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Scaling Laws for Asymmetric Magnetic Reconnection

José Daniel Avendaño Valencia

Abstract

Magnetic reconnection is a fundamental process in plasma physics, it occurs in a wide vari-

ety of phenomena such as solar flares, magnetic substorms and sawtooth crash in tokamaks.

In the last decades, great efforts have been made to find appropriate models which describe

these processes in the different scenarios mentioned above. Classical theoretical models such

as Sweet-Parker model, based on single-fluid magnetohydrodynamic (MHD), only deal with

symmetric conditions. However, there are several circumstances, both in nature and in labo-

ratory, where the symmetry assumption is not a good approach [Phan and Paschmann, 1996,

Ku and Sibeck, 1997,Lin and Forbes, 2000,Aurass et al., 2002, Inomoto et al., 2006].

This master’s thesis proposes a derivation of scaling laws based on MHD theory taking into

account asymmetric parameters in both the inflow and outflow direction of the diffusion region.

Scaling laws are derived from a control volume analysis for the case of steady magnetic recon-

nection which is used to derive scaling relations for the outflow velocity from each side of the

current sheet and the reconnection rate. Simple relationships for outflow velocity are presented

for the incompressible case and the compressible case. Results are consistent with previous

work [Cassak and Shay, 2007,Murphy et al., 2010].

Keywords: Plasma physics, MHD, magnetic reconnection, Earth magnetosphere.



Leyes de Escala para Reconexión Magnética Asimétrica

José Daniel Avendaño Valencia

Resumen

La reconexión magnética es un proceso fundamental en la f́ısica del plasma, que se produce en

una amplia variedad de fenómenos como las erupciones solares, las subtormentas magnéticas y

rupturas de diente de sierra presente en tokamaks. En las últimas décadas, se ha hecho un gran

esfuerzo para encontrar los modelos adecuados para describir estos procesos en los diferentes

escenarios antes mencionados. Modelos clásicos teóricos como el modelo Sweet–Parker, basado

en magnetohidrodinámica (MHD) de un solo fluido, sólo se ocupa con condiciones simétri-

cas. Sin embargo, hay varias circunstancias, tanto en la naturaleza y en el laboratorio, donde

esta suposición no es un buen planteamiento [Phan and Paschmann, 1996,Ku and Sibeck, 1997,

Lin and Forbes, 2000,Aurass et al., 2002, Inomoto et al., 2006].

Esta tesis de maestŕıa propone una derivación de leyes de escala basada en la teoŕıa MHD

teniendo en cuenta parámetros de asimetŕıa tanto en la dirección de entrada como de salida de

la región de difusión. Las leyes de escala son derivadas desde un análisis de volumen de control

para el caso de reconexión magnética estable las cuales son usadas para obtener relaciones de

escala para la velocidad de salida de flujo en cada lado de la lámina de corriente y la tasa de

reconexión. Se presentan relaciones de la velocidad de salida de flujo para los casos compresible

e incompresible. Los resultados son consistentes con trabajos previos [Cassak and Shay, 2007,

Murphy et al., 2010].

Palabras Clave: F́ısica del plasma, MHD, reconexión magnética, magnetosfera terrestre.
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Chapter 1

Introduction

The study of plasmas, the most abundant state of visible matter in the Universe, is exceedingly

rich; understanding of some of their basic properties and behaviors remains a matter of current

research. Plasma physics offers the deep intellectual challenge of understanding the universe

as a collection of self–organized, multiscale, coupled systems of space plasma structures and

processes as well as research in laboratory and fusion applications. Magnetic reconnection is

one of the most fundamental processes in plasma physics. Almost every plasma, whether in the

laboratory, the solar system or in the confines of the universe, generates magnetic fields. The

existence of these fields in the presence of plasma flux inevitably leads to the process of magnetic

reconnection. Reconnection is essentially a topological restructuring caused by a change in the

connectivity of magnetic field lines. During this process magnetic energy is converxted to kinetic

energy through acceleration or heating of charged particles.

A picture of how the magnetic field lines are restructured during the reconnection is shown in

Fig. 1.1. Initially there are two field lines joining a plasma element at A to one at B and

at C to one at D (Fig. 1.1a), they have oppositely directed magnetic fields and are brought

closer to each other due to external forces. A narrow region of very strong magnetic gradient

(containing an X–type neutral point) may be formed between them (Fig. 1.1b). Then the field

lines may diffuse, break, and reconnect, so that element A becomes linked instead to element C

(Fig. 1.1c) [Priest and Forbes, 2000].

Physical consequences of this process can be seen in the change of the trajectories of fast particles

and heat conduction, conversion of magnetic energy into heat, kinetic energy and fast particle

energy, and creation of large electric currents, as well as shock waves and filamentation, which

help to accelerate fast particles.

This master thesis proposes a derivation of scaling laws for two dimensional asymmetric magnetic

reconnection in steady state based on first principles. This study allows the understanding of

magnetic reconnection processes in a more general way, however, the mechanisms of dissipation

are not included. It will be found expressions for the outflow velocities in both sides of the

diffusion region and the reconnection rate. It will be shown that the outflow speed is greater in

1



Figure 1.1: Breaking and reconnection of field lines.

the low density side.

This introductory chapter begins with a review of the state of the art of three different scena-

rios for magnetic reconnection: solar flares, magnetosphere and fusion and laboratory plasmas,

including the latest findings in asymmetric conditions. These motivate the goals of this thesis

research, which are a theoretical studies of asymmetric reconnection. The last section provides

an outline of the thesis.

1.1 History and state of the art

A variety of phenomena in the universe are powered by the sudden release of magnetic energy

and its conversion into heat and high–velocity plasma flows. Understanding such phenomena,

and therefore the mechanism by which magnetic energy is released, has occupied scientists

from different fields of plasma physics for more than five decades. Since magnetic reconnection

was proposed to model the mechanism of conversion of stored magnetic energy into kinetic and

thermal energy, it has found different applications for this process. The most relevant phenomena

related to magnetic reconnection are solar flares, Earth’s magnetosphere, magnetic fusion and

some laboratory plasmas.

1.1.1 Magnetic reconnection in solar flares

Solar flares show the most evident examples of magnetic reconnection and they have been inves-

tigated for more than a half century. Solar flares are huge bursts of radiation, sometimes going

with a release of a large amount of material from the solar atmosphere. This process was first

reported independently by Carrington and Hodgson in 1859 [Carrington, 1859,Hodgson, 1859].

Figure 1.2 shows a picture of an M–Class flare taken by the SDO spacecraft, which measures

the properties of the Sun and solar activity. The first step to attempt to a solution was given
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when Ron Giovanelli observed that solar flares always occur in the regions where the magnetic

field has a null point, i.e, where the magnetic field changes directions [Giovanelli, 1947].

Figure 1.2: Plume of plasma released by a M-Class solar flare on Spet. 25, 2011, the bright flash

shows the flare itself erupting. The picture was taken in extreme ultraviolet light by the Solar

Dynamics Observatory (Source SDO: http://sdo.gsfc.nasa.gov/).

The first self–consistent model of magnetic reconnection was proposed in 1956, when Peter Sweet

presented a paper at a conference modeling a solar flare as the approach of two bipolar magnetic

fields [Sweet, 1958]. As the bipolar regions get closer, the oppositely directed magnetic fields

join. Sweet said that the external force would cause the plasma to be ejected from the ends of

the current sheet, converting magnetic energy into plasma flows. The key point is that plasma

would not be ejected without a reconnection that breaks the magnetic lines. Eugene Parker

derived an analysis of Sweet’s mechanism [Parker, 1957], using the theory of resistive magne-

tohydrodynamics (MHD). This model is known as the Sweet–Parker model of two–dimensional

collisional reconnection (See Fig.1.3). This model predicts an energy release faster than the

the explained by the diffusion model. Nevertheless, it is still too slow to explain solar flares

phenomena.



Figure 1.3: Geometry of the Sweet–Parker reconnection model (Y–type), where it is assumed

that the diffusion region is much longer than its wide, ∆ ≫ δ.

After this model, the main contribution was due to Harry Petschek [Petschek, 1964], who said

that the long and thin (Y–type) Sweet–Parker current sheet is replaced by an open configuration

(X–type) with a microscopic Sweet–Parker layer in the center. The magnetic energy conversion

is mostly given due to standing slow shock waves outside the Sweet–Parker layer rather than

diffusion inside it (See Fig.1.4). This mechanism can proceed much faster than Sweet–Parker

reconnection since only a little fraction of the plasma must go through the collisional region. A

part of the research community believed that the problem was solved. Unfortunately, 20 years

later, it was discovered through numeric simulations done by Dieter Biskamp [Biskamp, 1986]

that a microscopic Sweet–Parker layer is not capable of supporting this open flow geometry

unless the resistivity is spatially non–uniform [Sato and Hayashi, 1979, Ugai and Tsuda, 1977,

Scholer, 1989].

Other approaches have been developed including the Hall effect, which describes the decoupling

of ions from electrons [Terasawa, 1986, Hassam, 1984]. Subsequent theoretical and numerical

studies have found that the rate of energy release during Hall reconnection is fast enough to ex-

plain observed energy release times [Aydemir, 1992,Mandt et al., 1994,Horiuchi and Sato, 1994,

Biskamp et al., 1995,Ma and Bhattacharjee, 1996, Shay et al., 1998,Birn et al., 2001]. The key

of the speed of Hall reconnection is the existence of dispersive waves due to the Hall effect, which

allow the Petschek open outflow configuration [Mandt et al., 1994,Rogers et al., 2001]. This is

important because it provides an explanation for why reconnection is so fast without invoking

anomalous resistivity; it is entirely self–consistent.

Reconnection during coronal mass ejections (CMEs), solar flares, and flux cancelation events

are asymmetric in the outflow direction when one outflow jet is directed sunward and the

other outflow jet is directed away from the Sun [Kopp and Pneuman, 1976,Martin et al., 1985,

Shibata et al., 1995, Litvinenko, 1999, Lin and Forbes, 2000, Aurass et al., 2002]. Observations

of bidirectional jets in the solar atmosphere show that the redshifted jet is often slower than
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Figure 1.4: Geometry of the Petschek reconnection model (Y–type), which involved reducing the

size of the diffusion region to a very compact area, ∆ ∼ δ. This model also considers slow-mode

MHD shocks in the outflow region.

the blueshifted jet because the redshifted jet must propagate into a higher density medium

[Innes et al., 1997, Wang et al., 2007, Gontikakis et al., 2009, Liu et al., 2011]. Current sheets

forming in such a medium are likely to have strong gradients in the outflow direction for upstream

density, pressure, and magnetic field strength [Chen et al., 2004,Lin et al., 2007,Aurass et al., 2009].

