u; — ¢;)s; = N and we would get

u=c=g)=g(v,) Zu modp

a contradiction, this proves (a) whenever N # 0. On the other hand, if N = 0 pick any non-
zero element (dy,...,d,) € Ker(f) (which exists because m > 2) and take ¢; := u; — d;/d,
where d = ged(dy, ..., dy,). Then, Y .c;s; = N =Y. d;is;/d = 0 and ged(uy —¢q, .00, U, —
Cm) = ged(dy/d, ..., d,/d) =1, so (a) also holds in this case.

To prove (b), write 1 = ar + bs with a,b € Z and write bs = >, w;s; for some integers {u;},

by part (a) exists {c¢;} such that >, ¢;s; = 0 and the integers v; := u; — ¢; are coprime. Let
{h;} be such that ). v;h; = a then

Zvi(rhi—i-si) :ferihi—i—Zvisi =ra+bs=1

and therefore the integers {rh; + s;} are coprime.
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Proof of Proposition 2.13. Let {1, f1,..., 8,1} be a basis of Og and let s; := Trg/g(5;) for
1 <i < n—1, by hypothesis (1/k)Trxk,o(Ok) = (n/k,s1/k,...,sn-1/k)z = Z, so applying
part (b) of the above lemma to m :=n —1 > 2 and r := n/k, we find {hy,...,h,_1} such
that the integers {rhi+s1/k,...,rhy_1+ $,_1/k} are coprime and therefore the last column
of some matrix A in GL,,_1(Z), that is,

(Thl —|—Sl/]€,...,7'hn,1 +Sn,1/l€)t = A(O,...,O,l)t
now define the basis {1,a4,...,a,_1} by the relation

1 0

(1,ag,...,0p1)" = {0 41

:| (17517 cee 7Bn—1)t

then (aq,...,a, 1) = At (B1s.. ., Bnor)t and

(1/k) (Trgsglar), -, Trgglan ) = AN (s1/k, .o 501 /k)!
A rhy +s1/k, ... ,rhy_1 + 8p_1/k)" mod r
0,...,0,1)° mod r

hence (Trg/g(cn), ..., Trrjg(an—1)) = (0,...,0,k) modn.

To prove that {a; —t/n,...,n_o — tu_o/n, (n/k),_1 — t,_1/k} is a Z-basis of O% note
that its Z-span C is clearly contained in 0% and the Z-span of {1,a1 — t;/n,...,qp o —
tn_o/n, (n/k)ay,_1—t,_1/k} hasindex n/k. Indeed, the matrix expressing {1, a1 —t1/n, ..., a, _o—
tn—o/n, (n/k)ay,—1 —t,—1/k} in terms of the integral basis {1, a4, ..., ap_1} of K is

1 00 ... O
_—tn_l/lf 00 ... n/k:_

so its determinant is n/k. As in the proof of (2.3), this implies disc(C) = 75 disc(K) =
disc(OY,), therefore C' = 0Y.
[l

We are now ready to prove the following partial reciprocal of Proposition 2.10.
Theorem 2.16. Suppose Trio(Ok) = Z and (Z/nZ)" cyclic, then for any number field L:

(i) Everyisometry ¢ : (Ox, trijg) — (Of, tryq) extends to an isometry ¢ : (O, tri g) —
(OL, tTL/Q).
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(i) If (n, disc(K)) = 1, then every isometry ¢ : (O%, tri,q) — (O, try q) also extends to

an isometry ¢ : (O, trjg) — (O, tryg)-

Proof. Case n =1 is trivial and case n = 2 is easy to check, so let us suppose that n > 3.

(i)

Let {1,1,...,05-1} be any basis of Og. Take t; := Trg/g(a;), 1 < i < n, so that
;) = no; — t; is a basis of (’)IL( and for each 1 <17 < n choose 3; € Op, and s; € Z such
that

yi = (o) =nb; —s; € Of

then Try/q(yiy;) = n?Trisg(8:6;) — nsis; = —ns;s; mod n? and since Try/q(yiy;) =
Tri/g(aiiey) = —nt;t; mod n® we conclude

tit; = s;5;, mod n, foralll <7,5 <n

Let {u;} be integers such that ) u;t; =1 mod n and take u := ) u;s;, then s;u =¢;
mod n for all 1 < i < n, in particular (u,n) = 1 and if v is its inverse modulo n then

tit; = UQt,-tj mod n, for alll <1i,7 <n

thus v> =1 mod n and as (Z/nZ)™ is cyclic this implies v = +1 mod n, thus s; = +t;
mod n for all1 < i < n and by (2.12) either ¢ = ¢ or ¢ = ¢~ extend p to an isometry
Ok, triyg) = (O, trg).

First note that under hypothesis we must have Trz o(Or) = Z, because if Try o(Or) =
I7Z, 1 € Z* by (2.3), the existence of the isometry ¢ implies ndisc(K) = 7 disc(L),
that is, disc(K) = [72disc(L) thus [ | "% and [""? | ["?disc(L) = disc(K), since | | n
and (disc(K),n) =1, we conclude [ = 1.

Now, take a basis {1,aq,...,a,_1} of Ok and {t,...,t,_1} as in Proposition 2.13 so
that

wyi=0q — /N, Wpg = Qg — o /T, Wy 7= N0 —1 — Ty

is a basis of (’)?{. Note that for all 1 <17 < n we have

Trgo(wiwn—1) = Trg g (wi(nay—1 — t,—1)) = nTrg g(wia,—1) =0 mod n (%)

and for i =n—1

(1/n)TrK/Q(w,21_1) = TrK/Q(nO‘i—l — tn-10p1) = nTrK/Q(aiq) —th,=-1 modn
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Let us define 0; := p(w;), 1 < i < n. Take v, € Of, such that Trg/g(v.) = 1 and write

n—1

=1

taking traces in the congruences 6; = > . 1,60;,6; mod n we find that the Gram matrix
G = (Trxg(wiw;)) = (Trp o(0:0;)) satisfies

G(li,...,0l,-1)"'=0 modn

Call G* the matrix obtained from G dividing the last column by n, which has integer
entries thanks to (x), then

G* (ll, cee ln,Q, O>t =G* (ll, . ,ln,znln,l)t =G (ll, Ce ,ln,Q, ln,1>t =0 modn

from (2.3) we know that det(G*) = disc(K') which by hypothesis is coprime to n. It
follows that [; = 0 mod n for all 1 < i <n — 2 and thus [,,_10,_1 — 1 = 0 mod n,
squaring this congruence and taking traces again we find

2102 —2l, 10,1 +1=0 mod n®=12_Trr (0 ;) +n=0 mod n?
=2 Trgo(w:_1)+n=0  mod n’

=02 ,(-n)+n=0 mod n?
=02 (-)+1=0 mod n
=02 =1 mod n

n—1 —
Since (Z/nZ)* is cyclic, this implies [, ; = +1 mod n, now let

Vi = Qo1 — (tpe1 — 1) /n=(1/n)(w,—1 + 1) € Ok

then, Trx,g(vx) = 1 and ¢(1 — nyx) = —0,—1 = F1 mod n, thus we are done by
(2.12)(id).

[]

Corollary 2.17. Suppose K totally real, disc(K) fundamental and (Z/nZ)™ cyclic, n > 3.
Then, for any number field L the following are equivalent:

(1) (Ok,tri/g) = (O, trr q)-
(ii) (O trisg) = (01, trr ).

(iii) Sh(K) = Sh(L) and L is totally real with fundamental discriminant.
If (n,disc(K)) = 1, then the three items are also equivalent to
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(iV) (O?OtrK/Q) = (OgvtrL/@>'

Proof. The equivalences (i) <= (ii) and (i) <= (ii) <= (iv) under the additional
conditions follow from (2.10), (2.16) and the fact that Trx,o(Ox) = Z (by (2.6)(74)), it
remains to prove (ii) <= (iii):

=) By Taussky’s theorem, L is totally real so bg = trg/p and Sh(K) = Sh(L), also
disc(K') = disc(L) is fundamental.

<) Let A € R* be such that an isometry ¢ : (Of, trgg) — (Of,\trpg) exists. Let
{1,a1,...,a,_1} be a basis of Ok, take x; := a;; = na; —t;, 1 < i < n, as basis of O
and define y; := p(x;) = nf; — s;, B; € Op, s; € Z. Then, Trg g(xiz;) = A Tryg(yiy;) for
all 1 <4,j < n, in particular A € Q% so we may write A\ = r/s where r and s are coprime
positive integers.

Since n?"~3disc(K) = disc(O%, trg/q) = disc(Of, A try ) = A" 'n?*~3disc(L) we know that
s" disc(K) = r"disc(L)
Thus r? | v ! | disc(K) and if we suppose r # 1 then r = 2% with
n—1<(n—1)u<wvy(disc(K)) <3
also s? | disc(L) and (r,s) = 1 forces s = 1. Therefore disc(K) = 2“"~Vdisc(L) and:

» If n =4, we would have v = 1 and A = 2, but since (1/4)Trg/qg(z;x;) = —t;t; mod 4
and (1/4)Trr/q(yiy;) = —sis; mod 4, this implies

tit; = —(1/4)Trgjo(wiz;) = —(1/2)Trgo(viy;) = 2si5; mod 4
which yields t;t; =0 mod 2 for all 1 <4, < n contradicting Trg,o(Ok) = Z.

» If n =3, we would have u = 1, so either vo(disc(K)) = 2 and vy(disc(L)) = 0 in which
case disc(L) = disc(K)/4 = 3 mod 4 or vy(disc(K)) = 3 and wvy(disc(L)) = 1, both
cases contradict Stickelberger’s theorem (1.29)(i7) applied to disc(L).

Thus r = 1 and by symmetry of the argument s = 1, therefore A = 1 and (O, trg/q) =
(Of ., trr/0), as required.
O

The following examples try to illustrate the limitations of the strategy employed to prove
Theorem 2.16 and test the sharpness of the statement:

Suppose K totally real with Trg,o(Ok) = kZ, k € Z*, then by (2.10) the restrictions maps

Aut(Ok, trijg) — Aut(Oz, trgg) and Aut(Ok, try /o) — Aut(O%, trg o)
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n
are well defined homomorphism of groups. Moreover, this maps are injective if T 12, because

by (2.10) given ¢ in either co-domain, ¢ and ¢~ are the only possible preimages of ¢ and
they cannot both extend ¢, otherwise, we would have

np’ (vi) =k = ¢ (nyx—k) = ¢~ (nyk—k) = np~ (yx)+k, where 7 € Ok and Trxg(yx) =k

so —k =k mod n and % | 2. Tt follows that, when % t 2, every automorphism of (O, trx /)

can be extended to all O if and only if #Aut(Of, try/g) = #Aut(Ox, trg/g) and in general
the restriction map will not be surjective if #Aut(Of, try/g) < #Aut(Ox, tri/q), similarly
for OY%.

Example 2.18. Let K be the cubic field with defining polynomial 2% + 22 — 8x + 3, then
K is totally real, disc(K) = 3-5%- 19, Trx/o(Ok) = Z and

#Aut(O[L{, tl”K/Q) = #AUt(OK, tl"K/@) =2 7é 4= #Aut((’)?{, tI‘K/Q>

hence there exists an automorphism of (O, trx/g) that cannot be extended to all Ok, so
the hypothesis (n,disc(K)) = 1 in (2.16)(i7) cannot be dropped. By contrast observe that
all automorphisms of (0%, trg/g) can be extended to Ok.

Example 2.19. Let K be the field with defining polynomial 2% — 223 — 522 4 62 + 1, then
K is totally real, disc(K) = 2°- 5%, Trg/q(Ok) = 2Z and

#Aut(Ok, tri/g) = 8 < 16 = #Aut(Oz, trx o)

thus the restriction map is not surjective and therefore the hypothesis Trx/o(Ok) = Z in
(2.16)(i) is not superfluous.

Proposition 2.20. Let K be a Z/lZ-field with [ prime, then for any number field L, every
isometry (O, trg /) = (Of, trrq) (respectively (O%, try/q) = (09, tryg)) can be extended
to one between the integral trace quadratic modules (O, trx/q) = (Or, trr/q).

Proof. In the case [ 1 disc(K), this follows directly from (2.16) and (2.6)(7). On the other
hand, if [ | disc(K'), we have that [ ramifies in K and the fact that K is a Z/1Z-field forces
to be only one prime p in K lying over [ and for that prime | = e(p|l), so (2.5) tells us
Tri/o(Ok) = L Z. We claim that if (O%, trg,q) = (OY, try,q) this implies Try,,0(Or) = [ Z.

Suppose not, then Try,o(Of) = Z and by (2.3) disc(L) = I7? disc(K), if | = 2 this contradicts
Stickelberger’s criterion (1.29)(ii), so we may assume [ odd. Recall from (2.6)(¢) that [ <
vy(disc(K)), as [ is odd and K is a Z/1Z-field, we know that disc(K) is perfect square, so in
fact [ + 1 < y(disc(K)), that is, I — 1 < vy(disc(L)) but by (2.6)(i7) [ is tamely ramified in
L, thus if f{*... fg? is its factorization type, the inequality

[ —1<uy(disc(L)=1l—(fi+ -+ f)<Il-1
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shows f; =1 and g = 1 and this yields | = e; f; = ey, a contradiction.

Hence if ¢ : (O%, trxg) — (OF,trpg) is an isometry, we have Trg/q(Ok) = IZ =
Trr0(OL) and taking v, = 1 in (2.12)(iz) we conclude that both ¢ and ¢~ extend ¢.
Also if we are given an isometry ¢ : (O, trg/g) = (Of,trrg), then disc(K) = disc(L) and,
as [ is prime, (2.6) implies Try,o(Of) = [ Z, thus (2.13) shows O =1 0% and Of =109,
therefore p(0Y%) = 0% (¢ considered from K° to L) and we are back to the above case. [

Example 2.21. Let K be the sextic field with defining polynomial 2° — 25 — 62* + 623 +
8z? — 8z + 1, then K is a totally real Z/6Z-field, disc(K) = 3* - 7°, Trg/g(Ok) = Z and

#Aut(Ox, tri/g) = #Aut(Ox, trr/g) = 96 # 1440 = #Aut(O%, trx /)

As a side note, we did not find any example showing that (Z/nZ)” being cyclic is really a
necessary hypothesis, so there might be some place for improvement there, however, note
that any example would require n > 8 so it may be possible that the example is just compu-
tationally difficult to find. In particular, it would interesting to answer the following question.

Question 2. Do there exist totally real octic fields with odd discriminants K, . and an
isometry (O%, try/g) = (O, trrp) which can not be lifted to an isometry (O, try/g) =
(OL, tl"L/Q)?.



3 Galois theory of fields with
fundamental discriminant

In this chapter we prove two key results that will be needed in chapter 4. The first, Theo-
rem 3.7, will tell us that when working with number fields of fundamental discriminant and
same degree n, if we suppose that the fields are not isomorphic, then we can say a lot more,
they are in fact linearly disjoint. This is a simple consequence of Holder theorem on the
automorphisms of the symmetric group S, (1.41).

The second, Theorem 3.19, is the main purpose of this chapter and it basically allows us to
lower bound the discriminant

|disc(Q(c))]

for any ¢ € KL in terms of disc(K), provided that K and L are two non-conjugated fields
of the same fundamental discriminant and same degree. It will be useful to deal with even
fundamental discriminants in the main result of the thesis and to prove Theorem 7.

For a number field K we will denote its Galois closure as K and its corresponding Galois
group as G = Gal(K/Q). Also, dx will denote its discriminant.

3.1. Working with one field K

3.1.1. Ramification
We begin by giving a local description at the ramified primes.

Lemma 3.1. Let K be number field with fundamental discriminant. For rational prime
p ramifying in K, let K,..., K, be the completions of K at the primes lying over p.
Then, there is a unique iy such that K; /Q, is ramified, furthermore, [K;, : Q,] = 2 and

K;(vVdk)/Q,(v/dk) is unramified for all 7.
Proof. Let iy be such that K;,/Q, is ramified, then :

= If p =£ 2. The relation

> (epilp) = 1) (milp) < vp(disc(K)) =1

7
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(see (1.36)) shows that e(p;,|p) = 2, f(pi,|p) = 1 and e(p;|p) = 1 for all i # .

» If p = 2 then 2 is wildly ramified in K. For 2 is wildly ramified in F' := Q(v/dk)
(because disc(F) = d, since df is fundamental) and thus 2 is wildly ramified in F' C

K, hence wildly ramified in K by (1.38). Now if ¢; is an index such that e(p;,|2) =0
mod 2, then

e(piy[2)f(pi]2) < valdi) <3

implies e(p;,|2) = 2 and f(p;,|2) = 1, hence there is a unique such ¢; and it must be
ip, otherwise, e(p;,|2) > 3 and we would get

2+2 < (6(p20|2) - 1)f(p20|2) + e(p11|2)f(p21|2) < 3
a contradiction. Similarly if i # 4o, then e(p;|2) = 1 (or else e(p;|2) > 3).

Next we we prove that K;,(v/dr)/Q,(v/dx) is unramified, let dg, := disc(kK;). Since K;,/Q,
is a quadratic extension, then K;, = Qp(\/%). But as dg is the product of the local
discriminants (1.30), we have

dx = d, u  mod Z;Q

where u = [[,,; dk, € Z;. Thus in order to prove that Ki,(Vdx) = Qu(Vdk,Vu) is
unramified over Q,(v/d), it is enough to prove that Q,(y/u) is unramified over @Q,. This
is clear for p # 2 and for p = 2, observe that for each i # iy, as K;/Q is unramified, then
Q2(y/dx;) is unramified (by (1.17)), hence dg, = 1,5 mod Z3? for all i # iy, thus u = 1,5
mod Zx* and therefore Qa(y/u)/Qs is unramified.

The extensions K;(vdk)/Q,(Vdk) with ¢ # iy are clearly unramified, since K;/Q, is un-
ramified and Q,(v/dk) is not. O

3.1.2. The Galois group

The Galois group of a field with fundamental discriminant of degree n is always the full
symmetric group S,. This was proved by J.Nakagawa in [N"88] for odd fundamental dis-
criminants (i.e. square free discriminants), here we adapt his proof to any fundamental
discriminant (even or odd).

Theorem 3.2. (Nakagawa, [N*88]) Let K be number field with fundamental discriminant
and degree n and let . Then,

(i) The extension K /Q(/dx) is unramified at all finite primes.

(11) Write K = Q(«) and let {on,...,a,} be the conjugates of oy == « over Q. If we
identify G with a subgroup of S, via its action on {a,...,a,}, then for every prime
B in K ramified over Q the inertia group Iy C G C S, s generated by a transposition.
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(i1i) The field K is an S,-field, i.e., Gx = S,,.
The proof in [N"88] is based in the following two lemmas

Lemma 3.3. Let L be a finite Galois extension of Q with Galois group G. For each prime
ideal P of Ok, let Iy be the inertia group. Then the groups Iy generate G.

Lemma 3.4. Let H be a subgroup of .S,,; if H is transitive generated by transpositions then
H=S5,.

Proof of Theorem 3.2. Let F := Q(v/dg), as K /F is the Galois closure of KF/F by (1.17)
to prove that K /F' is unramifed at finite primes it is enough to prove that so is KF/F. Let
q be a prime in F and let Q be a prime in KF over q, let p = QN K and pZ = pNQ,
then if K, is the completion of K with respect to p we have that K,(v/dx) and Q,(v/dk)
are the completion of KF = K(y/di) and F at Q and q, respectively. In view of Lemma
Kp(Vdi)/Qp(v/dx) is unramified whenever p | dg, thus e(Q|q) = 1, in this case. If, on the
other hand, p 1 dg, then p is unramified in K by (1.17), in particular e(Q|q) = 1. This
proves (7).

Let 3 be a prime in K ramified over Q,pZ =BNQ and I = Iy, D = Dy be its inertia
and decomposition groups. Since p | dx and K /F is unramified, then #I = e(Pp) = 2,
thus I = {1,7} with 7 € Gk. To complete the proof of (ii) we need to show that 7 is a
transposition.

Consider subgroup H of G corresponding to K, i.e., H := Gal(K/K) = {0 : 0oy = o }.
By (1.15), if {oy...0,} are a set of representatives of the double cosets in H\G/D; then
p; =0 (P) N K, 1 <i < g are exactly the primes in K lying over p and

[0;Do; ! O'Z'DUi_l N H] = e(ps|p) f (pilp)

loilo; ! oilo; ' N H] = e(pi]p)

but by (3.1) there is exactly one index iy such that e(p;,|p) # 1, and for that index we have
that e(p;,|p) = 2 and f(p;,|p) = 1. By changing P with a conjugate (if necessary) we may
assume p;, = PN K so oy, = 1. Hence, D = (DN H) and o;70; " € H if and only if i # 4.

Let t € {1,...,n} be such that Tay = oy, then t # 1 since 7 € H. Let s # t, 1, because G
is transitive, exists ¢ € Gk such that a, = 0~ 'a;; write 0 = ho;d with h € H and d € D,
then a, = d~'o; 'a;. Suppose i # ig, then a, = d"'ay but as D = I(D N H) this contradicts
s #t,1, thus i # ip and oy70; ' € H, i.e, 70; 'ay = 0; *ay. It follows that,

-1 11 1 1
d rdag =d 10, o =d T0o; aq = a
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but by (1.14) we know that I is normal in D so d~'7d € I and thus d~'rd = 7. We conclude
that Ta, = ay for all s # 1,t and therefore 7 is a transposition.