1.1.2 Magnetic reconnection in the magnetosphere

Reconnection not only deals with solar flares. Dungey suggested that a similar process occurred

in the magnetosphere [Dungey, 1961]. Magnetic reconnection occurs in two general regions of

geospace: in the magnetopause, the boundary that separates Earth’s magnetosphere from the

solar wind; and in the magnetotail, the extended magnetic structure on Earth’s nightside that

stretches far beyond the Moon’s orbit. Figure 1.5 is a sketch of the magnetosphere in the

noon-midnight meridian [Kivelson and Russell, 1995]. When the solar wind interacts with the

Earth’s magnetic field, magnetic boundary layers are developed. In these boundaries, current

sheets are seen and magnetic reconnection is thought to occur [Vasyliunas, 1975,Dungey, 1995,

Kivelson and Russell, 1995].

Both the magnetopause and the magnetotail are the scenarios where asymmetric magnetic re-

connection is more likely to occur. At the dayside of the magnetopause, the magnetosheath

plasma, the region of space between the magnetopause and the bow shock of Earth’s mag-

netosphere (with a magnetic field of 20 − 30 nT and a density of 20 − 30 cm−3) reconnects

with the magnetospheric plasma (with a magnetic field of 50− 60 nT and a density of 0.3− 0.5

cm−3) [Phan and Paschmann, 1996,Ku and Sibeck, 1997]. Satellite observations of flux transfer

events (FTEs) [Russell and Elphic, 1979], short–lived reconnection events at the dayside mag-

netopause, reveal asymmetric signatures in a significant fraction of events [Sanny et al., 1998].



Figure 1.5: Sketch of the Earth’s magnetosphere in the noon–midnight meridian. The magne-

topause separates the geomagnetic field from solar–wind plasma. The geomagnetic tail (mag-

netotail) is the region of the Earth’s magnetosphere that stretches away from sun behind the

Earth.

In the distant magnetotail, the densities can be different by a factor of 10 due to asymmet-

ric mass loading from the dayside during periods of dawnward interplanetary magnetic field

(IMF) [Gosling et al., 1990]. In this case, asymmetry is a particularly important consideration

because it helps to determine the amount of energy transported in the earthward and tailward

directions as a result of reconnection. At distances of ∼ 5− 15 RE , there is a considerable pres-

sure gradient as the plasma pressure decreases approximately monotonically with distance from

Earth [Lui et al., 1994, Shiokawa et al., 1997, Xing et al., 2010]. Earthward-directed reconnec-

tion outflow must work against strong gradients in both plasma pressure and magnetic pressure.

Because of the global configuration of the magnetotail, the X–line characteristically moves in

the tailward direction [Hones, 1979].

1.1.3 Magnetic reconnection in fusion and laboratory plasmas

In addition to space physics, magnetic reconnection plays an important role in laboratory plas-

mas, such as tokamak fusion plasmas and self–organization in spheromaks. The expected mag-

netic configurations of toroidal magnetic confinement devices (tokamaks) can become unstable,

destroying confinement and damaging the device in a process known as “disruption”. Many

experiments have been carried out to investigate magnetic reconnection phenomena in these

devices to gain better control of their confinement features.
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In tokamak discharges, it was observed that when the temperature was increased to induce fu-

sion, the core temperature fell suddenly to a much lower value before starting again [von Goeler et al., 1974].

The trace of core temperature versus time has the form of a sawtooth. The so-called “sawtooth

crash” was explained as a reconnection event [Kadomtsev, 1975]. The reconnection produces a

topological rearrangement of the magnetic field lines relaxing the plasma into a lower energy

state. Recently, reconnection experiments with asymmetry in the outflow direction have been

performed [Cothran et al., 2003].

Nowadays, there are more than a half dozen of dedicated laboratory devices to study the basic

mechanisms of magnetic reconnection. The MRX device is one example. Reconnection in the

MRX is driven by utilizing a flexible toroidal plasma configuration [Yamada et al., 1997]. Recent

spheromak merging experiments at MRX have shown that asymmetry in the outflow direction

develops as a result of the Hall effect [Inomoto et al., 2006]. In these experiments at MRX, the

reconnecting magnetic field lines do not lie in the poloidal plane, and there is a component of

the electron flow associated with the reconnection current in the radial direction. This radial

component of electron velocity pulls the reconnecting field lines, leading to a shift in position of

the X-point, asymmetric outflow, and asymmetric downstream pressure.

1.2 Problem statement

The study of plasma has been important in recent decades due to the necessity of explaining

astrophysical, solar, magnetospheric and laboratory phenomena. Among these phenomena,

magnetic reconnection describes how the release of large amounts of magnetic energy is converted

into heat energy and particle acceleration, which is present in processes such as solar flares and

disruptions in tokamaks. The plasma dynamics is extremely rich and is far from being currently

understood in many respects. In order to understand some of its characteristics, it is useful to

describe plasma as a fluid, considering only macroscopic aspects, such as densities and mean

velocities of the particles, without considering microscopic velocity distributions in detail.

The classical models of two–dimensional magnetic reconnection are based on simplified ge-

ometries, i.e, they assume that the process is symmetric to a 180◦ rotation about the X–

point [Sweet, 1958,Parker, 1957,Petschek, 1964,Biskamp, 1986]. Furthermore, the plasmas on

either side of the dissipation region are considered as identical, having similar densities, magnetic

fields and pressures. However, there are several circumstances, both in nature and in labora-

tory, where this assumption is wrong. Asymmetric reconnection usually takes place in the mag-

netosphere [Phan and Paschmann, 1996,Ku and Sibeck, 1997], the Sun [Heyvaerts et al., 1977,

Schmieder et al., 2004], or in laboratories [Cothran et al., 2003]. Recently, magnetic reconnec-

tion with asymmetry in both the inflow and in the outflow direction, has been investigated, but

each one separately.

Studies of magnetic reconnection with asymmetry in the inflow direction can be found in

[Borovsky and Hesse, 2007] where a numerical study of scaling of the reconnection with asym-

metric densities was performed using MHD simulations with anomalous resistivity. Cassak

and Shay [Cassak and Shay, 2007] derived scaling laws based on the Sweet-Parker model for



reconnection with different magnetic field strengths and densities. A similar analysis, in-

cluding the effects of the plasma beta, showed the importance of the conversion of magnetic

energy to enthalpy flux [Birn et al., 2010]. Reconnection with asymmetry in the outflow di-

rection has been seen in simulations [Birn et al., 1996, Laitinen et al., 2005], and laboratories

[Yamada et al., 1997, Inomoto et al., 2006]. Scaling relations for the outflow velocity from each

side of the current sheet, found that asymmetry alone does not affect the reconnection rate

[Murphy et al., 2010].

Previous works lack of a general study where scaling laws for asymmetric magnetic reconnection

in both inflow and outflow directions were derived. Therefore, will it be possible to derive a

single model which includes both cases of asymmetries? and, how will the outflow velocity and

reconnection rate change in this model?
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1.3 Objectives

1.3.1 General objective

Derive the scaling laws for two-dimensional antiparallel magnetic reconnection including asym-

metries in both the inflow and outflow directions, taking into account different densities, mag-

netic fields and pressures.

1.3.2 Specific objectives

1. Formulate the reconnection model based on MHD equations in conservative form.

2. Develop a Sweet-Parker type scaling analysis by balancing the flux mass, energy, and

magnetic flux into and out of the dissipation region.

3. Obtain analytical expressions for the outflow velocity and reconnection rate in order to

determine the relationship between the inflow and outflow parameters.

1.4 Outline of the thesis

This thesis is divided into the following chapters: Chapter 1 describes a background of magnetic

reconnection research motivating the studies conducted here. Chapter 2 contains a review of

plasma physics from the point of view of MHD theory, it introduces two basic concepts for the

understanding of the magnetic reconnection process, the diffusion of magnetic fields and the

“frozen-in law”. Chapter 3 explains the magnetic reconnection process and shows the Sweet-

Parker model. Chapter 4 derives the scaling laws for asymmetric reconnection for two cases and

then presents the conclusions.





Chapter 2

Magnetohydrodynamics concepts

2.1 Introduction

Plasma is the fourth state of matter and it has been said that up to 99% of matter in the universe

is in this state. The plasmas are naturally found in intergalactic space, in interstellar space, in

interplanetary space and in space environments of the planets. On the other hand, in our daily

lives natural plasmas are rather rare: they are seen in such phenomena as lightning and polar

auroras. In addition, man-made plasmas are founded in neon lights, fluorescent lamps, plasma

displays, laboratories, industries, etc [Chen, 1984,Fridman, 2008].

Plasma is an ionized gas, i.e., its atoms or molecules that compose it have at least one not bound

electron. The free electric charges (ions and electrons) make plasma electrically conductive and

strongly affected by electromagnetic fields. Ionized gas is called plasma when it is electrically

neutral (i.e., same number of positive and negative charges) and the number of charged particles

are enough to be affected electromagnetically. A useful definition is [Chen, 1984]:

“A plasma is a quasineutral gas of charged and neutral particles which exhibits

collective behavior”

An ionized gas can be called plasma if it meets three conditions. The first condition is that the

distance where the balance between the thermal particle energy and the electrostatic potential

arising from any charge separation is obtained, i.e the Debye length λD, should be much smaller

than the size of the system L. By definition:

λD ≡
(

ǫ0kBT

nq2

)1/2

(2.1)

The second is that the number of particles within a Debye sphere ND, a sphere of radius λD,

must be large enough to shield the electrostatic potential generated by charge separation. The

last relates the frequency of plasma oscillations ω and the mean time between collisions with

11



neutral atoms τ , it is required ωτ > 1 for the gas to behave like plasma instead of a neutral

gas [Chen, 1984].

In general, the plasma can be described by different models. By plasma model, it is denoted

a set of equations governing the temporal evolution of a plasma under a given set of initial

and boundary conditions. These models include the kinetic model and the fluid model. The

kinetic model considers each particle of species s, their velocity v, and position r, in a given

time t, through a distribution function in the form of fs(r,v, t) in a 6-dimensional phase space.

One of the most common approaches to this model is the Vlasov equation, where collisions are

neglected:

∂fs
∂t

+ v · ∇xfs + a · ∇vfs = 0. (2.2)

∇x and ∇v indicate differentiation with respect to particle position and velocity, respectively.

The fluid equations can be obtained by taking the moments of the Vlasov equation. The fluid

model gives a description of the plasma by means of observables that are defined as functions

of coordinates and time, such as the density ρ(r, t) and the velocity v(r, t).

This chapter shows how to obtain the fluid equations from the moments of the Vlasov equa-

tion. Thereafter, MHD equations are derived. Finally, it is explained basic concepts such as

the “frozen-in” law and the conservation laws, to have a better understanding of the magnetic

reconnection process.