Now (ii7) follows directly from (i7) and the above lemmas. O

3.1.3. Discriminants of intermediate fields

The following lemma allows us to compute discriminants of intermediate extension of Galois
number fields when they are unramified over a quadratic field.

Lemma 3.5. Let N/Q be a Galois extension with Galois group G such that Vd € N for
some d € Q and suppose that a rational prime p is divisible by a prime P in N unramified
over Q(\/E) := F. Then, for each intermediate field Q C M C N with Galois group
H := Gal(N/M) we have

‘CT_H|

vp(dar) = vp(dr) - [M : Q) T

where 7 € G is the generator of the inertia group Iy (which by hypothesis has order < 2)
and C; is the conjugacy class of 7 in G.

Proof. 1f p t dp, then p is unramified in N, in particular p is unramified in M, thus p 1 dy,
and the equality holds, so let us suppose p | dp. As in proof of (3.2) let D := Dy be the
decomposition group of P and let {o;} be a set of representatives of the double cosets in
H\G/D so that q; = 0;(8) N M are the primes in M over p.

Since ‘B is ramified over Q and unramified over F', its inertia group Iy =: I has order 2. Let
T € G be its generator, here again by (1.15) we have

e(qilp) = [oilo; ' oilo;t N H]
thus e(q;|p) is equal to 1 or 2 according to whether or not o;70; ' is in H. For each i let
M; be the completion of M at q;. Suppose M;/Q, is ramified, so that e(q;|[p) = 2 and
[M; : Q,] = 2f(q;|p). Consider the following diagram

Vdr)

Qy(Vdr)

g
N

Q



3.1 Working with one field K 47

by hypothesis the extension M;(v/dr)/Q,(v/dFr) is unramified and, since the ramification
index of the local extension Q,(v/dr)/Q, is 2, by computing the ramification index of
M;(v/dr)/Q, in two different ways we find that M;(v/dr)/M; is unramified as well. As

disc(Q,(v/dr)) = disc(F), applying (1.32)(ii) we get

2f(qq
0 = vy = Vi

from which we conclude
vp(dar,) = vp(dr) f(ailp)
Since M;/Q, is ramified if an only if o;70; ' € H, then by (1.30) and (1.15) we have

g

vlda) = Y vp(da)
=1
UiTo';l%H

=uldr) Y flalp)

oiTo; EH

g
=1

Uiroi_lgH

Now let us evaluate this sum in a different way. For each o € G there is a unique ¢ such that
o =o0; mod (H, D), moreover, since q; := o(*f) N M, using again (1.15) we have

|Ho,D| _ |HoD| _
\H|f(a:)  [H]f(a:)

and thus oro~! € H if and only if o;70; ' € H, hence

[oilo; ! i oilo; ' N H| = [clo™ :olo™' N H|

g g
i=1 =1 o=c; mod (H,D)
UiTJi_leH oimi‘lgH

i=1 o=0; mod (H,D)
ai‘ro';lgH

g
= >y Y 1
i=1 o0=0; mod (H,D)
oro~1¢H

=#{c€G: o107 ¢ H}



48 3 Galois theory of fields with fundamental discriminant

and therefore

#{oeG:or07 ¢ H}
2|H|

vp(dr) = vp(dr) -
For each 6 = 007051 € C, — H we have
{oeG:or0 =0y ={0€G:(0,'0)r(0, )" =7} = 0pStabg(7)
hence #{o € G : oro™! =0} = |G|/|C.| and
#{o€Gioro™ ¢ H} = |G|-|C: — H|/|C;]
O]

PropOSItlon 3.6. Let K be number field with fundamental discriminant and degree n. Let
Q € M C K is an intermediate extension and identify H := Gal(K/M) C Gx with a
subgroup of S,, & Gg. Then,

0y = 0f
where ¢y :=[M : Q] M and my is the number of transposition not in H .

n(n —1)
Proof. Let p be a rational prime. We will prove that
vp(dar) = vp(dic) - e

by (3.2)(i) the extension K /Q(v/d) is unramified, so N := K, d = dx and p satisfy the
hypothesis of (3.5). Hence, if 7 is the generator of Iy, to compute v,(dys) it is enough to
compute |C; — H|/2|C.| but since by (3.2)(z7) 7 is a transposition, then C. is the set of all
transpositions in S,,. Thus, |C; — H| = my, |C.| = (g) and the claim follows. O

This shows for example that if K is a number field with fundamental discriminant and degree

n, then (possibly up to a sign) dz = d:?

3.2. Working with a compositum KL

3.2.1. Linear disjointness

Recall that two finite field extensions K/F and L/F inside a common extension Q/F are
linearly disjoint if any of the following equivalent conditions holds (see [FJ0&], Section 9.1).

(a) The map K®prL — KL induced by z®y — xy is injective (and thus is an isomorphism).
(b) K ®p L is a field.

(¢) [KL:F|=|K : F|[L: F).
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Moreover, if at least one extension is Galois, this is equivalent to LN K = F'.

Proposition 3.7. Let K, L be number fields of the same degree n such that Gx = 5, and
L/Q has no intermediate extensions, then

K# L < K/Q and L/Q are linearly disjoint
Proof. <): Suppose K and L are linearly disjoint, then K 2 L. Otherwise,
K = L = QX]/(p(X))
for some p(X) € Q[X], and tensoring with L, we get
K @q L = LIX]/(p(X))
which is not a field, since p(X) has a root in L.

=): Suppose K2 L. To ) prove that K and L are linearly disjoint is enough to show that so
are K and L. Indeed, if K and L are linearly disjoint, then the canonical map L®@K — LK
is an isomorphism and the commutativity of the diagram

LogK — 5 LK

]

Log K —— LK

proves that L ®g K — LK is injective.

Since L has no intermediate extensions and K is normal, then L and K are linearly disjoint
if and only if L N K = Q, that is, if and only if L ¢ K.

Now, if n # 6 from the corollary to Holder theorem (1.42) we know that every group of S,
of index n is conjugated to Hy := {o € S, : o(1) = 1}. Therefore, in that case L ¢ K,
otherwise, the subgroups Hy, := Gal(K/L) and Hy := Gal(K/K) of index n in Gx = S,
would be conjugated, contrary to our assumption.

On the other hand, if n =6 and L C I?, as K 2 L, from Proposition 1.43 we have that Hp,
and Hg belong to the two different conjugacy classes of subgroups of index 6 in Sg. Since

36 =[Gk : Hx N Hy] =[Gk : HK][Gx : H.] =66

This shows that K and L are also linearly disjoint in this case. O
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Corollary 3.8. Let K, L be number fields of degree n and fundamental discriminant, then
the following are equivalent

(i) K%L
(ii) K/Q and L/Q are linearly disjoint
(iii) K # L
Proof. From (3.2) we know that Gk = S,,, also L has no intermediate extensions, as G = S,

and {o € S,, : 0(1) = 1} is a maximal subgroup of S,,. Thus from (3.7) we have (i) <= (i1).
Clearly (iii) = (i), so remains to prove (i) = (ii).

Suppose (i) holds, then as we saw in the proof (3.7), the only case in which L C K is
possible is if n = 6 and Gal(K/L) and Gal(K/K) are the subgroups of Gal(K /Q) = S
corresponding to the two different conjugacy classes H; and Hs of index 6 in Sg. However if
that were the case, since dj, is fundamental, (3.6) implies ¢y, = 1 = ¢p,, and again by (3.6)
this would imply that for every sextic field K with fundamental discriminant there exists a
sextic field L 2 K with the same discriminant, which it is not true as example (3.9) shows.
Hence L ¢ K and in particular L #+ K. m

Example 3.9. The sextic field K with defining polynomial 2% — 2° + 23 — 22 + 1 is the
unique sextic field with discriminant —14731. In fact, the only other sextic field in K has
discriminant —147313, hence, as a curious fact, (3.6) shows that for every sextic field K of
fundamental discriminant there is a "twin” sextic field with the same Galois closure and
discriminant d5-

3.2.2. The Galois group

Suppose K is a field of degree n = 4 such that Gx = Sy, the group S, has a unique normal
subgroup of order 4, namely,

Vo= {1, (12)(34), (13)(24), (14)(23)} = Vi

this group correspond to a unique normal sextic extension N/Q inside K, since Gal(N/Q) =
Sy /V = Ss, there is exactly one cubic field (up to conjugation) inside N known as the cubic
resolvent of K which we will denote R3(K’). Remark that N is the Galois closure of R3(K),
ie., N = Ry(K).

Lemma 3.10. Let K 2 L be fields of the same fundamental discriminant and same degree
n. Identify G = S, as in Proposition 3.2. Under this identification the subgroup of G
corresponding to K N L maps to

7. V ifn=4and R3(K) = R3(L)
' A, otherwise
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Proof. Since M /Q is Galois, T is normal in S,,. Moreover, T is proper because Q(v/dx) C M
(and thus T' C A,,). Also T is non trivial, otherwise, KNL=M=K and L C K which, as
both fields have the same degree, implies L=K contradicting (3.8). Hence if n # 4 we have
T = A,. Now if n = 4, since by definition the field E(K ) is the fixed field of the unique
normal subgroup of G of order 4, then

T=V «<— TCV

]

Proposition 3.11. Let K 22 L be fields of the same fundamental discriminant and same
degree n. Write K = Q(«) and L = Q(/3), then there exists an indexing of the conjugates
of a and S, say {a1,...,a,} and {f,..., .}, such that oy = «, /1 = f and the natural
action of Gk on {ay,...,a,} and {fy,..., B, } induces and isomorphism

D : Grrp = Sy xp Sy i={(01,02) € S,y x S, : 010, €T}
where 7' is as in (3.10).

Proof. Start with an arbitrary indexing, {a1,...,a,} and {5],..., 5.}, of the conjugates
of a and 3 such that a; := a and 3] := 3. This define isomorphisms ¢ : Gx — S, and
V' Gy = S, given by ¢(0)(i) = j whenever oo, = a; and ¢/ (7)(i) = j if 78] = 3.

By the above lemma, the map ¢ induces an isomorphism ¢ : Gal([? NL /Q) = S,,/T. More
specifically, given v € Gal(K NL/Q) we have ¢(y) = ¢(¢)T. Where 0 € G is any extension
of v to all K. Similarly ¢ induces an isomorphism ' : Gal(K N L/Q) = S,,/T.