2.2 Fluid equations

In the plasma fluid theory is not necessary to know exactly the evolution of the distribution

function, it is sufficient to determine the temporal and spatial evolution of parameters such as

the particle density, the flow velocity and the temperature. Before deriving the equations of

evolution of the fluid theory, the first moments of the distribution function are defined below

[Baumjohann and Treumann, 1997]:

• The zeroth moment (i.e., the integral of the distribution function, fs, over the velocity

space)
∫

v

fs(r,v, t)d
3v = ns(r, t) (2.3)

is the number density of particles of species s.

• The first moment of the distribution function involves the integral of the product of the

velocity and distribution function fs,
∫

v

vfs(r,v, t)d
3v = nsvs(r, t) (2.4)

vs is the velocity flow, which describes the macroscopic flow of the entire particle compo-

nent in which each particle participates.
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• The second moment of the distribution function defines the pressure tensor P, as the

contribution of the fluctuation of the velocities of the ensemble from its mean velocity.

∫

v

m(v − vs)(v − vs)fs(r,v, t)d
3v = P. (2.5)

Once these concepts are defined, the fluid evolution equations are derived from the Vlasov

equation [Baumjohann and Treumann, 1997].

2.2.1 Continuity equation

In order to obtain the continuity equation is developed the zero-order moment of the Vlasov

equation (2.2)

∫
[

∂fs
∂t

+ v · ∇xfs +
qs
ms

(E+ v ×B) · ∇vfs

]

d3v = 0 (2.6)

where the Lorentz force qs(E+ v ×B) has been included, qs and ms are the charge and the

mass of the particle of species s, respectively, E is the electric field and B is the magnetic field.

The first term gives

∫

∂fs
∂t

d3v =
∂

∂t

∫

fsd
3v =

∂ns

∂t
. (2.7)

For the second term, it is taken into account that spatial and velocity coordinates are indepen-

dent variables, and therefore v is not affected by the operator ∇x

∫

v · ∇xfsd
3v = ∇x

∫

vfsd
3v = ∇ · (nsvs). (2.8)

The E term vanishes for the following reason:

∫

E · ∇vfsd
3v =

∫

∇v · (fsE)d3v =

∫

S∞

fsE · dS = 0. (2.9)

The perfect divergence is integrated to give the value of fsE on the surface at v = ∞. This

vanishes since no particle has infinite speed, then the distribution function is zero. The v ×B

term can be written as follows:
∫

(v ×B) · ∇vfsd
3v =

∫

∇v · (fsv ×B)d3v −
∫

fs∇v × (v ×B)d3v = 0 (2.10)

The first integral vanishes for the above reason. The second integral vanishes because v ×B is

perpendicular to ∇v. Finally, collecting the contributing terms, yields

∂ns

∂t
+∇ · (nsvs) = 0 (2.11)

The meaning of the continuity equation is that in the absence of any interaction process which

create or annihilate particles, the particle density, charge and mass is conserved during the

motion of the fluid.



2.2.2 Equation of motion

Multiplying equation (2.2) by v and integrating over d3v yields

∫

v

[

∂fs
∂t

+ v · ∇xfs +
qs
ms

(E+ v ×B) · ∇vfs

]

d3v = 0. (2.12)

By performing the same derivation of the previous section, the first term is

∂

∂t

∫

vfsd
3v =

∂

∂t
(nsvs) (2.13)

The second integral is evaluated using the fact that v is independent of ∇x and write

∇ ·
∫

fsvvd
3v (2.14)

Besides, the dyad can be written as

vv = (v − vs)(v − vs)− vsvs + vvs + vsv, (2.15)

replacing this equation in (2.14) and using the definition of pressure tensor (2.5) results

∇ ·
∫

vvfsd
3v = ∇ · (nsvsvs) +

1

ms
∇ ·Ps (2.16)

The last integral of Eq. (2.12) can be written

∫

v(E + v ×B) · ∇vfsd
3v =

∫

∇v · [fsv(E+ v ×B)]d3v −
∫

fsv∇v · (E+ v ×B)d3v

−
∫

fs(E+ v ×B) · ∇vvd
3v

(2.17)

The first two integrals vanishes for the same reasons stated before, and ∇vv is the identity

tensor I, therefore

qs
ms

∫

v(E+ v ×B) · ∇vfsd
3v = − qs

ms

∫

(E+ v ×B)fsd
3v = − qs

ms
(E+ vs ×B). (2.18)

Combining all the non-vanishing integrals gets

∂(nsvs)

∂t
+∇ · (nsvsvs) +

1

ms
∇ ·Ps −

qs
ms

ns(E+ vs ×B) = 0. (2.19)

The plasma momentum conservation equation is the Navier-Stokes equation including an elec-

tromagnetic force acting on the charges of the plasma. This relates the fluid velocity to density

and electromagnetic force acting on fluid element.

2.3 MHD equations

After deriving the multi-fluid equations, a further simplification can be done in order to obtain

the one fluid-MHD equations. For singly charged ions qi = −qe and n = ni = ne. The following



2.3. MHD equations 15

definitions are useful for the derivation of the MHD equations:

n =
mene +mini

me +mi
(2.20)

m = me +mi (2.21)

v =
minivi +meneve

mene +mini
(2.22)

where n, m and v are the fluid number density, the fluid mass and the fluid velocity, respectively.

2.3.1 Maxwell equations

MHD theory assumes that in steady state free charges do not accumulate in MHD fluids because

a system of charged particles is a good electrical conductor. In addition MHD considers the

displacement current to be negligible compared to the conduction current. Then, the Maxwell

equations for MHD are

• Faraday’s equation:

∇×E = −∂B

∂t
. (2.23)

• Ampère’s law:

∇×B = µ0j. (2.24)

• Gauss’s law

∇ ·B = 0, (2.25)

where µ0 is the magnetic permeability of free space (4π×107Hm−1), and j is the current density.

2.3.2 Fluid equations

In order to obtain the MHD equations from fluid equations it is necessary to have a fluid equation

for each species, i.e., for electrons and ions, then adding and taking into account the definitions

of fluid density, fluid mass and fluid velocity.

• Continuity equation:

Using the Eq.(2.11) for electrons and ions yields

∂ne

∂t
+∇ · (neve) = 0.

∂ni

∂t
+∇ · (nivi) = 0. (2.26)

Adding these two equations, and using the definitions (2.20)-(2.22), gets

∂n

∂t
+∇ · (nv) = 0, (2.27)

this is the continuity equation for MHD fluids.



• Momentum equation:

The two momentum equations for ions and electrons are

me
d

dt
(neve) = −∇pe + qene(E+ ve ×B)

mi
d

dt
(nivi) = −∇pi + qini(E+ vi ×B), (2.28)

where the definition of convective derivative d/dt = ∂/∂t + v · ∇ has been used. These

equations assume that the pressures are isotropic, that is, pe,i is a scalar. Adding the two

equations gives

ρ
dv

dt
= −∇p+ j×B. (2.29)

Here ρ = mn is the mass density, j = niqivi+neqeve is the current density and p = pe+pi

is the total pressure. Compared to the equation of motion of ordinary gas treated as a fluid,

it contains an additional term, the term j×B, also known as the Hall term. This arises

from the coupling of the current density to the magnetic field B. The Hall term makes the

electromagnetic fluid different from ordinary gas fluid consisting of neutral particles only.

2.3.3 Ohm’s law

A MHD fluid is a good conductor. As with ordinary conductors, currents can flow in a MHD

fluid. A law that relates the current density j to the electric field E by means of the electrical

conductivity σ is

j = σE. (2.30)

This equation is the Ohm’s law. E is the total electric field and must include the electric field

induced by the motion of fluid through magnetic fields. Ohm’s law becomes

ηj = E+ v ×B, (2.31)

where η = 1/σ is the resistivity. This is sometimes called the resistive Ohm’s law. The simplest

form of MHD, ideal MHD, assumes that the fluid has so little resistivity that it can be treated

as a perfect conductor. In this case the Ohm’s law becomes

E = −v×B. (2.32)

2.3.4 Equation of state

The MHD fluid model requires an equation that relates the variables ρ, p and T . This equation

is called equation of state, which generally depends on whether the fluid is considered adiabatic

or isothermal

d

dt
(pρ−γ) = 0, (2.33)

d

dt

(

p

ρ

)

= 0, (2.34)

where γ = cp/cv is the ratio of specific heats, cp and cv are the specific heats at constant pressure

and volume, respectively.
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2.3.5 Energy equation

An expression for the MHD energy is useful in the study of MHD fluids. This can be derived

from the momentum equation (2.29), which can be written as

ρ
dv

dt
= −∇p+

1

µ0

(∇×B)×B. (2.35)

Taking the dot product of this ecuation with v yields

ρv · dv
dt

= −v · ∇p+
v

µ0

· (∇×B)×B. (2.36)

The term of the left side can be written as

ρv · dv
dt

= ρv ·
(

∂

∂t
+ v · ∇

)

v

=
∂

∂t

ρv2

2
− v2

2

∂ρ

∂t
+

ρ

2
v · ∇v2 (2.37)

Using the continuity equation (2.27) and combining the second and third term yields

ρv ·
dv

dt
=

∂

∂t

ρv2

2
+∇ ·

ρv2

2
v (2.38)

The first term of the right side of Eq.(2.36) can be rewritten considering the MHD fluid as

adiabatic. Equation (2.33) is used to obtain

dp

dt
− γp

ρ

dρ

dt
= 0. (2.39)

But dp/dt = (∂p/∂t) + (v · ∇)p. Using equation (2.27) gives

(1 − γ)(v · ∇)p+
∂p

∂p
+ γ∇ · (pv) = 0 (2.40)

The second term of the right side of (2.36) can be written as

1

µ0

v · (∇×B)×B = − 1

µ0

(v ×B) · (∇×B)

=
1

µ0

(E · ∇ ×B) (2.41)

The ideal MHD condition E = −v ×B has been assumed. Using the vector identity∇ · (A×B)

= B · (∇×A)−A · (∇×B), equation (2.41) can be written as

1

µ0

v · (∇×B)×B = − 1

2µ0

∂B2

∂t
− 1

µ0

∇ · (E×B) (2.42)

Substituting equations (2.38), (2.40) and (2.42) in (2.36) the energy conservation relation for an

adiabatic MHD fluid is obtained

∂

∂t

(

ρv2

2
+

p

γ − 1
+

B2

2µ0

)

+∇ ·
(

ρv2

2
v +

γ

γ − 1
pv +

E×B

µ0

)

= 0. (2.43)

The terms in the first bracket represents the kinetic energy of fluid motion, the thermal energy

and total energy density of the magnetic field. The terms in the second bracket represent the

rates at which these energies are flowing. E×B is the Poynting vector and represents the rate

at which electromagnetic energy is being transported.



2.4 Consequences of the MHD equations

The MHD equations can be applied to introduce basic concepts for a better understanding of

processes in the plasma. This will be useful for the understanding of magnetic reconnection in

particular.