Since S,,/T is isomorphic to either Sy if T' = A, or to S3 if T = V', by Hélder’s theorem
(1.41), we have that
Aut(S,/T) = Inn(S,/T),

thus there exists m € S,, such that the automorphism (/_bowf1 :S,/T — S,,/T is conjugation
by ©T. Moreover, since T' < S, is transitive, there exists v € T such that v(1) = 7—1(1), so
by replacing 7 with 7 we may assume that =(1) = 1.

Let us reindex the set {31,...,5,} as {f1,...,Bn}, where 3; = /6;(1')7 note that 5, = 1 = 3.
This gives us a new isomorphism v : G — S, defined as ¢(7)(i) = j if 78; = ;. And by



52 3 Galois theory of fields with fundamental discriminant

definition ¢(7) = m¢/(7)7~*. Hence for each 7 € Gy, taking v := 7 |7 € Gal(K N L/Q)
we get

from which it follows that ¢ = 1.

Now the restriction maps make the diagram
Ggr ——— Gp

|

Gx — Gal(K N L/Q)

a pullback square. But we just proved that with this indexing of the conjugates of 5 and « the
maps ¢, 1 and ¢ = 1, give an isomorphism between the diagram G — Gal(}?ﬁz/(@) — G
and the diagram S,, — S,,/T <+ S,,, therefore the natural map & is an isomorphism between
their respective limits (pullbacks) Gk and S, X7 S,,.

O

An immediate consequence of (3.11) is the following

Corollary 3.12. Let K 2 L be number fields of the same fundamental discriminant and
same degree n. The structure of the lattice of subfields Q € M C KL depends only on n
and on whether or not R3(K) = R3(L) when n = 4.

Proof. Under the isomorphism ® of (3.11) we have that the subgroup of G, corresponding
to KL maps to

{(01,02) € Spy X7 S :01(1) =1 =09(1)}
and the lattice of subgroups S,, X1 5, containing this group depends only on n and 7. [

Example 3.13. (a) Let K and L be the cubic fields with defining polynomials z* — 16z —27
and x® — 2% + 3x + 10, respectively. Then K % L, dx = —3299 = d;, and the lattice of
subfields of KL is
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where M is the field with defining polynomial z3 + 22 — 11 and discriminant —3299,
and M, is the field with defining polynomial 2® — 22 4+ 92 — 8 and discriminant —3299.
It follows from (3.12) that this is the lattice structure for the compositum of every pair
of non isomorphic cubic fields of the same fundamental discriminant.

(b) Let K and L be the quartic fields with defining polynomials z* — 2® — 222 + 42 + 1 and
ot + 42% — 51 + 1, respectively. Then K % L, dx = —6571 = dy, R3(K) = R3(L) is the
cubic field with defining polynomial 2% — 22 — 92 — 16 and the lattice of subfields of KL
is

where M is the field with defining polynomial 2¢ — 222 — 3x +2 and discriminant —6571.
It follows from (3.12) that this is the lattice structure for the compositum of every pair
of non isomorphic quartic fields of the same fundamental discriminant and same cubic
resolvent.

3.2.3. Discriminants of intermediate fields

Proposition 3.14. Let K 2 L be number fields of the same fundamental discriminant and
same degree n and ® : Ggr — S, X7 S, be as in (3.11). Then,

(i) The extension KNL/Q(\/ d) is unramified at all finite primes.

(ii) Let P be a prime in KL ramified over Q and let T be the generator of its the inertia
group Iy, then ®(7) = (7, 73) € S, X1 S, with 7 and 7, transpositions. Moreover, the
conjugacy class C' of (71, 72) in the group S, xr S, is given by

C ={(p1,p2) € S, xS, : p1 and py are transpositions either equal or disjoint}
if n =4 and R3(K) = R3(L), or
C ={(p1,p2) € S, X Sy, : p1 and po are transpositions }

in any other case.

Proof. The statement (i) is consequence of (1.16) and the fact that both K/Q(v/dx) and
L/Q(v/dg) are unramified at all finite primes. To prove that 7 and 7, are transpositions,
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recall that as both 3 N K and B N L are ramified over Q the groups ¢(Ipng) and ¢ (Lyqz)
are generated by transpositions (by (3.2)(i7)). Now

(11,72) € (b([mml?) x wUﬂBmZ)

so either 7, = 1 or 7; is a transposition and, as 775 leT A, either they are both trans-
positions or they are both 1, the latter not being possible since ®(7) has order 2.

Next we prove that the conjugacy class C' of (11, 7) in S, X1 S, is as described:

» Suppose n =4 and R3(K) = R3(L). Let (p1,p2) € C, since 11 and 7 are transpositions
and every conjugate in S,, of a transposition is a transposition, we have that both p;
and p, are transpositions, moreover since

prpyt € {1,(12)(34), (13)(24), (14)(23)} = T

then p; and p, are either equal or disjoint, otherwise, pip,* would be a three cycle,
in particular, 7; and 7, are either equal or disjoint. Conversely, suppose p; and po
are transpositions either equal or disjoint, then we claim that (p1, p2) is conjugated to
((12),(12)) in Sy x7S4. Indeed, if p; = ps = p then taking o € S, such that o(12)c ™!
p we find that (0,0) € S, xS, and (c,0)((12), (12))(c,0) ™' = (p1, p2); and if p; = (i
and py = (ki) with {i,7} N {k [} = () then the permutations o1 = (}37%7) and o5
(#7%7) are such that o105 = (ik)(j1) € T and (01, 02)(12)(01, 02) " = ((i4), (k1))
(p1, p2)-

ij

II\_/II

= Now suppose n # 4 or R3(K) 2% R3(L). Again, as 7y and 7, are transpositions given
(p1,p2) € C both p; and py are transpositions. Conversely, let (pq, p2) be a pair of
transpositions, then we must find a pair (o1, 02) € S, such that sgn(o;) = sgn(os) and

(01,09) (11, 72)(01,02) " = (p1, p2)

but this follows from the fact that any pair transpositions p and 7 in S,, are conjugated
by an element in A,,, indeed, this can be check directly for n = 2,3 and if n > 4 we can
write p = oo ! with 0 € S,,. If 0 € A,, we are done and if o € A,, we can choose 7 a
transposition disjoint from 7 (since n > 4), thus om € A, and (o7)7(o7m) ' = o707 =
p.

0

Proposition 3.15. Let K 2 L be number fields of the same fundamental discriminant and
same degree n and ® : Gg; — S, X7 S, be asin (3.11). If Q € M C KL is an intermediate
extension with Galois group Gal(K /M) corresponding to H < S,, Xr S, under ®. Then,

Oy =0

|C - H]

where ¢y == [M : Q] ——— 30

and C'is as in (3.14) (7).
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Proof. This follows from directly from (3.14), since for every rational prime p we know form
(3.14)(7) that N := KL, d := disc(K) and p satisfy the hypothesis of (3.5) combining this

the computation in (3.14)(iz) we conclude

C — H]
20

vp(dar) = vp(dre) - [M : Q]
O

Corollary 3.16. The discriminant ideal of every intermediate extension Q C M C KL is a

Y

perfect power of 05 and the exponent only depends on n and on whether or not R3(K) =
R3(L) for n = 4.

Corollary 3.17. With K and L as above
dip, = dg*™™V

Proof. In this case H = {(01,02) € S, X7 Sy, : 01(1) =1 = 09(1)} so:

» If n =4 and R3(K) = R3(L), then C'N H is the set of pairs (71, 72) such that 7 and
Ty are transpositions either equal or disjoint both fixing 1, since there are not any pair
of disjoint transpositions in S4 both fixing 1 and there are (3

2) = 3 transpositions in Sy
fixing 1, then |C'N H| = 3, thus

IC—H|=|C|-|CNH|=12-3=9
and therefore cy = [KL: Q|(9/2-12) =4%*(3/8) =6=2-3.

w Ifn#4or Ry(K) 2% Rs(L), then C' N H is the set of pair (7, 72) such that 7, and 7
are transpositions fixing 1, hence C N H = (";1)2, thus

C—H|=(C| - |cnH| = (Z)— (”;1)2=<n—1>3

and therefore cy = [KL : Q](n — 1)3/2(3)2 = 2(n — 1). This proves dxy = 02",
Since dK2(”_1) > 0, it remains to prove that dg;, is positive. As K and L are linearly
disjoint, then sk = sk[L : Q] + sp[K : Q] — 2sxsp = (sk + sp)n — 25k sy. Where sk
denotes the number of complex embeddings of K. But by hypothesis dx = d, thus
s = sr mod 2 and therefore sxr, =0 mod 2.
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3.2.4. Lattice of subfield of K L/Q.

The group G :=S,, X 4, S, act naturally on the set Q := {1,...,n} x{1,...,n} by

(01,02) - (1,7) = (01(7), 02(i))

this action is clearly transitive, since (71, 7) € G for every pair of transpositions in S,,.

Now let K 2 L be number fields of the same fundamental discriminant and same degree n.
Remark that, when G = G, the stabilizer in G of (1,1) by this action

Gay = {(01,02) € G:01(1) =1 =05}

is the subgroup of G corresponding to Gal(KL/KL) under the isomorphism ® of (3.11).
Now by (1.39) the subgroups of G' containing G ;1) are in one to one correspondence with
the blocks of this action on {2, and by Galois theory this are in one to one correspondence
to the subfields of K L/Q, thus, when n # 4 or R3(K) 2 R3(L), to describe the lattice of
subfields of K'L/Q equivalent to describe the blocks of the action. This is done for n > 4 in
the following lemma.

Lemma 3.18. Suppose n > 4. The blocks of the natural action of S, X 4, S, in €2 containing
(1,1) are A :={(1, 1)}, Ay == {1} x {1,...,n}, Ay :={1,...,n} x {1} and Q.

Proof. First we observe that A; and A, are indeed blocks because if (o7, 02) - A1 N A; # 0,
then o1(1) = 1 and thus (01, 09) - A; = A (similarly we see that A, is a block). Moreover,
A; and A, are maximal blocks, since for example if Ay € A C Q and (r,s) € A, then
given (i,j) € A we must have i = 1, otherwise, we may take o € S,, such that o1(i) = r

and o1(1) = 1 (note that r # 1), also we can choose oo € S,, such that o9(j) = s with
sgn(og) = sgn(oy) (since n > 3), but then (o1,09) - (1,1) = (1,02(1)) € Ay C A and
(01,02) - (i,7) = (r,s) € A, contradicting that A is a block.

Let A # Q, Ay, As be a block we need to prove that A = Ajy. As A; and Ay are maximal,
then A 5 Aq, Ay, that is, exists (1,k) € A and (i,1) € A. We claim this implies that for
(a,b) € A we have a # 1 <= b # 1: Suppose a # 1 and b = 1, then a # i and 7 = (ai)
fixes 1, hence (7,7) - (1,1) = (1,1) € A but (r,7)(a,1) = (i,1) &€ (7,7) - A, contradicting
that A is a block, by symmetry of the argument b # 1 also implies a # 1.