2.4.1 Magnetic pressure and tension

For a steady state with d/dt = 0 the momentum equation (2.29) reduces to

∇p = (j×B) (2.44)

Replacing the Ampère’s law (2.24) in the last equation yields

∇p =
1

µ0

(∇×B)×B

=
B · ∇B

µ0

−
∇B2

2µ0

(2.45)

The first term on the right is referred to a magnetic stress introduced to the plasma by the

magnetic field, and it contributes to the tension and torsion of the conducting fluid. If the

magnetic field does not vary along B (i.e., magnetic field is nearly homogeneous), the magnetic

stress vanishes and the equation (2.45) becomes

∇
(

p+
B2

2µ0

)

= 0 (2.46)

Therefore, the sum of the particle pressure (p) and the magnetic pressure (pB = B2/2µ0) is a

constant in equilibrium. The ratio of the particle pressure to the magnetic pressure is defined

as plasma beta (β)

β =
2µ0p

B2
(2.47)

This quantity measures the relative importance of particle and magnetic field pressures. When

β < 1 most of the energy is magnetic and the plasma simply follows the magnetic dynamics.

When β > 1 most of the energy is kinetic and the magnetic field is synchronized with the motion

of matter.

2.4.2 Diffusion of magnetic field

In order to describe the transport of field lines and plasma, it is used Faraday’s law (2.23),

which, after including Ohm’s law (2.31), becomes

∂B

∂t
= ∇× (v ×B− ηj) . (2.48)

Using Ampere’s law, it is obtained a general induction equation for the magnetic field

∂B

∂t
= ∇× (v ×B)− η

µ0

∇× (∇×B). (2.49)
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Applying the vector identity ∇× (∇×B) = −∇2B+∇(∇ ·B) on the second term of the right

side yields

∂B

∂t
= ∇× (v ×B) +

η

µ0

∇2B. (2.50)

This equation describes, for a given plasma velocity v, how the magnetic field, B, changes in

time as a result of the convection of the magnetic field to the plasma (first term of the right hand

side) and the diffusion through the plasma (second term of the right hand side). The term η/µ0

is a measure of how fast the magnetic field diffuses into a MHD fluid [Priest and Forbes, 2000].

If the resistivity η is higher than the plasma velocity, the first term on the right side of equation

(2.50) can be ignored, and the following diffusion equation is obtained

∂B

∂t
= Dm∇2B, (2.51)

where Dm = η/µ0 is the magnetic diffusion coefficient. A general solution of this equation is

B0(r, t) =

∫ ∫ ∫

G(r− r′, t)B0(r
′, 0)d3r′, (2.52)

in terms of some initial magnetic profile [B0(r
′, 0)], and the Green function

G(r − r′, t) =
1

(4πDmt)3/2
exp

[

− (r− r′)2

4Dmt

]

. (2.53)

This equation shows how the magnetic field B0(r
′, 0), at an initial position r′, propagates in time

t with a Gaussian profile of width (4Dmt)1/2 [Priest and Forbes, 2000,Parks, 2004]. An estimate

of how rapidly or slowly diffusion is occurring can be made by letting L be the characteristic

spatial scale length of B [Priest y Forbes, 2000]. Then, substituting ∇2 with L−2 obtain

∂B

∂t
≈ ± η

µ0L2
B, (2.54)

where the ± sign refers to gain or loss of B with time. The solution of this equation is

B = B0e
±t/tD , (2.55)

where B0 is the initial value of the magnetic field and

tD = µ0L
2/η, (2.56)

is the resistive diffusion time. The ratio L2/η is usually a large number in the space, which

makes the diffusion time for magnetic fields be very long.

A measure of the importance of diffusion term relative to the transport term can be obtained

from the induction equation (2.50), which can be rewritten using dimensional arguments

B

τ
=

vB

LB
+

B

τd
, (2.57)



where τ denotes the characteristic time of the magnetic field variations. The second term on

the right side describes the diffusion of the magnetic field through the medium, while the first

term has the form of a convective derivative. The ratio of the first and second term is known as

the magnetic Reynolds number

Rm =
µ0Lv

η
(2.58)

The magnetic Reynolds number quantifies the relative importance of convection of the field by

the matter relative to the field diffusion into the matter. This number is very useful in deciding

if a medium is diffusion or flow dominated. When Rm ≫ 1 the diffusion term in the induction

equation can be entirely neglected. In this case the flow dominates, and the magnetic field

simply moves together with the flow: it is frozen-in into the flow. On the other hand, when

Rm ≈ 1, diffusion becomes important and may dominate. The magnetic field is not any more

frozen into the plasma and may slip across the plasma. In particular, in a diffusion dominated

region, the plasma can freely stream across the magnetic field without any remarkable effect on

it [Priest and Forbes, 2000].

2.5 Frozen-in condition

Consider a singly connected surface S and the boundary l, every point on the curve moves with

the local fluid velocity v (Fig. 2.1). The smoothness of v keeps the surface singly connected

during its motion. The flux through S is

Ψ =

∫

S

B · dS. (2.59)

Figure 2.1: Magnetic flux motion.

Now, it is going to show how Ψ changes as l moves with the fluid. The flux element dΨ, consist

of two parts:

1. dΨ1, due to the changes in B with l (and S) held fixed, i.e.,

(

dΨ

dt

)

1

=

∫

S

∂B

∂t
· dS = −

∫

S

∇×E · dS = −
∮

C

E · dl; (2.60)
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2. dΨ2, the amount of magnetic flux swept out by l as it moves with the fluid. This is

calculated as follows. As S moves about, each line element comprising it moves a distance

vdt, and sweeps out a lateral area dS = vdt × dl. The flux through this area is dΨ2 =

B · dS = B · v × dldt, so that

(

dΨ

dt

)

2

=

∮

C

B · v × dl = −
∮

C

v ×B · dl, (2.61)

where it has been used the properties of the triple vector product.

The total rate of change of flux through l is then

dΨ

dt
=

(

dΨ

dt

)

1

+

(

dΨ

dt

)

2

= −
∮

C

E · dl−
∮

C

v ×B · dl

= −
∮

C

(E+ v ×B) · dl. (2.62)

However, in ideal MHD, E+ v ×B =0 (see eq.(2.32)), so that dΨ/dt = 0. It is concluded that

in ideal MHD, the total magnetic flux through S remains constant as it moves with the plasma.

This important result is called“frozen-in”condition. It means that the field lines can be thought

of as being attached to the fluid (and vice versa); the fluid cannot move across the magnetic

field. (However, the fluid is free to slide along B.)

Now consider a volume whose lateral sides are everywhere parallel to the magnetic field, as

shown in Fig.2.2

Figure 2.2: A flux tube whose lateral sides are parallel to the magnetic field.

By construction, dΨ1 = dΨ2 = dΨ. If it is considered the case where the volume is long and

thin, and make the cross-sectional area infinitesimal, then the volume is called a flux tube. Since

in ideal MHD the magnetic field is co-moving with the fluid, the flux tubes also move with the

fluid and the flux through every flux tube in the fluid remains constant as the tube moves about

in space. This in turn implies that the magnetic field lines cannot change their topology, or

connectivity, since doing so would require violation of the integrity of fluid elements.





Chapter 3

Magnetic reconnection

3.1 Introduction

Magnetic fields exist on all scales in the universe, the Earth’s dipole field in the magnetosphere,

the solar corona, etc. Within the solar system magnetic fields discharges from the sun interact

with the fields surrounding the Earth to produce the complex dynamics of the magnetosphere.

Cosmic magnetic fields result from an ever-evolving competition between creation by magnetic

dynamos and destruction involving one or more of the following processes: diffusion, dissipation,

and magnetic reconnection. Dynamos are evident on the Sun and within most planets (Mercury,

Earth, evidently early Mars, and the giant planets). With respect to annihilation, magnetic

reconnection deserves special mention because it is universal in two senses. First, it likely occurs

wherever dynamos create magnetic fields—almost everywhere in the universe. Second, magnetic

reconnection plays a central role in solar flares, coronal mass ejections, and the dynamics of

magnetospheres.

The release of magnetic energy is often observed to occur in bursts, in essentially explosive

processes that produce intense plasma heating, high-speed flows, and fast particles. Solar and

stellar flares and magnetospheric substorms are examples of such explosive phenomena. Mag-

netic reconnection, in which oppositely directed magnetic field components rapidly merge to

release the stored magnetic energy, has been identified as the dominant mechanism for dissi-

pating magnetic energy. Magnetic reconnection involves a topology change of a set of field

lines, which leads to a new equilibrium configuration of lower magnetic energy. During this pro-

cess magnetic energy is converted to kinetic energy through acceleration or heating of charged

particles [Priest and Forbes, 2000].

In most of the universe the magnetic Reynolds number (Rm) is very much larger than unity and

so the magnetic field is attached very effectively to the plasma. However, near the boundary

between two different regions (such as the magnetopause boundary layer between the magne-

tosheath and magnetospheric plasma regions at Earth), narrow current layers exist in which

Rm is small. The magnetic field on the different regions will be tangential to the boundary,
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but the two magnetic fields may otherwise have quite different directions and/or strengths.

This is a description of a current sheet. This sheet is called a neutral sheet or diffusion re-

gion [Kivelson and Russell, 1995].

Recall that Rm is proportional to the length scale L, and thus if a layer is narrow enough the

value of Rm associated with it can be made small, even if the resistivity is quite small. At those

places in the current layer where Rm < 1, magnetic field lines lose their identity (with a specific

fluid parcel), and the topology of the magnetic field lines can be rearranged (i.e., magnetic

“reconnection” or “merging” can occur).

3.2 Two-dimensional process of magnetic reconnection

Most two-dimensional models assume simplified geometry and environmental conditions which,

on both side of the diffusion region have identical densities and magnetic field strengths. Under

these considerations, the reconnection process is driven by two oppositely directed inflows (in the

x-direction), which collide in the diffusion region and creates two oppositely directed outflows

(in the y-direction) [Priest and Forbes, 2000].

The basic configuration is shown in Fig. 3.1. The magnetic field B and the plasma velocity v

are in the x − y plane, while the electric field has a non-vanishing z-component. It is assumed

a stagnation flow with velocity v and a magnetic field structure with a neutral point at the

origin, such that the y-components of the magnetic fields in the upper and lower inflow regions

are oppositely directed.

Figure 3.1: Basic 2D model of a magnetic reconnection process.

Far from the center of the current sheet, outside the diffusion region, ideal-MHD is an excellent

approximation. Inside the diffusion region, the frozen-in law is invalid and the magnetic field

lines break at a point called the X-line. To maintain Gauss’s law which states that magnetic
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field lines cannot end, they cross connect to a field line pointing the opposite direction. The

change in topology has generated strongly bent magnetic field lines. The resulting bent field

lines attempt to straighten out and in doing so drive high-speed flows outward from the X-line.

The basic steps in this process are: first the magnetic energy is stored, then the dissipation

allows the field lines break and reconnect, and finally magnetic energy is released through the

straightening of bent lines. But if only one field line reconnects, the energy released would be

very low and therefore the reconnection could not explain the observed magnetic explosions.

However, reconnection is a self-driven process. As the newly reconnected field lines straighten,

they move in the ±y direction, accelerating plasma as they do. This leads to collimated outflow

jets with a speed of vo. Since plasma has been ejected from the center of the current sheet, there

remains a lower pressure at the X-line. A pressure gradient force in the ±x direction drives

flow into the dissipation region. Since the plasma outside the dissipation region is essentially

frozen-in, the incoming plasma brings magnetic field lines into the dissipation region. These

field lines reconnect, and the entire process continues until the available magnetic flux upstream

of the dissipation region has been spent. Thus, magnetic reconnection is self-driven. When

the rate at which magnetic flux enters the dissipation region is exactly balanced by the rate of

diffusion of magnetic flux inside the layer, reconnection proceeds in a steady-state.

Mixing and annihilation is permitted only when the plasma is non-ideal, because only then

the magnetic field can diffuse across the flow and annihilate. This suggests the presence of a

diffusion process which is described by the general induction equation (2.50),

∂B

∂t
= ∇× (v ×B) +

η

µ0

∇2B, (3.1)

which for a two-dimensional steady state integrates to the Ohm’s Law (2.31)

ηj = E+ v ×B, (3.2)

where E = Eẑ is a constant uniform electric field normal to the x− y plane (in which the flow

and magnetic field lie) and the current is given by the Ampère’s law (2.24)

∇×B = µ0j. (3.3)

so that Eq. (3.2) becomes

Dm∇×B = E+ v ×B, (3.4)

in terms of the magnetic diffusivity (Dm = η/µ0). Equation (3.1) states that the magnetic field

changes in time partly because of the transport of magnetic field with the plasma (the first term

on the right-hand side) and partly the diffusion of magnetic field through the plasma (the second

term). In most regions of the universe the magnetic field is frozen very effectively indeed to the

plasma and the diffusion term is negligible, so that Eq. (3.4) correspondingly reduces to

0 = E+ v ×B. (3.5)

The other governing equations for a steady-state plasma are the the continuity equation (2.27),

which in steady state becomes

∇ · (ρv) = 0, (3.6)



and the momentum equation (2.29), which also in steady state is

ρ(v · ∇)v = −∇p+ j×B. (3.7)

The time-scale for magnetic dissipation is given by the Eq. (2.55)

τD = µ0L
2/η (3.8)

which is enormously large in most applications [e.g., 1014 s for a typical global solar coronal

length-scale (L = 107 m) and coronal temperature (T = 106 K)]. The characteristic velocity

associated with the outward flows is the Alfvén velocity, vA = B/(µ0ρ)
1/2. The rate of magnetic

reconnection depends ultimately on the mechanism by which oppositely directed field lines

reconnect. In an ideal plasma with no dissipation, the magnetic field is “frozen” in the plasma.

That means that no topological change in the magnetic field is possible. Dissipation must

therefore play a role in facilitating the reconnection process. In order for the intrinsically weak

dissipative process to compete with Alfvénic flows, the dissipation must occur at small spatial

scales.

3.3 Magnetic reconnection in Earth’s magnetosphere

As it was introduced in the first chapter, magnetic reconnection occurs in two general regions of

geospace: in the magnetopause and in the magnetotail (see Fig. 3.2). Reconnection at the mag-

netopause “opens” the geomagnetic field through the merging of a portion of the terrestrial field

with the magnetic field entrained in the solar wind flow, the interplanetary magnetic field (IMF),

resulting in field lines that have one foot on Earth and the other on the Sun or in interplanetary

space. Nightside reconnection closes Earth’s field again through the merging of these open field

lines. Magnetic reconnection is the principal mechanism by which energy, mass, and momentum

are transferred from the solar wind to the magnetosphere and by which magnetic energy stored

in the magnetotail is released in explosive events known as magnetospheric substorms. It thus

plays a prominent role in the dynamics of Earth’s magnetosphere [Kivelson and Russell, 1995].

Magnetic reconnection at Earth’s magnetosphere occurs as it follows: the Earth’s magnetic

dipole field (in green) points northward at the equator. When the solar wind convects in an

interplanetary magnetic field (in blue) with a component pointing southward, the fields will be

oppositely directed and break and cross connect (at the gray box at the magnetopause). These

“open” field lines (in red) are dragged by the solar wind over the poles and stretch out on the

night side of the Earth, where they are again oppositely directed. When brought close enough to

each other (in the gray box in the magnetotail), they cross connect again (hence reconnecting),

causing a so-called magnetic substorm. Plasma is ejected toward the Earth and is deflected by

the Earth’s magnetic field (in green) toward the poles, which causes the auroral lights.

Because the IMF is generally not oriented directly southward but has a finite east-west com-

ponent, the notion of oppositely directed field lines reconnecting at the subsolar magnetopause

is an oversimplification. The location of magnetic reconnection at the magnetopause varies,
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Figure 3.2: Schematic representation of magnetic reconnection in the Earth’s magnetosphere,

leading to a magnetic substorm.

depending on the direction of the IMF. Identifying the location of reconnection and understand-

ing the physical processes that determine where reconnection takes place on the magnetopause

continue to spark intense discussion in the scientific literature. The central issue is whether

reconnection occurs primarily where Earth’s field and the IMF are anti-parallel or whether re-

connection can occur in regions where the magnetic field rotates through a finite angle (less than

180 degrees) across the magnetopause. In the later case, called component reconnection, the

magnetic field can be separated into a component that undergoes reconnection (within a defined

plane) and a passive component perpendicular to the plane of reconnection. Component recon-

nection is generically the most common form of reconnection in the solar corona, astrophysical,

and laboratory plasmas. For a given orientation of the IMF, there are always locations on the

magnetopause where the IMF and magnetospheric magnetic field are oppositely directed. In

the case of a nearly east-west-directed IMF, for example, the locations of anti-parallel fields are

on the flanks of the magnetopause.

The addition of magnetic flux in the tail lobes as a result of reconnection at the dayside mag-

netopause compresses and thins the magnetotail, producing an extended magnetotail current

sheet. Threading through this current sheet is a small component of the magnetic field. This

normal magnetic field inhibits magnetic reconnection (which would usually be expected to de-

velop rapidly in a simple one-dimensional model) and therefore facilitates the buildup of flux and



energy in the tail lobes. The pileup of magnetic flux in the tail can continue for long periods of

time (up to several hours) during extended periods of magnetopause reconnection. Eventually,

the formation of a magnetic X-line in the near Earth region of the magnetotail leads to the onset

of reconnection in the tail. Reconnection in this region either can be spatially and temporally

localized or can organize into a large-scale event (a substorm). In the latter case reconnection

proceeds until a significant fraction of the open flux that has built up in the tail reconnects.

Field lines on the earthward side of this near Earth X-line again become closed.

3.4 Steady reconnection: The Sweet-Parker model

The Sweet-Parker model consists of a simple diffusion region (shaded in the Fig. 3.3) of length 2L

and width 2δ, with L ≫ δ, lying between oppositely directed magnetic fields. For simplicity, it is

assumed that the inflow and outflow regions (parameters that are identified with the subscripts

i and o) are symmetrical. Since the electric field is uniform for a steady two-dimensional state,

Figure 3.3: Sweet-Parker reconnection geometry, in which all the reconnecting plasma flows

through the shaded diffusion region. [Priest and Forbes, 2000]

its value may be found by evaluating Eq. (3.2) at the inflow to the diffusion region where the

current vanishes, then

E = viBi = voBo. (3.9)

Within the inner layer, resistivity dominates, so

E = ηj =
ηBi

µ0δ
, (3.10)

where it has been used the Ampère’s law (3.3) to define the current as Bi/µ0δ. Equating Eq.

(3.9) and Eq. (3.10) yields

vi =
η

µ0δ
. (3.11)
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It is assumed that the flow is incompressible, i.e., ρi = ρo = ρ; then the conservation of mass

implies that the rate at which mass is entering the sheet from both sides must equal the rate at

which it is leaving at both ends, so

Lvi = δvo. (3.12)

The width (δ) may now be eliminated from the two basic Sweet-Parker equations, Eqs (3.11)

and Eq. (3.12), to give the square of the inflow speed as

v2i =
ηvo
µoL

. (3.13)

In dimensionless variables Eq. (3.13) may be rewritten

Mi =

√

vo/vAi√
Rmi

, (3.14)

where Mi = vi/vAi is the inflow Alfvén Mach number (or dimensionless reconnection rate) and

Rmi = µ0LvAi/η is the magnetic Reynolds number based on the inflow Alfvén speed.

From the Ampère’s law the order-of-magnitude electric current is j ≈ Bi/µ0δ and so the Lorentz

force along the sheet is (j×B)x ≈ jBo = BiBo/µ0δ. This force accelerates the plasma from rest

at the neutral point to vo over a distance L and so, by equating the magnitude of the inertial

term ρ(v · ∇)vx to the above Lorentz force and neglecting the plasma pressure gradient, leads

ρ
v2o
L

=
BiBo

µ0δ
. (3.15)

From the scaling of ∇ · B = 0, i.e., BoL ≈ Biδ, the right side of Eq. (3.15) can be written as

B2

i /µ0L and then

vo =
Bi√
µ0ρ

≡ vAi, (3.16)

where vAi is the Alfvén speed at the inflow region. It has been found that the magnetic force

accelerates the plasma to the Alfvén speed. The fields therefore reconnect for this basic model

at a speed given by Eq. (3.14) as

vi =
vAi

R
1/2
mi

. (3.17)

Since Rmi ≫ 1, therefore vi ≪ vAi, Bo ≪ Bi and δ ≪ L.

It is interesting to consider the energetics of the reconnection process in the Sweet-Parker model.

The rate of inflow of electromagnetic energy is the Poynting flux (E×B per unit area), or, since

E = viBi in magnitude

E
Bi

µ0

L =
viB

2

i

µ0

L. (3.18)

Therefore, the ratio of the inflow of kinetic to electromagnetic energy is

inflowKE

inflowEM
=

1

2
ρv2i

B2

i µ0

=
v2i
2v2Ai

(3.19)



By Eq. (3.17) this is much smaller than unity, so most of the inflowing energy is magnetic. Next,

consider the energy outflow. Also the outflow of electromagnetic energy is EBoδ/µ0, which is

much less than the inflow of electromagnetic energy EBiL/µ0 since both Bo ≪ Bi and δ ≪ L.

The ratio of outflowing kinetic to inflowing magnetic energy is

outflowKE

inflowEM
=

1

2
ρv2o(voδ)

viB2

i Lµ0

=
1

2
v2o

v2Ai

=
1

2
. (3.20)

Thus, half of the inflowing magnetic energy is converted to kinetic energy, while the remaining

half is converted to thermal energy. In other words, the effect of the reconnection is to create

hot, fast streams of plasma with a rough equipartition between flow and thermal energy.