Now let (a,b) € A and suppose (a,b) # (1,1), then by the above claim a # 1 and b # 1.
Let 7 be transposition disjoint form (la) (which exists as n > 4) and let ¢ ¢ {b,1}, then
o := ((la)m, (1bc)) € S, Xa, S, and o - (1,1) = (a,b) € A but o - (a,b) = (1,¢) € A (since
c # 1), a contradiction. Thus, A = {(1,1)} = A,. O

We conclude with the main result of the chapter.
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Theorem 3.19. Let K 2 L be number fields of the same fundamental discriminant and
same degree n. Then, the Hasse diagram of the lattice of subfields of KL/Q is given by

AN NN
N \/ \/

n—3 n =4 and Rg(K)IRg(L> n25orn:4andR3(K)$éR3(L)

where o stands for a field of degree n and discriminant of absolute value |disc(K)|. Moreover,

disc(K L) = disc(K)>1,

Proof. As mention before in (3.12) and (3.16) both the lattice structure and the discriminants
ideals of the intermediate fields depend only on n and on whether or not Rs(K) 2 Rs(L);
thus for n = 3 or n = 4 and R3(K) = R3(L) it is enough to check the theorem in a particular
case, this was done in Example 3.13. So let us suppose n > 5 or n =4 and R3(K) 2 R3(L),
then we have the following order-preserving correspondences (except for the first one which
is order-reversing)

{subfields M : Q C M C KL} +— {subgroups H : Gal(KL/Q) > H D Gal(KL/KL)}
PN {subgroups H : S, x4, S, D H D G11)}
AP fhlocks A QS A S {(1,1)})

Now the theorem follows from (3.18), as these blocks have the desired lattice structure. The
claim about disc(K L) is Corollary 3.17. O



4 Casimir pairings and proofs of the
mains theorems

The Casimir element or Casimir invariant of a Lie algebra g is a powerful tool in the theory of
representation of Lie algebras. It is named after Hendrik Casimir a physicist who discovered
the concept in the context of rigid body dynamics. One of the reasons this invariant is so
important is the crucial role that plays in the algebraic proof of Weyl’s theorem on complete
reducibility and in the proof of the Weyl character formula, see [Hall5, Chapter 10]. Weyl’s
original proof of the theorem on complete reducibility was of analytical nature and it only
applied to complex Lie algebras. The introduction of the Casimir element greatly simplified
the proof and generalized the theorem to any field of characteristic 0.

The concept can be defined in a more general setting. And in this chapter we see how we
can use it in the context of trace forms of fields to answer the questions that were presented
in the introduction.

4.1. Definition and examples

Let V be a finite dimensional vector space over a field F' and let V* := Hompg(V, F') be
its dual. Since V' has finite dimension, we have V' = V* moreover, each non degenerated
bilinear form B : V x V — F induces an isomorphism

r:v—-v"uv— Bv,-)

and every such isomorphism is obtained in this way.

Now let R be an F-algebra and let ¢,1 € Homp(V, R). The map

V*xV =R, (f,v) = (oI (o)

is bilinear and F-balanced (as R is an F-algebra), hence it lifts to a morphism V®@rV* — R.
If we compose this with the inverse of the canonical isomorphism

V'@V = Endp(V), f@v— (u— f(u)v) (1)

we get an F-linear map ppy 4 : Endp(V) — R.
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Definition 4.1. The B-Casimir element of ¢) and ¢ is the element cg(1), ¢) € R given by
the image under pp 4 4 of the identity morphism;

cB(¥,8) = ppy.s(1).

The element cg(1), ¢) turns out to be very useful in many contexts and is the key in the
proofs of our results. To write it more explicitly let {vy,...,v,} be an F-basis of V, then

cn(t:6) = 3 v(e)o(w) @

where {v],...,v:} C V is the dual basis of {vy,...,v,} with respect to B, i.e, the inverse
image through I' of the basis {fi,..., fn} of V* defined by f;(v;) = d;;. To prove this,
observe that ), f; ® v; maps to 1 € Endp (V') under the isomorphism (1). Notice that this
representation is independent on the choice of the basis {v;}.

Example 4.2. Let g be an n-dimensional Lie algebra over a field F' with char(F) = 0, by
Cartan criterion, the Killing form B on g is non degenerate if and only if g is semisimple.
In that case, if we take V' =g, R = U(g) its universal enveloping algebra and ¢ : g — U(g)
the canonical inclusion, then

C :=cp(t,t) € U(g)

is the well known quadratic Casimir element or Casimir invariant of g.

Definition 4.3. Let F' be a field V an F-vector space of finite dimension, R an F-algebra
and B : V x V — F a nondegenerate bilinear form. The Casimir pairing associated to B
is the map

<'7 '>B : HOHIF(‘/, R) X HOHIF(‘/, R) — R7 (w7 (b) = <¢7 ¢>B = CB(¢7 (b)
Remark 4.4. Notice that (-,-)p is D-bilinear where D = Z(R) is the center of R.

We gather some of the properties of the Casimir pairing, which follow immediately from its
definition, as

Proposition 4.5. Let F,V, R and B be as above
(i) If R is commutative and B is symmetric, then (-,-)p is also symmetric.

(ii) If # : R — R’ is a homomorphism of F-algebras then
0 (¢, d)p) = (009, 009)p
(iii) If 7 C F is a field extension, then

(YL, ¢ @Lp)pgr = (Y, P)p®1 € R F
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Proof. The only non trivial part is (i). Let {v;} be a basis of V. Recall that the dual basis
{vf} of {v;} with respect to B is uniquely defined by the relation B(v}, v;) = d;;. Hence if B
is symmetric then {v;} is the dual basis of {v;}, and thus, as the representation in (2) was
independent of the basis, we obtain

(W, 0)m = D w(D)o(vs) = Y _w(e)o(w;) = D o(v)v(v) = (6,9)s

O

Let V' be an F-vector space of dimension n and R an F-algebra, then just as in (1) we have
a canonical isomorphism

In particular, if R is an integral domain and (V, B) is a nondegenerate quadratic space, then
according to point (7) of the above proposition Hompg(V, R) becomes a quadratic R-module,
when endowed with the symmetric bilinear form (-,-)g. The following proposition shows
that this assignation is functorial.

Proposition 4.6. Let (V, By) and (W, By) be non degenerated quadratic F-spaces, then
an F-linear map ¢ : V — W is an isometry if and only if

Homp (¢, R) : Homp(W, R) — Hompg(V, R), T+ T0¢

is an isomorphism of R-modules which respects the Casimir parings (-,-)p, and (-,-)p,, .
Therefore, when R is an integral domain, ¢ is an isometry of quadratic F-spaces if and only
Homp(¢, R) is an isometry of R-quadratic modules.

Proof. First suppose ¢ : V. — W is an isometry. Take {v;} any basis of V' with dual basis
{vr} with respect to By. As ¢ is an isometry, it follows that {¢(v})} is the dual basis of
{p(v;)} with respect to By. Let ® := Homp(¢, R), as ¢ is an isomorphism, so is ¢ and

(®(11), P(72)) By, = (100, T209) B,
= Zﬁ(fﬁ(vf))ﬁ@(%))

= <7—1772>BW

for all 71,75 € Homp(W, R), i.e., ® preserves the Casimir pairings.

Conversely suppose ® is an isomorphism preserving the Casimir pairings. First we prove
that ¢ must be bijective. Indeed, we have a commutative diagram
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Hompg (W, R) 2 Hompg(V, R)

o

®1gr

W*@R—V*®QR

(where the vertical maps are canonical isomorphisms) so ¢* ® 1 is bijective, but R is faith-
fully flat as an F-module (being free), thus ¢* is bijective and it is well known that the dual
map ¢* is bijective if and only if so is ¢.

Now let {e;} be an orthogonal basis of V' with a; := By (e;, ¢;) so that ef = e;/a;, let w; :=
¢(e;) and let 7; € Homp (W, R) be defined by 7;(w;) = d;;. Then, for every 7 € Homg(W, R)

(Tog,m0d)m, =) (¢(eD)n(d(er)) = T(wifa;)

(T, )y = Y T(wi)mi(wy) = 7(w])

k
since @ preserves the Casimir pairings, it follows that 7(w;/a;) = 7(w}) for all 7 € Homg(V, R),
therefore w} = w;/a;, i.e., By (w;, w;) = a;6;; = By(e;, e;) which proves that ¢ is an isome-
try. [

If we specialize this down to our case of interest things get much more interesting. Recall
that if K/F is a finite extension of fields, then the trace form

trg/p: K X K= F, v Trg p(xy)

will be well defined) if and only if K/F is separable.
and the set of F-embeddings

is nondegenerate (and thus (-, ‘)trK/F

In this setting we found a nice relationship between (-, )
of K.

trK/F

Proposition 4.7. Let K/ F be a finite separable field extension of degree n and let {0y, ...,0,}
be the set of F-embeddings of K into a field Q containing a Galois closure of K/F. Then
{o1,...,0,} is an orthonormal (2-basis of Homp (K, §2) with respect to the Casimir bilinear

form (-, '>trK/F'

Proof. Let {a;} be a F-basis of K, and let A := (0,(a;)), A" := (0;(a})) then
AR = (3 onlaon(ed) = (Trgsp(enad)) = 1
hence (0;) = I = (A)A = (X, 0u(al)o(on)) = (<ai,aj>trK/F). As Homp (K, Q) has

dimension n over () this proves that the embeddings form an orthonormal basis of this
vector space. O
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Corollary 4.8. Let K, F' and ) be as above

(i) For any ¢ € Homp (K, Q) there is a Fourier representation
i=1

(ii) Given ¢, ¢ € Homp(K, ), we have the Parseval identities

n

<¢7 1/}>trK/F = Z<¢> O-k>$rK/F

k=1

n

<w7 ¢>trK/F = Z@b; Uk)trK/F : <¢7 Uk>trK/F
k=1
Corollary 4.9. Let K/F and L/F be separable field extensions of the same degree n, and
Q2 be field containing a Galois closure of KL/F. Given an F-linear map ¢ : K — L, the
following are equivalent

(i) The map ¢ is an isometry between (K, trgx/p) and (L, try/p).

(ii) Homp(o,2) is an isometry between the spaces Hompg (L, §2) and Homp (K, ) endowed

with their Casimir pairings (-, '>trL/F and (-, '>trK/F

(iii) The matrix U = (c;;) is orthogonal, where c¢;; := (0, Tj@)try »» and {0y}, {7:} are the

sets of F-embeddings of K and L into ).