Chapter 4

Asymmetric magnetic

reconnection

The standard Sweet-Parker scaling laws for collisional reconnection can be obtained using the

laws of conservation of mass, conservation of energy, and conservation of magnetic flux as it was

shown in the previous chapter. The scaling laws will be derived based on a steady-state process,

not only because it is simpler to analyze mathematically than time-varying reconnection, but

also because the earliest motivation, namely the main phase of a large solar flare, was realized

to be essentially a steady-state energy release process for many hundreds of Alfvén travel-times.

To remain in a steady state, the magnetic flux entering the diffusion region from the two up-

stream edges of the diffusion region must be equal. If the upstream magnetic field strengths

are different on either side of the dissipation region, the flux from the stronger field plasma

must enter more slowly than the flux from the weaker field plasma. As such, it is the flux

of mass and energy through the dissipation region that must be balanced to achieve a steady

state. Based on the models of magnetic reconnection with asymmetry in the inflow and outflow

direction [Cassak and Shay, 2007,Murphy et al., 2010], it will be constructed an integral model

that takes into account all these asymmetries.

4.1 Magnetohydrodynamic equations

The scaling laws for the outflow speed and the reconnection rate can be derived from the following

magnetohydrodynamic equations:

• Continuity equation:

∂ρ

∂t
= −∇ · (ρv). (4.1)

31



• Momentum equation:

∂(ρv)

∂t
= −∇ ·

[

ρvv +

(

p+
B2

2µ0

)

I− BB

µ0

]

. (4.2)

• Energy equation:

∂ε

∂t
= −∇ ·

[

(ε+ p)v +
E×B

µ0

]

. (4.3)

• Faraday’s law:

∂B

∂t
= −∇×E. (4.4)

• Finally , the Ohm’s law:

E = −v ×B+ ηj (4.5)

where ρ is the plasma mass density, v is the flow velocity, j is the current density, p is the pressure,

η is the resistivity,B is the magnetic field, E is the electric field, ε = (1/2)ρv2+p/(γ−1)+B2/2µ0

is the total energy density, and I is the unit tensor. The ratio of specific heats is γ.

Consistent with previous approaches it is assumed a steady-state system (∂/∂t = 0). The

evolution equations are integrated over an arbitrary closed volume V . Using the the Gauss’s

theorem to write the continuity, momentum and energy equations yields

∮

S

dS · (ρv) = 0, (4.6)

∮

S

dS ·
[

ρvv +

(

p+
B2

2µ0

)

I−
BB

µ0

]

= 0, (4.7)

∮

S

dS ·
[(

ε+ p+
B2

2µ0

)

v − v ·B
µ0

B

]

= 0, (4.8)

where S is the surface of V and dS is a differential area element pointing in the outward normal

direction to S. Similarly, with the help of Stokes’s theorem, Faraday’s law is

∮

S

dS×E = 0. (4.9)

Equations (4.6)-(4.9) are valid for any arbitrary closed volume V , provided a steady-state has

been achieved. It is considered two dimensional reconnection where there is no variation in the

out-of-plane direction. The geometry of the system is a box of half-width δ and half-length L

as depicted in the Fig. 4.1.

The conservation of the inflow and outflow quantities are obtained from integrating over the

surface of the box, assuming δ/L = ǫ ≪ 1 from Eq. (3.17). This study is an order of magnitud
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Figure 4.1: Schematic diagram of the dissipation region during asymmetric reconnection. Quan-

tities above and below the dissipation region have a subscript of “A” and “B”, respectively.

Quantities left and right the dissipation region have a subscript of “L” and “R”, respectively.

analysis to obtain basic relationships for the outflow parameters based on the inflow parameters.

It is not interested in a full solution inside and/or outside the box but rather with the scaling

from balance arguments. In this approach variations of the inflow parameters over the length of

the box are neglected, also the variations of the outflow parameters over the width are neglected.

4.2 Basic model

This first approach is based on the Sweet-Parker model taking into account asymmetries of

the upstream magnetic fields, velocities and densities, and also the downstream velocities and

densities. From Eq. (3.17) the outflow magnetic field Bo is negligible compared to the inflow

magnetic fields. It is assumed that the outflow pressure po is the same as, or close to, the inflow

pressure pi so that the plasma pressure gradients along the sheet play no role in accelerating

the plasma. Therefore, this is a good approach for low-beta plasmas. The inflow parameters are

denoted with the subscripts “A” and “B”, and the outflow parameters with the subscripts “L”

and “R”, as is shown in the Fig. 4.1.

It is considered BA and BB as the absolute values of the x components and consider the By

components in the inflow regions as small of order ǫ. Similarly, vA,B and ρA,B are the absolute

values of the y components of the inflow velocity and density, respectively, the vx and ρx com-

ponents are considered small of order ǫ. In the same way, in the outflow regions vL,R and ρL,R

are considered as the absolute values of the x components of the outflow velocity and density,

respectively, the vy and ρy components are considered small of order ǫ. The requirement of mass

continuity Eq.(4.6) yields the relation

L(ρAvA + ρBvB) = δ(ρLvL + ρRvR) (4.10)

Evaluating the momentum equation (4.7) in the outflow direction, yields a relation between the

momentum fluxes from each exit of the reconnection layer

ρLv
2

L = ρRv
2

R. (4.11)



This equation assumes that the net contribution by magnetic tension towards momentum bal-

ance in the outflow direction is small. However, magnetic tension does not need to be negligible

throughout the volume of integration for this relationship to hold. This is valid only if the

upstream magnetic field is parallel to the boundaries along y = ±δ. For instance, a nonzero net

contribution from magnetic tension is expected when the predominant X–line is located near

one end of the current sheet. In such scenario it should be included all relevant contributions.

Downstream magnetic pressure is neglected because it is normally expected to be second order

of ǫ. The momentum flux ρVV into the current sheet is expected to significantly contribute to

momentum balance in the outflow direction only when the outflow component of the inflow ve-

locity is of the same order as the outflow velocities. Momentum balance must be met in both the

inflow and outflow directions simultaneously in order for the assumption of time–independence

to be valid.

The assumption of steady state with Faraday’s law implies that the electric field in out-of-plane

direction is uniform, defining the reconnection rate

E = vABA = vBBB . (4.12)

The energy equation (4.8) is evaluated including the bulk kinetic energy (ρv2/2)v and the

Poynting flux E×B/µ0 = (B2/µ0)v − (v ·B/µ0)B, but assuming that the pressure does not

play a major role in energy conversion for scaling purposes in this case. Note that the Poynting

vector does not simply represent convected magnetic energy but includes in addition the energy

flux resulting from the work done by the magnetic part of Maxwell’s stress tensor.

The main contribution to the energy density ε is magnetic in the inflow direction and kinetic in

the outflow direction. Given that δ ≪ L, the upstream kinetic energy and downstream Poynting

flux can be neglected because they are of the order of ǫ2. The term (v ·B)B from the Poynting

vector does not contribute to the energy density because B is perpendicular to the direction of

S, so dS ·B = 0. Then, the energy balance gives

L

(

B2

A

2µ0

vA +
B2

B

2µ0

vB

)

=
δ

2
(ρLv

3

L + ρRv
3

R). (4.13)

This equation says that the magnetic energy entering the inflow edge of the dissipation region

scales like the kinetic energy of the outflow.

Using Eq.(4.11) and Eq.(4.12) to eliminate vB and vR from Eqs.(4.10) and (4.13) yields

L
vA
BB

(ρABB + ρBBA) = δρ
1/2
L vL(ρ

1/2
L + ρ

1/2
R ), (4.14)

L
vA

2µ0BB
(B2

ABB +B2

BBA) =
δρLv

3

L

2ρ
1/2
R

(ρ
1/2
L + ρ

1/2
R ), (4.15)

Dividing the last two equations, it is obtained an expression for the outflow speed for the left

and right sides of the current sheet

v2L,R =
BABB

µ0

(BA +BB)

(ρABB + ρBBA)

√

ρR,L

ρL,R
. (4.16)
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This equation shows that the outflow speed, vL,R, depends on the average inflow densities,

ρ̄i = (ρABB + ρBBA)/(BA + BB), a hybrid magnetic field, BABB, and the ratio of outflow

densities ρR,L/ρL,R; hence, the outflow speed is higher on the low density side. The last equation

can be write as

v2L,R = v2Ah

√

ρR,L

ρL,R
. (4.17)

Where v2Ah is the hybrid Alfvén speed based on the upstream densities and magnetic fields. The

reconnection rate, E = vABA = vBBB, can be obtained using the Eqs. (4.12), (4.13) and (4.16),

giving

E =
δ

L

BABB
√
ρLρR

(ρABB + ρBBA)
(vL + vR). (4.18)

This equation shows that the reconnection rate depends on the aspect ratio of the diffusion

region, the aspect ratio of the outflow and inflow average densities, and the outflow velocities.

Note that the reconnection rate is invariant under an interchange of the subscripts “A” and “B”

or the subscripts “L” and “R”, as it should be.
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Figure 4.2: Contours of the above Alfvén speed normalized to the hybrid Alfvén speed, v2Ah/v
2

AA,

calculated from Eq.(4.19) as a function of b = BB/BA and r = ρB/ρA.
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from the left side of the current sheet, the red line is from the rigth side of the current sheet.

The outflow velocities in one end depend on the outflow density from the opposite end. The

dashed lines indicates the point where the velocities are symmetrical

Using the normalized quantities b ≡ BB/BA r ≡ ρB/ρA, the hybrid Alfvén speed, v2Ah, becomes

v2Ah = v2AA

b(b+ 1)

b+ r
, (4.19)

where, v2AA = B2

A/µ0ρA is the Alfvén speed based on the parameters of the top edge of the

reconnection region. Solutions of Eq.(4.19) are presented in Fig. 4.2 for 1 ≤ vAh2/v
2

AA ≤ 10.

The higher the opposite magnetic field, BB, the lower the opposite density, ρB, in order to

obtain a solution of Eq.(4.19). When b < 1, there are only solutions for r < 1, so that the

condition vAh2/v
2

AA ≥ 1 holds.

Figure 4.3 shows the outflow velocities from the left side of the current sheet, v2L/v
2

A (blue line),

and from the right side of the current sheet, v2L/v
2

A (red line), calculated from Eq.(4.17) as a

function of the quantities ρR and ρL. The fact that the outflow densities are asymmetric reveals

that an Alfvénic jet and a sub-Alfvénic jet (in the high density side) can be present in the recon-

nection process [Innes et al., 1997,Wang et al., 2007,Gontikakis et al., 2009,Liu et al., 2011].

4.3 Effect of pressure gradients

In the previous approach it was assumed that the outflow pressure po is the same as the inflow

pressure pi so that the plasma pressure gradients along the sheet play no role in accelerating the
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plasma. However, in principle the outflow pressure po may be imposed as any other value and so

lead to a different outflow speed and therefore reconnection. Therefore, the pressure gradients

are included in the balance of the momentum and energy equations. The requirement of mass

continuity (4.6)

L(ρAvA + ρBvB) = δ(ρLvL + ρRvR). (4.20)

Evaluating the momentum equation (4.7) in the inflow and outflow directions. In the inflow

directions only enforces pressure balance across and along the current sheet. In the outflow

direction yields a relation between the plasma pressures and momentum fluxes from each exit

of the reconnection layer,

pL + ρLv
2

L = pR + ρRv
2

R, (4.21)

For the Faraday’s law

vABA = vBBB. (4.22)

As stated before, the inflow and outflow pressures are included in this case, therefore, there is a

contribution of the enthalpy flux H = (u + p)v to the energy balance. Where u = p/(γ − 1) is

thermal energy density, so the enthalpy flux can be written as H = (γ/(γ−1))pv. The enthalpy

flux in addition to convected thermal energy uv, includes the work done by the plasma pressure

pv. This is analogue to the contribution of the Poynting flux, but differs in that enthalpy flux

contributes both to the upstream and downstream quantities of the energy equation. Consistent

with the previous case the bulk kinetic energy is neglected in the inflow region and the Poynting

flux is neglected in the outflow region. Then, the energy balance gives

L

[(

B2

A

2µ0

+ ΓpA

)

vA +

(

B2

B

2µ0

+ ΓpB

)

vB

]

= δ

[(

ρLv
2

L

2
+ ΓpL

)

vL +

(

ρRv
2

R

2
+ ΓpR

)

vR

]

,

(4.23)

where Γ ≡ γ/(γ − 1). Using Eq.(4.22) to eliminate vB from Eq.(4.20), gives

L
vA
BB

(ρABB + ρBBA) = δ(ρLvL + ρRvR), (4.24)

and for Eq.(4.23)

L
vA
BB

[(

B2

A

2µ0

+ ΓpA

)

BB +

(

B2

B

2µ
+ ΓpB

)

BA

]

= δ

[(

ρLv
2

L

2
+ ΓpL

)

vL +

(

ρRv
2

R

2
+ ΓpR

)

vR

]

.

(4.25)

After insertion of expression (4.21) in Eqs. (4.24) and (4.25) to eliminate vR, the following cubic

relationship is obtained

C6Lv
6

L + C4Lv
4

L + C2Lv
2

L + C0L = 0. (4.26)



The coefficients are given by

C6L ≡ 1

4

(

ρ3L
ρR

− ρ2L

)

(4.27)

C4L ≡ ρ2L
ρR

(

ΓpR − 3∆p

4

)

− ΓρLpL (4.28)

C2L ≡ ρL(ρR − ρL)C
4 − 2ρL∆p(1− Γ)C2 − Γ2p2L + Γ2p2R

[

ρL
ρR

(

1− ∆p

2ΓpR

)(

1− 3∆p

2ΓpR

)]

(4.29)

C0L ≡ −ρR∆p

[

C2 − 1

2

(

2ΓpR −∆p

ρR

)]2

(4.30)

where ∆p = pR − pL is the outflow pressure difference, and the inflow velocity C is defined as

C2 ≡ BABB

2µ0

(BA +BB)

(ρABB + ρBBA)
+ Γ

(

pABB + pBBA

ρABB + ρBBA

)

. (4.31)

By defining the average inflow densities and pressures as ρ̄i = (ρABB + ρBBA)/(BA +BB) and

p̄i = (pABB + pBBA)/(BA +BB), respectively, the inflow velocity C can be rewritten as

C2 =
BABB

2µ0ρ̄i
+ Γ

p̄i
ρ̄i
. (4.32)

Furthermore, using the normalized quantities b, r, and defining a new normalized parameter for

the upstream pressures, p = pB/pA, the inflow velocity becomes

C2 =
v2AA

2

(

b(b+ 1)

b + r
+ ΓβA

b+ p

b+ r

)

(4.33)

The solutions of the Eq.(4.33) are showed in the figure 4.4, for values of Γ = βA = 1 (i.e., when

B2

A/2µ0 = pa and the bottom inflow parameters are free to vary). As pB increases, the value of

the Alfvén speed taken from above, v2AA, becomes smaller compared with the total inflow speed

C2. This implies that the side with the higher enthalpy flux contributes more to the overall

inflow speed.

Special cases can be obtained from Eq. (4.26) when is taking into account symmetries in the

outflow parameters. For instance, when is considered the effects of symmetric downstream

pressure, i.e., pL = pR = po, but the downstream densities can be different. In this case, C0L

vanishes, therefore

v2L,R = 2

(

C2 − Γpo√
ρLρR

)(

ρR,L

ρL,R

)1/2

(4.34)

This equation shows that the outflow speed is higher on the low density side, and indicates that

the outflow speed is being slowed by the presence of an outflow pressure. From Eqs. (4.22),

(4.23) and (4.34), an expression for the reconnection rate is found

E =
δ

2L

[

BABB(ρRρL)
1/2

ρABB + ρBBA
+

2µ0Γpo
BA(1 + ΓβA) +BB(1 + ΓβB)

]

(vR + vL). (4.35)
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Figure 4.4: Contours of the Alfvén speed from the top side of the reconnection region normalized

to the inflow speed, v2Ah/v
2

AA, calculated from Eq.(4.33) for different values of p = pB/pA and

with Γ = βA = 1.

where the definition of plasma beta (βA,B = 2µ0pA,B/B
2

A,B) has been used. This equation

shows the dependence of the asymmetric inflow and outflow mass density, the inflow magnetic

fields and plasma betas, and the outflow pressure and velocities. In contrast to the previous

case Eq.(4.18), equation (4.35) includes a term due to the enthalpy flux.
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Figure 4.5: Contours of the outflow speed at the left side of the current sheet normalized to the

hybrid Alfvén speed, v2L/v
2

Ah, calculated from Eq.(4.34) for P = (p̄i − po)/(B
2

i /2µ0) and with

asymmetrical downstream densities.

Solutions of Eq.(4.34) are showed in Fig.4.5 for different values of P = (p̄i − po)/(B
2

i /2µ0).

Values of P ≤ −1 (i.e., po is higher than p̄i) show that the outflow speeds are obstructed by the

outflow pressure, then, the outflow speeds on the left and right sides of the current sheet become

zero or negative, which are no physical solutions for the reconnection problem. Increasing the

value of P (i.e., increasing the value of p̄i relative to po) enhances the outflow speeds on both

sides of the reconnection region.

On the other hand, if the downstream pressures are asymmetrical, but the downstream densities

are symmetrical, i.e., ρL = ρR = ρo, the coefficient C6L vanishes, and the solution is

v2L,R =
1

4Γ− 3

[

4(Γ− 1)

(

C2 − Γ
pR,L

ρo

)

± (4Γ2 − 3)
∆p

2ρo

]

+
2Γ− 1

4Γ− 3

√

4

(

C2 − Γ
p̄

ρo

)2

+ (4Γ− 3)

(

∆p

2ρo

)2

. (4.36)

where the average downstream pressure is defined as p̄ = (pL+pR)/2. The plus and minus signs

refer to vL and vR, respectively,. When Γ = 1 this equation is reduced to

v2L,R =

√

4

(

C2 −
p̄

ρo

)2

+

(

∆p

2ρo

)2

±
∆p

2ρo
(4.37)

This equation shows again that the outflow speed is being slowed by the presence of the asym-

metrical outflow pressures, and is slower on the side with higher downstream pressure. The

reconnection rate is obtained from Eqs. (4.22), (4.23) and (4.37), so

E =
δ

L

µo

√

4(ρoC2 − p̄)2 + (∆p/2)2

[BA(1 + ΓβA) +BB(1 + ΓβB)]
(vR + vL). (4.38)

The inclusion of asymmetrical outflow pressures gives more complexity to the reconnection rate.

This equation still shows the dependence on the ratio of the outflow enthalpy fluxes to the inflow

enthalpy fluxes.

Contours of Eq.(4.37) are showed in Fig.4.6(a) for the outflow speed in the left side, and in

Fig.4.6(b) in the right side. The values of PL,R are normalized quantities of the ratio of the
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Figure 4.6: Contours of the outflow speeds, v2L,R normalized to the hybrid Alfvén speed, v2Ah,

from Eq.(4.37) for asymmetric outflow pressures, and symmetric outflow densities.

difference between the outflow asymmetric pressures and the inflow hybrid pressures, to the

inflow hybrid magnetic pressure PL,R = (pL,R − p̄i)/(BABB/2µo).

4.4 Internal Structure

As seen in the previous section, the asymmetry found affects the global properties of reconnection

- the outflow density, outflow speed, and reconnection rate. Therefore, it is expected that the

inner structure of the diffusion region will be affected as well. By doing an analysis similarly

to what has been done in the previous section, it could be derived the locations of the null

point (X-line) and stagnation point in terms of magnetic field strengths, the densities, and the

pressures.

4.4.1 Analysis in the y direction

In order to obtain the null point, N , and stagnation point locations S in the y-axis, the follow-

ing analysis is developed, taking into account the asymmetric upstream parameters, but with

symmetric parameters in the outflow direction (see Fig.4.7). The half width is set in y = 0. The

dotted line through S in the x direction is where the stagnation flow goes to zero and the dotted

line through N in the x direction is where the magnetic field goes to zero. The distance from

the top and bottom edges of the dissipation region to the stagnation point is defined as δSA and

δSB. The distance from the upstream edges to the null point is defined as δNA and δNB. These

length scales satisfy the relationship

2δ = δSA + δSB = δNA + δNB. (4.39)
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Figure 4.7: Schematic diagram of the dissipation region for the analysis of the internal structure

in the y direction. The distance from the stagnation point and null point to the half width are

located in S and N , respectively.

The distance from the stagnation point to the center, relative to the top edge is

S = δ − δSA. (4.40)

The location of the stagnation point can be obtained by analyzing the mass fluxes. Taking that

the stagnation point as the border of the two incoming mass fluxes, the conservation of mass,

yield

ρAvAL = ρovoδSA (4.41)

ρBvBL = ρovoδBA (4.42)

From the last two equations the following relation can be obtained

δSA = δSB
ρAvA
ρBvB

. (4.43)
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Finally, the stagnation point is found to be located in

S = δ
ρBBA − ρABB

ρABB + ρBBA
= δ

r − b

r + b
(4.44)

The flux of energy is analyzed to locate the null point. Since the magnetic field on the two

inflow sides are oppositely directed, there must be a point within the diffusion region where the

magnetic field is zero. This point is the null point, using the energy balance

L

(

B2

A

2µ0

vA

)

=
ρov

2
o

2
voδNA (4.45)

L

(

B2

B

2µ0

vB

)

=
ρov

2
o

2
voδNB (4.46)

Replacing the inflow speed by magnetic field strengths yields

δNA = δNB
BA

BB
, (4.47)
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Figure 4.8: Contours of the stagnation and null point location for different values of r and b, the

negative values indicate that the locations are in the bottom side of the reconnection region.

then, the null point is located at

N = δ
BB −BA

BA +BB
= δ

b− 1

b+ 1
. (4.48)

Figure 4.8(a) shows the location of the stagnation point, normalized to the half width of the

reconnection region. When the ratio of the upstream densities are equal to the ratio of the
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Figure 4.9: Separation between the stagnation and null point as a function of b and r. The

separation is greater when one of the magnetic fields is greater than the other one.
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Figure 4.10: Contours of the null point location for different values of p when the upstream

pressure gradients are present.

upstream magnetic field, the stagnation point is at the half width of the current sheet. Figure

4.8(b) shows where the null point is located. This is located on the side where the magnetic

field is weaker. The negative values means that is in the bottom side of the reconnection region.