Proof. The equivalence (i) <= (ii) is a particular case of Proposition 4.6 and (ii) <=
(i) follows from the fact that {o;} and {7;} are orthonormal bases by (4.7).
[l

4.2. Integrality at finite primes

For a Q-linear map between number fields ¢ : K — L, we call the smallest positive integer
m such that m ¢(Ok) C Of, the index of ¢, thus m is the unique positive integer such that

Proposition 4.10. Let K, L be number fields, let p be a rational prime such that v, (disc(K)) <
1. Suppose that ¢ : (K, trg/g) — (L, try/g) is an isometry of index 1 and let

c:= (g, Lqu)trK/Q e KL

where ¢ : K < C and ¢f, : L — C are the canonical inclusions x + z. Then, vg(c) > 0 for
every prime ‘B | p in E.
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Before we begin with the proof, let us fix some notation and review some facts:

(a) Let p be a rational prime and fix an algebraic closure @pal of Qp, by (1.23) the absolute

value | |, extends uniquely to an absolute value on all @pal which we will still denote by

[ [p-

(b) Let K be a number field and let {p;} be the primes in K lying over p. For each i,
there is a completion K; inside @al (unique up to conjugation) of K with respect to the
absolute value | |,, in K, corresponding to p;, extending | |, in Q. Once we fix K;, we

get a canonical inclusion K < K;, which we denote a — a;, such that |al,, = |a;|, for
all a € K.

(c) Let (K), == K ®p Q, and let (Ok), = Ok ®z Z,. The canonical isomorphism of
Q,-algebras

(K)p%HKi
a®br (arb,...,a;b,...)

where b — b is the inclusion Q, — Kj;, gives an orthogonal decomposition of the Q,-
quadratic space ((K),, trxy,/q,) = LK trg, /0,)- Moreover such a decomposition is
also valid, see Proposition 2.4, at the integral level i.e., under the above map we have

that ((OK)p,tl"(K)p/Qp) = J—i(OKi,trKi/Qp)-

(d) Using the isometry above as an identification we denote by X : (K), — K; the natural
projection and by uf : K; — (K), the natural inclusion of quadratic spaces. Notice
that ¥ ((Ok),) = Ok, and that (Ok), is the Z,-module generated by the u(Ok,)’s.

Proof. Let E := KL and let {p;}, {q;} and {3, } be the primes in K, L and E, respectively,
lying over p, with completions {K;}, {L;} and {E,}. By (4.5)(i77) we know that

c®1l= (g ®@1g,, ¢ Lg,) € (E),

(K p /0p

Since for each r we have |c.[, <1 <= vy, (c) > 0, the conclusion of the proposition is
equivalent to say that c, is integral for all . This will be the strategy of the proof.

For each 4, let us fix an integral basis B; :== {5 : 1 < s <mn; := [K;: Q,)} of K;, then
B:=|Juf(B)

is a Z,-basis of (Ok), (and thus a Q,-basis of (K),). Moreover, since the decomposition of
(K), is orthogonal, if we take the dual basis B; of B; in the space (Kj, trg, q,), then

B = (8)
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is the corresponding dual basis of B in the space ((K),, tr(x),/q,). Therefore setting

Bis = (0 ®1) (4" (cis)) € (L)y

we have that

c®l=7) (1) (1 (e;,)) (tr ® 1) (Bis).

2,5

Notice that since p*(a; 5) € (Ok), then ;s € (OL),.

Fix an index r corresponding to the prime 33, in E and define 4, and j,. by the relations
=P, N K and q;, =B, N L. Since the diagram

g ®1

(K)p

K E
lﬂ-ir lﬂ'r

K, — L,
is commutative (similarly for L) then

=7 (c®1)

=¥ (Z(LK ®1) (uf(ef,)) (L ® 1)(@-,3))

,5

:Zw (e @ 1) (i () 7F (e ® 1)(Bis))
= Zﬂ-“ /J% zs jr(ﬁi,s)

N

= Z Oé;;,s 71—_][;« </Bi7‘7s)
s=1

Hence, it suffices to show that o} 7% (8, ) is in Op, for all 1 < s <mn,,.

ir,s Ty

Claim: We may assume that o _ is not integral, and moreover that the extension K; /Q,
is ramified.

Proof of claim. Suppose that aj ; € O, . Here the result follows immediately since
5 (Birs) € Ok, O, C Op,.

If the extension K, /Q, is unramified then disc(Kj;, ) is a unit in Z, and the codifferent ideal
DI_{il is just Ok, , hence o] (€ Dl}j = Ok, foralll<s<mn;,. ]
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It remains to verify the ramified case Kj;,/Q,. Notice that in this case disc(K) is equal to p
modulo units. By the local decomposition of the trace we have that for each x € (L), that

£)/0, (T Z Trr, /g, (7 (7))

Hence, if for § € L; we denote by 6 = 0 ... (™) the m; := [L; : Q,] conjugates of 6 over
Q, then

D0/, (@ ZZw (3)

Consider the square matrix B := (7} (Bis)®) whose rows and columns are index by (i, s)
with 1 < s < n; and (j,¢) with 1 < ¢ < m,, respectively, in lexicographic order. Taking
x = PPy in (3) we find that

BB' =M

is the Gram matrix of tr(z), /g, in the basis U{ﬁi’s : 1 < s < n;} of (L), Since ¢ is an

1
isometry, M is the Gram matrix of tr(x),/q, in the basis B of (K),, i.e, M is a matrix

diagonal in blocks, each block corresponding to the Gram matrix of trg, g, in the basis B;.
Let A be the adjoint of B!, then
det(B)B = M A.

In particular,

T (Biys) = ﬁ@ ((ir, s)-th row of M) x ((j,, 1)-th column of A)
(4)

Z TrKr/Qp alr Salr 31>A(ir731)(jr71)
~= det(B)
Note that the matrix A, being the adjoint of B, has integral entries. It follows from the
claim above and from the previous equation that to show that o 77 (6, ) is integral it is

enough to show that
a;wSTrKT/QP (air,sai,,',sl)
det(B)

is integral for all 1 < s,s; < n, such that o

is not integral. Since disc(K) = det(M) =

1r,S

det(B)* (up to elements in Zx?) the integrality of the above is equivalent to
. 2 _ .
(air7STrKr/Qp (aimsair,sl)) € dlSC(K)OKiT = pOKiT . (5)

Since Z(e(pﬂp) — 1) f(pilp) < v,(disc(K)) = 1, where the first inequality is given by (1.36),

we have that exactly one ramification index can be different from 1, and such index must be
equal to 2. Since we are assuming that K is ramified then e(p; |p) = 2. Thus K; /Q, is a
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quadratic ramified extension and, given that p # 2 thanks to Stickelberger’s criterion (1.29),
we have that K; € {Q,(y/p), Qy(/up)} where u € {1,...,p — 1} is quadratic non-residue
modulo p. Thus an integral basis for O, is given by {1,7} where 7 = ,/ép and e is some
unit in Z,.

Let aj,1 = 1,5 := 7. The dual basis in (K, trg, jg,) is given by af ; = 1/2 and
aj o =1/27. Since o ; = 1/2 is integral we are only left to check the values

(0T ea000))* = (e re)) =10 o0
Q; 91Tk, O, 200, s = | - 1rk, T, s = .
? [ ' 2m /G ' pe  otherwise.

]

Theorem 4.11. Let K, L and ¢ be as above. Write dx = disc(K) = dsdy were dy is the
product of the primes diwviding the discriminant exactly once. Then, dsc is an algebraic
integer. Moreover, if K tamely ramified then rad(ds)c is an algebraic integer.

Proof. Let {a1,...,a,} be an integral basis of K. Recall that by definition

c=atolan)
=1

since each o belongs to the codifferent ideal D;{l and [D;(l : Ok| = dg, we have dic € Ok

Let P be a prime in KL, let pZ =*PNQ and p =P N K, then if p | df by Proposition 4.10
we have
vp(dsc) = vyp(c) >0

and if p { dy, then
vg(dsc) = vp(dge) >0

this for every prime P in K L, thus dsc € Ok

To prove the last part, suppose that K is tame at p, then

vp(pDx') = e(plp) — (e(plp) —1) =1 >0

it follows that vy (pc) > 0 whenever p | ds and therefore vg(rad(ds)c) > 0 for all B.
[

Corollary 4.12. Suppose K has square free discriminant, then ¢ is an algebraic integer.
Proof. In this case dy = 1. m

It is not hard to generalize a bit (4.12) to even fundamental discriminant and maps ¢ : K — L
with arbitrary index m, this is done in
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Lemma 4.13. Let K, L be number fields and suppose K has fundamental discriminant dg,
then given an isometry ¢ : (K, try/g) — (L, tryg) of index m, we have that N(m,dk) - c is
an algebraic integer. Where N (m, dk) is given by

N(m,dk) :=dym H P
PF2

and
1, if 24dg
dy =<2, if 2|dg,2¢m
4, if vy(dg) =3,2|m

Proof. The proof follows the same lines as that of (4.11), only in this case u* (o) € (Ok),
just implies §; s € m~1(Op),, thus we get for example

lerlp < [ml, " (6)

for unramified K;,/Q,. If K;,/Q, is ramified and p # 2, then, as A 4 is polynomial of
degree n — 1 in the entries of B, equation (4) now shows

[erglp < min{p"? ml; ", [ml, "~} (7)

On the other hand, suppose p = 2 and K;,/Qy is ramified, then K;,/Qs is quadratic ramified
by (3.1). Which leads us to the following cases'

= vy(di) = 2, which implies that Ok, has a basis {1,7} where 7 € {/—1,v/—5} thus
|7|2 = 1 and

[erol2 < 2[mly? (8)

in this case (note that we did not use that ¢ was an isometry here).

= vy(d) = 3, in this case Ok, has a basis {1, 7} where 7 € {(V2,V/=2,v/2-5,/—2-5}.

In this case equation (4) gives us

sl < min{2%2|m|; Y, 2lm[; "V} 9)

Bounds (6),(7),(8) and (9) imply that |N(m, dx)cy,|, < 1in all cases and the lemma follows.
0

LAs K;,/Qy is the only ramified extension (3.1) and d is the product of the local discriminants (1.30), we
have |dg |2 = |disc(K,)|2, hence the cases.
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Remark 4.14. Theorem 4.11 remains true if we replace ¢ with

<Ua T¢>trK/Q

where 0 : K — C, 7 : L — C are arbitrary embeddings. Too see this, apply the theorem to
¢ =71¢o7t: K’ — L' where K’ = 0(K) and L' := 7(L), and notice that if {;} is a basis
of K then

(O, TO)trye ) = Za )(To)(cv)

- S5
= <LK/7 LL’¢/>tTK’/@

where the ; ;= o(q;) form a basis of K’ with dual basis ] = o(af).

4.3. Proofs of the theorems

With this tools at hand we can prove our first main result

Proposition 4.15. Let K, L be number fields such that K is totally real with square free
discriminant, then

(OK,trK/@) = ((’)L,trL/@)
if and only if K = L.

Proof. The proof is by contradiction. Let ¢ : (O, trg/g) — (Of, trr ) be an isometry and
suppose K 22 L. We know from Taussky’s theorem that the existence of ¢ implies that L is
also totally real and so is £ := K L. Consider the map

{0:E—>R}—>{o: K—>R}yx{r:L—>R}, 00— (0 [k,0 [1)

this is always injective, but since disc(K) = disc(L) is fundamental and K % L, Corollary
(3.8) shows that K and L are linearly disjoint. Hence both domain and codomain have the
same cardinal and the map is also surjective.

It follows that, if we list the embeddings of K and L into R as {oy,...,0,} and {7y, ..., 7.},
then for each 1 < 4,j < n exists a unique 6;; : E — R extending both o; and 7;. Thus,

fixing a basis {a;} of K and setting ¢ := (t, t2@)tr o, We find

0ij(c) = (Oijir, 0ijtrd) o = (Tis TiD)trge g

and from (4.9)(éii) we conclude that U = (6;;(c)) is orthogonal, in particular |6;;(c)| <1 for
all 1 <12,7 <n.
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But from Corollary 4.12 ¢ is an algebraic integer and since every conjugate of ¢ has absolute
value < 1, then ¢ is either 0 or a root of the unity, as ¢ € R this shows that ¢ € {£1,0}.
In particular ¢ € Q and thus all the entries of U are equal to ¢, which contradicts U being
orthogonal (except in the trivial case n = 1). The contradiction came from assuming K % L,
therefore, we conclude K = L as required. O]

As a byproduct of the above proof we the obtain following fact

Corollary 4.16. Let K be a totally real number field of degree n and square free discrimi-
nant, then
{1k} ifn>2

Aut(Ok, trijg) {1} = {Gal(K/@) ifn=2

Proof. Let ¢ € Aut(Ok,trg/g) and {o;} be the embeddings of K with o1 = ¢k, then each
entry of the orthogonal matrix

U= <<O'i,0'j¢>trK/Q>

is an algebraic integer, by (4.14). Also for every o € Gal(K /Q) and i, j we have

o <<0ia<fj¢)trK/Q> = (0, 05 D)ty g

for some 7', j', i.e., every conjugated of an entry of U is an entry of U. Since they are all real
and its absolute value is bounded by 1, we find that each one is either 0 or a real root of
the unity, i.e., (07, 0j@)tr o € {0, £1} for all 7, j. Furthermore, U being orthogonal implies

that there is only one (0;, 0;¢) equal to £1 on each row and on each column. If j is the

trK/Q
index such that (o1,0;¢)u, o # 0, then by the Fourier representation (4.8)(i) we have

LK) = 019 = *0;

thus F¢ € Aut(K), but since K is an S,-field (3.2), then its group of multiplicative auto-

morphisms Aut(K) is trivial if n > 2 and Gal(K/Q) if n = 2. O
Lemma 4.17. Let {ry,...,rx} be real numbers, then
(2)
Q2
H(ru —r,)? < (M)
u<v (2)
where S; = S2F_ 7, and S, = 3¢ 2.

Proof. This is an application of the arithmetic-geometric means inequality, since

VG
<H<ru—m2) <> PE

u<v u<v
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and

Z(ru — 1) = Zrﬁ + 72— 227’”7“@

u<v u<v u<v

:Zri—ZZrurv

UFV u<v
= (k—1)S — (512 )
= kS, — 5%

m
Theorem 4.18. Let K, L be number fields such that K 1is totally real with fundamental

discriminant, then
(Ok, trijg) = (Or, trr)g)
if and only of K = L.

Proof. Suppose K 2 L and keep the notation as in the proof of (4.15). Since disc(K) is
fundamental, from (4.13) we know that 2c is an algebraic integer. Let M := Q(c) and
k=M : Q] since Oy D Z[2¢], if {ry,...,r} are the conjugates of ¢ over Q, then by the

above lemma we have
k

2 2 (2)
disc(M) < disc(Z[2c]) = H(zru —or)? < 4(5) (k‘TrM/Q(C )(k—) Trao(c) )

u<v
Recall that U = (¢;;) is an orthogonal matrix, where ¢;; := 6;;(c), in particular
Trpsale) = Y =n
.3
also (2.10) tells us that ¢(1) = £1, hence (7; 0 ¢)(1) = %1, which translates by the Fourier
representation (4.8)(i) to £1 = (10 ¢)(1) = ), ¢;j, thus

(10)

Trg/g(c) = Zcij =+4n

i?j

and Trg/g(c)? = n®. Remark that M # Q, K, L, since for example ¢ € L would imply that
every column of U is a multiple of (1,...,1)", contradicting that U is orthogonal (hence

non-singular).

It follows from Theorem 3.19 that, at least when n > 5, we must have M = E. k = n? and

disc(M) = disc(K)*"~1. Because, Q, K and L are the only other subfields of E. Hence (10)
becomes

disc(K)2n=b) g( 5 )(nj) (11)

n+1
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This is already a contradiction if n > 7 and for 3 < n < 7 inequality (11) gives us the
following upper bounds on disc(K)

Bound n
512 3
12.1 x 103 | 4
49 %x10* | 5
4.6 x 10° | 6

as these bounds are below the ones given in Theorem 4 and since by Proposition 2.10
(Ok,trgg) = (O, trrg) is stronger than (O, try/q) = (09, try,g), this proves the theo-
rem whenever n > 5 or M = FE.

Now suppose, n = 3,4 and M # E, in this case Theorem 3.19 tells us that £ = n and
disc(M) = disc(K). From Trg/g = TrarygoTrp/a we know that Trpy/g(c?) = 1 = Trag(c)?,
hence (10) becomes

dise(K) < (4(1 — 1/n)))

i.e., if n =3 we get disc(K) < 19 and if n = 4 we get disc(K) < 729, again this bounds are
below the ones given by Theorem 4, so no counterexample to the theorem exists. O]

Theorem 4.19. Let K be a totally real number field of fundamental discriminant and degree
n > 3 such that (Z/nZ)™ is cyclic. Then, for any number field L the following are equivalent:

(i) K= L
(i1) (Ok; tricja) = (OL; i)
(iii) (O, tricje) = (Or, tri ).
(iv) Sh(K) = Sh(L) and L is totally real with fundamental discriminant.

If (n, disc(K)) = 1, then the four items are also equivalent to
(v) (Ok, trig) = (O, trig).

Proof. This is Corollary 2.17 together with Theorem 4.18. [

Theorem 4.20. Let K be a totally real number field with fundamental discriminant and
degree n. Then, for a number field L such that Try,;o(OL) = Z, the five statements in theorem
(4.19) are equivalent up to finitely many counterezamples for each n. More specifically, they

n2 n
will be equivalent as soon as disc(K) > (32n3)%
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Proof. Since Trp,o(Or) = Z from section 2.1.2 we have that if any of the conditions hold,
then disc(K) = disc(L), also by Taussky’s theorem under any of the conditions, L must be
totally real. Hence K and L are totally real of the same degree n and same fundamental
discriminant dyx = disc(K).

First we prove that both (v) and (é¢i7) imply (i): Suppose that (v) holds and let ¢ :
(O%, trjg) — (O, try/g) be isometry, then as we saw in the proof of (2.3) we can write
Ok = Yk - Z + Of, where v is any integer in K such that Trx/g(yx) = 1. Hence, as
Y0 :=1—ny € O% we have no™(vx) =1 — ¢(7) € O, and thus

n4,0+ (OK) C OL

(recall that T is the unique extension of ¢ to a rational isometry between K and L such
that ¢ (1) = 1). Similarly, if (iii) hold and ¢ : (O, tri/q) = (Of,trr ) is the respective
isometry, then

np’(z) = " (nr) = " (Trryo(r) +21) = Trrjg(z) + p(z1) € Or

for all  in Og. Therefore, in either case we find a rational isometry ¢ of index dividing n.
Suppose K % L, again keeping the notation in the proof of (4.15), by (4.13) we have that
N(n,dr) - ¢ is an algebraic integer. As N(n,dx) | 4n?, then 4n? - ¢ is an algebraic integer,
thus Oy D Z[4n?c|, M = Q|c], and bounding disc(M) as in the proof of (4.18) we find

2
n“(n+1)
32n* n?(n+1)

disc(K) < (n+ 1) to< (32n%) ¢

ifn>5o0or M =F and

n2(n+1)

disc(K) < (16n%(n — 1)) < (32n%) *

if n =3,4 and M # E, contrary to our assumption. Hence, K = L.

The equivalence (ii1) <= (iv) was proven in (2.17), (i1) = (iii), (v) is (2.10) and clearly
(i) = (1), (i17), (iv), (v), this closes the equivalences and finishes the proof.
O]



5 An alternative proof via Bhargava’s
parametrization of quartic rings

The proof we gave of Conjecture 1, seems completely unrelated to the proof of the cubic
case given in [MS10], which uses a combination of the Delone-Fadaved parametrization cu-
bic rings with Bhargava’s composition law of cubes. Since in is his P.h.D. thesis [Bha(l]
Bhargava also generalized both concepts to quartic rings and 3 X 3 X 2 boxes of integers,
respectively, it seems natural too seek a proof of the quartic case using the same method.
This is indeed possible and in this chapter we present a brief sketch of such proof.

5.1. Parametrization of quartic rings

Let (Z* ® Sym?Z?*)* denote the set of pairs (A, B) of integral ternary quadratic forms. We
can write a pair (4, B) € (Z* ® Sym®Z?)* as

2a11 a2 a13 2b11 by bi3
2. (A7 B) = a2 2a  as |, bia  2ba bz3
a13 a3  2as3 biz  baz  2bs3

where a;;, b;; € Z. The group GLo(Z) x SL3(Z) acts naturally on (Z? ® Sym®Z?)*. Namely,

if g = (g, g3) € GLo(Z) x SL3(Z) with g = (: z> then g acts on (A, B) by

g+ (A, B) = (r-gsAgs + s - g3Bgs. t - g3Ags +u - g3 Bgy) (1)
This action has a fundamental invariant called the discriminant and is given by
disc((A, B)) = disc(fia,p)(7,y)) = b*c® — 27a°d® + 18abed — 4ac® — 4b*d

where fa,p)(z,y) = 4-det(Az — By) = az® + ba’y + cxy® + dy® is the cubic resolvent
form of (A, B), a covariant for the action of GLy(Z).
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A quartic ring is a ring that is isomorphic to Z* as a Z-module. For example an order!
in a quartic field is a quartic ring. In [BhaO4b] Bhargava proved that we can parametrize
quartic rings using integral ternary quadratic forms, his main result is the following.

Theorem 5.1. There is a bijection between the set of GLy(Z) x SLs(Z)-orbits on the space
(Z* @ Sym®Z>)* and isomorphism classes of pairs (Q,R), where Q is a quartic ring and
R is a cubic resolvent of Q. Moreover, this correspondence is discriminant preserving

disc((A4, B)) = disc(Q) = disc(R).

A cubic resolvent of a quartic ring @) is a cubic ring R equipped with a certain quadratic
resolvent mapping () — R, whose precise definition can be found in [BhaO4b]. When @ is the
maximal order in a Sy-field K, then R is the maximal order in the usual cubic resolvent field
of K, as we defined it in the beginning of Section 3.2.2 and is the cubic ring corresponding
to fa,B) by the Delone-Faddeev-Gross parametrization of cubic rings. Let us denote the
correspondence given by Theorem 5.1 as

U : Cl((Z* @ Sym*Z*)*) — Ky.

The space (Z? ® Sym®Z?)* has a unique SLs-covariant of degree 4. Namely, let (A, B) €
(Z* ® Sym?Z?)* and suppose @Q is a quartic ring corresponding to (A, B) by ¥, then the
covariant denoted Q4 gy is the integral ternary quadratic form obtained by restricting the
trace form $Tr(z?) to {z € Z+4Q : Tr(z) = 0}. For example, if Q(4,5) = Ok is the maximal
order in a quartic field K, then Q4 p)y corresponds to the isometry class of the quadratic
Z-module (O, +try/g). The explicit computation of Q(A, B) in terms of the coefficients of
(A, B) is in the appendix to Chapter 5 of [Bha(l].

Thus if (Sym?®Z3)* denotes the set of integral ternary quadratic forms and Cl((Sym?Z3)*) its
orbits by the action of SL3(Z), this gives us a map

Q : CI((Z* ® Sym?Z%)*) —s CI((Sym?Z%)*)

And by Corollary 2.17, the proof of Conjecture 1 amounts to proving that Q is injective
when restricted to the orbits of pairs (A, B) coming from totally real quartic fields with
square free discriminant.

1 An order in a number field K is a subring 1 € O C Ok such that @ = ZIU (as Z-modules). For
example O is an order, in fact is the maximal order in K
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5.2. Parametrization of order two ideals in cubic rings

There is another arithmetic object that is parametrized by pairs of ternary quadratic forms.
Let Z2 ® Sym*Z? be the set of pairs (A, B) of symmetric 3 x 3 integer matrices. Again the
group GLo(Z) x SL3(Z) acts naturally on this set as described in the equation (1), the only
difference is that in the space Z? ® Sym?®Z® the cubic resolvent form is now

Fia,py = det(Az — By)

(without the 4 factor) and the discriminant is defined as disc((A, B)) = disc(F(a,5)). The
following theorem, obtained by Bhargava in [Bha0O4a] imposing symmetry on a more general
result about 3 x 3 x 2 boxes of integers (a higher dimensional analog of Bhargava’s cubes),
shows how the orbits in this space parametrize order two ideals in cubic rings.

Theorem 5.2. There is a bijection between the set of nondegenerate GLy(Z) X SL3(Z)-orbits
on the space 72 @ Sym*Z? and the set of equivalence classes of triples (R,1,0), where R is a
nondegenerate cubic ring, I is an ideal of R, and o is an invertible element of R ® Q such
that I? C (0) and N(8) = N(I)?. (Here two triples (R, 1,08) and (R',I',d") are equivalent if
there exists an isomorphism ¢ : R — R' and an element k € R' ® Q such that I' = r¢(I)
and &' = k*¢(0)). Under this bijection, disc((A, B)) = disc(R).

The ring R is associated to the pair (A, B) is the one corresponding by the Delone-Faddeev-
Gross parametrization of cubic rings to F4 p). Let us denote the correspondence from

Theorem 5.2 as
® : C(Z* ® Sym*Z*) — R

Now there is also a natural map
T : R — Cl((Sym°Z?)*)

taking the equivalence class of (R, 1,d) to equivalent class of the integral quadratic form
obtained by restricting of the trace form Tr(x?/§) to I. It is easy to check that T is discrim-
inant preserving, i.e., disc(R) = disc (I, Tr(z?/9)).

Finally, notice that there is a natural map connecting the two previous theorems, the map
Cl((Z* ® Sym®Z*)*) — Cl(Z* @ Sym?>Z?)

taking the orbit of (4, B) € (Z> ® Sym?®Z3)* to the orbit of (24,2B) € Z> ® Sym?Z3.
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5.3. Proof of the Conjecture

All these maps fit together in the following diagram

Ky —2s CI(Z2 © Sym?Z8)")

Q
Cl(Z? ® Sym>Z?)
o]
T 273\ %
R Cl((Sym~Z°)*)

and a direct computation shows
Lemma 5.3. The above diagram is commutative.

It follows that in order to prove Conjecture 1 all we have to do is prove that T is injective
when restricted to the equivalence classes of triples coming from totally real quartic fields of
some fixed square free discriminant, say d. Denote this subset of R as R(d), then Conjecture
1 follows from.

Theorem 5.4. Let (R, 1,6), (S, J,€) be triples representing classes in R(d). If an isomor-
phism of quadratic modules

(1, Tr(2%/6)) = (J, Tr(z*/e))
exists. Then, (R,1,0) and (S, J,€) are equivalent.

It is convenient to identify some properties of the elements in R(d), before we give the proof.
Start with a pair of integral ternary quadratic forms (4, B) € (Z?® Sym?®Z?)* corresponding
under ¥ to the maximal order () in a totally real quartic field K of discriminant d, and let
(R, 1,0) be a triple corresponding under ® with (24, 2B). Then,

s The maximal order O in the cubic resolvent field of K is the cubic ring corresponding
to f(a,m), thus R will be the cubic ring corresponding to Fioa25) = 2f(a,5). This means
that if {1,w, 0} is a normalized Z-basis of O, then R = (1, 2w, 20). In particular, R is
an order of conductor ¢ = 20 in the cubic resolvent field of K. Note that given z € R,
then z € 20 <= Tr(z) =0 mod 2.

» Since @ is totally real, the pair (A, B) possesses 4 zeros in P?(R) and so does (24, 2B),
which means that 0 is totally positive (see [BV 15, Lemma 21]).
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s Thereisa k € RRQ, such that xI is an integral ideal in R ideal prime to the conductor
¢ = 20. To prove this, take a Z-basis {1,v1,72,73} of @ and let ¢; := Tr(y;), then
{47 — t;} is a basis of Q* and if (Q;;) is the Gram matrix of $Tr(z?) in this basis,
then

Q;i=1t; mod4
Since d is square free, then (4,t1,ts,t3) = Tr(Q) = Z (see (2.6)). Thus at least one of
Q;; must be odd, say O

Next, according to Lemma 5.3, (Q;;) is the Gram matrix of Tr(z%/4) in some basis
{a1, as, a3} of I and so k := a1/ is the constant we are looking for. This is because if

O‘; — [+ b(2w) + a(20),

then 1 = Q;; =3f=f mod 2, so kI C 6§ 'I?> C R is an integral ideal such that

a? a?
1= 1L _ 1
s (%)

with %% € kl and 1 — 3t € ¢ = 20. We have proved that (R, I,0) is equivalent to a
triple (R, I’,¢") where I’ is an integral ideal prime to the conductor. This implies, by
the same proof given for maximal orders, that if we fix any ideal a in R prime to the
conductor, then (R, I,§) is equivalent to a triple (R, I”,6"”) where I” is integral prime
to the conductor and prime to a.

Proof of Theorem A.4. Let K .= R® Q and L := S ® Q. Choose I and J to be prime the
conductor of R and S, respectively, and to d. The isometry can be extended to a rational
isometry
¢ (K, Tr(z*/8)) = (L, Tr(2/¢))
Let 0 : K — R and 7 : L — R be embeddings (recall that K and L are totally real). We
claim that ¢ := (7, 00) 4, P % is an algebraic integer. Similarly to Remark 4.14, we see
that it is enough to prove it when ¢ and 7 are the inclusions x — x. The strategy is the
same as in Proposition 4.10. We prove that
? ®1e Ok ® Zp

for all p. This is already clear when p 4 2d. The case p | d is a straight forward adaptation
of the proof of (4.10) (just use that I ® Z, = R® Z, = Ok ® Z,), so we omit the details. It
remains to prove this when p = 2. Since d,e and d are coprime to 2, it would be enough to
show that ¢ ® 1 maps Ok ® Zy into O ® Zsy: Let w € Ok, then 2w € R, and so ¢(2w) € S,

moreover,
2 2
Tr (M) =Tr (@) =0 mod 2Z,
€

and thus ¢(2w) ® 1 =0 mod 2(0Of ® Zy), i.e., ¢p(w) ®1 € O ® Zos.
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Now we have two cases:

w» If K2 L, by (3.8), K and L are linearly disjoint, and if {0y, 09,03} and {7y, 7, 73} are
the embeddings of K and L, respectively, with ¢; and 7 the inclusions x + x; then

for each 1 <4,j < 3 exists a unique embedding 0;; : KL — R extending both o, and

oi(0)
/e (e

7;. Let ¢;j := (04, ;) € R, since ¢ is an isometry one check easily that

U = (ci)
must be orthogonal. But 0;;(c};) = ¢f; < 1, so ¢}, is a positive real algebraic integer
all whose conjugates are bounded by 1 and thus ¢i; € {0,1}, this contradicts that U

is orthogonal.

» [f K= L, then Og = Op. So the integral ternary quadratic forms defining the quartic
rings form which (R, I,0) and (s, J, €) come from have equivalent cubic resolvent forms
f, hence the corresponding cubic forms F' = 2f are equivalent and thus R = S. By
changing S, J and € by their images in R under this isomorphism if necessary, we may
assume R = S.

Let ¢;; == (o, Uﬂb)trmw / ZJ% € R, as before we have that U = (¢;;) is orthogonal and

c¢;; < 1forall4,j. Now let K be the Galois closure of K, for every o € Gal(K /Q) and
1,7 we have that

2 2
for some ', j’, thus here again we find cfj € {0,1}, moreover, since U is orthogonal
exactly one of the ¢f; is 1 on each column and row of U and from the relation

oip = Z<Uj,0i¢>trK/QUi

J

follows that c?j = 0;; (Kronecker delta). In particular, if £ = (01, 01¢) e K

rK/Q

_ 2 2
1=¢]

1= R

o s

hence € = k% and, as ¢(z) = kz, J = kI. Therefore, the triples (R, I,6) and (R, J, ¢)
are equivalent.

]
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