The distance from the stagnation point to the null point, δSN can be obtained by subtracting
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Figure 4.11: Separation between the stagnation and null point when the asymmetric upstream

pressures are present, for different values of p, b, and r; and with Γ = βA = 1.

Eq.(4.48) from Eq.(4.44), and it is

δSN = δ

[

ρBBA − ρABB

ρABB + ρBBA
− BB −BA

BA +BB

]

= 2δ
r − b2

(r + b)(b+ 1)
. (4.49)

This distance is plotted in Fig.4.9. There is a great separation when one of the magnetic fields

is greater than the other one. If r = b2, there are no separation between the stagnation and

null point, this is achieved when B2

A/ρA = B2

B/ρB, then the magnetic flux is equilibrated to the

mass flux, to the dissipation region.

If the upstream pressure gradients are included in the calculations, Eq.(4.48) becomes

N = δ
b(b− 1) + ΓβA(p− b)

b(b+ 1) + ΓβA(p+ b)
, (4.50)

this result is showed in Fig.4.10, for Γ = βA = 1. When b = 1±
√
1− p, the null point is located

at the half width of the current sheet. When p or b increase, the null point is offset toward

the side with the weaker pressure or magnetic field. The distance from the null point to the

stagnation point is now

δSN = δ

[

r − b

r + b
− b(b− 1) + ΓβA(b− p)

b(1 + b) + ΓβA(b+ p)

]

(4.51)

Figure 4.11 shows the separation between the stagnation and null point for different values of

p, b, r, and with Γ = βA = 1. As p increase, the values for δSN = 0 start at a greater value of r.



4.4.2 Analysis in the x direction

In this part the locations of the null point, n, and stagnation point, s, relative to the outflow

sides of the dissipation region are obtained. It has been used lowercase notation for the null and

stagnation point locations in the x-axis, to differentiate them from the stagnation and null point

location in the y-axis. The following analysis is developed with symmetric upstream parameters,

and asymmetrical downstream parameters (see Fig.4.12). The half length is set in x = 0. The

blue line through s in the y direction is where the stagnation flow goes to zero and the blue line

through n in the y direction is where the magnetic field goes to zero. The distance from the left

and right edges of the dissipation region to the stagnation point is defined as LsL and LsR. The

distance from the downstream edges to the null point is defined as LnL and LnR. These length

scales satisfy the relationship

2L = LsR + LsL = LnR + LnL. (4.52)

The distance from the stagnation point to the center, relative to the right edge is

s = L− LsR. (4.53)

The location of the stagnation point can be obtained by analyzing the mass fluxes, this yield

ρivi
δ

=
ρRvR
LsR

(4.54)

ρivi
δ

=
ρlvL
LsL

(4.55)

From the last two equations the following relation can be obtained

LsR = LsL
ρRvR
ρLvL

. (4.56)

The stagnation point is found to be located in

s = L
ρLvL − ρRvR
ρLvL + ρRvR

= L
ρ
1/2
L − ρ

1/2
R

ρ
1/2
L + ρ

1/2
R

(4.57)

For the null point it is analyzed the flux of energy. The energy balance requieres

viLnR

(

B2

i

2µ0

+ Γpi

)

= vRδ

(

ρRv
2

R

2
+ ΓpR

)

(4.58)

viLnR

(

B2

i

2µ0

+ Γpi

)

= vLδ

(

ρLv
2

L

2
+ ΓpL

)

. (4.59)

The following relation is derived from the last two equations

LnL = LnR
vL
vR

(

ρLv2

L

2
+ ΓpL

ρRv2

R

2
+ ΓpR

)

. (4.60)
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Figure 4.12: Schematic diagram of the dissipation region for the analysis of the internal structure

in the x direction. The distance from the stagnation point and null point to the half length are

located in s and n, respectively.

The distance from the null point to the origin is

n = L
vR(

ρRv2

R

2
+ ΓpR)− vL(

ρLv2

L

2
+ ΓpL)

vR(
ρRv2

R

2
+ ΓpR) + vL(

ρLv2

L

2
+ ΓpL)

. (4.61)

When pL = pR = po the last equation becomes

n = L
vR − vL
vR + vL

= L
ρ
1/2
L − ρ

1/2
R

ρ
1/2
R + ρ

1/2
L

(4.62)

Then, the distance from the null point to the stagnation point is zero, and it reveals that the

stagnation and null point are only separated when the outflow pressures are asymmetrical.

Figure 4.13 shows solutions for the stagnation point location, when ρL = ρR the stagnation

point is at the half length of the current sheet. When the density from one side is greater than

the other one, the stagnation point is located in the side with weaker density.
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Chapter 5

Discussion and Conclusions

In this work it has been carried out a scaling analysis, i.e., an order of magnitude calculations,

based on first principles starting with the fact that the parameters in both the inflow and outflow

direction are asymmetrical. Classical models develop a solution using symmetric conditions,

which are far from true physical settings as in the magnetosphere or solar corona.

In the proposed model it is studied the magnetic reconnection with a more realistic geometry

of the system. Scaling relations were derived to describe steady-state reconnection without

specifying the dissipation mechanism. Expressions were obtained for the outflow speed and the

reconnection rate, first for a basic model, and then for a model that includes the effects of the

asymmetrical pressure gradients both in the inflow and the outflow region.

The validity conditions of this model are the length of de dissipation region is greater than the

width of the dissipation region, i.e., δ/L ≪ 1, variations of the inflow parameters over the length

of the dissipation region are negligible, variations of the outflow parameters over the width of

the dissipation region are negligible, and since ∇ ·B = 0, then Bo/Bi ∼ O(δ/L), where O means

“on the order of”. For the case where the pressure gradients are not present, the equation (4.16)

was obtained

v2L,R =
BABB

µ0

(BA + BB)

(ρABB + ρBBA)

√

ρR,L

ρL,R
. (5.1)

By defining ρ̄o =
√
ρLρR as the geometrical mean of the outflow densities, ρ̄i = (ρABB +

ρBBA)/(BA +BB) as average inflow densities, and assuming that the plasma is incompressible,

i.e. the total inflow density ρ̄i is equal to the total outflow density ρ̄o, Eq.(5.1) can be written

as

v2L,R =
BABB

µ0ρL,R
= v2Ah

ρ̄i
ρL,R

. (5.2)

This result implies that, although the global densities are incompressible, the plasma goes

through a process of compressibility due to the asymmetry of outflow densities. Besides, since

the average inflow density is greater than each of the outflow densities, the outflow velocities are

enhanced by a factor (ρ̄i/ρL,R)
1/2 > 1, and is lower in the high density side. From Eq. (5.2),
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the reconnection rate (Eq. (4.18) becomes

E =
δ

L

BABB

BA +BB
(vL + vR). (5.3)

This expression reveals that the reconnection rate is a product of the aspect ratio of the dissi-

pation region, the outflow speed, and an effective magnetic field strength given by the “reduced”

field. The contribution of the upstream magnetic and densities fluxes to the hybrid Alfvén speed

is higher on the side where the magnetic field is stronger.

For the case where the pressure gradients, the inflow velocity C (Eq. (4.31)), was defined as

C2 ≡ BABB

2µ0

(BA +BB)

(ρABB + ρBBA)
+ Γ

(

pABB + pBBA

ρABB + ρBBA

)

. (5.4)

This equation shows that the inflow speed is a result of the ratio of the inflow enthalpy flux to

the inflow density flux in addition to the inflow hybrid Alfvén speed. Note that the inclusion

of the enthalpy flux enhances the inflow speed in the form of enthalpy per unit mass. Also, the

side with the higher enthalpy flux has more contribution to the overall inflow speed.

The outflow velocities, in both the symmetrical outflow pressure case (equation (4.34)) and

the symmetrical outflow density case (equation (4.37)), include a term related to the outflow

enthalpy per unit mass (in the first case p̄/ρo and in the second case po/
√
ρLρR), which reduces

the inflow velocity, so the total contribution of the ratio of enthalpy flux to density flux depends

on the difference between the inflow enthalpy per unit mass and the outflow enthalpy per unit

mass. If the ratio of the outflow enthalpy per unit mass is higher than the inflow enthalpy per

unit mass, then, outflow velocity will be slowed down, or even, will be obstructed. When the

downstream pressure gradients are asymmetrical, the side with higher downstream pressure will

have a slower velocity than the other side, therefore, an Alfvénic jet and a sub-Alfvénic jet can be

present in the reconnection process [Innes et al., 1997,Wang et al., 2007,Gontikakis et al., 2009,

Liu et al., 2011].

It has been shown that the outflow speed is greater in the low density side. One of the main

applications is in the Earth’s magnetosphere where the magneto-sheath (with a magnetic field of

20−30 nT and density of 20−30 cm−3) reconnects with the magnetopause (with a magnetic field

of 50−60 nT and a density of 0.3−0.5 cm−3) [Phan and Paschmann, 1996,Ku and Sibeck, 1997].

This work also provides relations for the location of the stagnation and null point, given the

global values of the velocities, densities, pressures, and magnetic fields. From Eq.(4.44) it can

be shown that the stagnation point is located at the half width of the reconnection region when

ρB/ρA = BB/BA, or is offset towards the side with the smaller value of ρ/B.

The separation between the stagnation and null point is showed in Fig. 4.9. When the ratio

of the quadratic upstream magnetic fields to the inflow densities are equal on both edges of

the incoming fluxes of the reconnection region, there are no separation between the null and

stagnation point. The separation is greater when one of the magnetic fields is greater than

the other one. Figure 4.8(b) shows that the null point is located on the side with the weaker

magnetic field. When the upstream pressure gradients are included in the analysis, Fig. 4.10

shows that the greater the value of b or p, the farther is the null point from the center.
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The results presented here are similar to the results presented in [Birn et al., 2010,Cassak and Shay, 2007,

Murphy et al., 2010] in the analytical derivation of the equations. The main difference with the

work presented by [Cassak and Shay, 2007] is the inclusion of the enthalpy flux in the energy

equation, and the consideration of asymmetry in the outflow direction. The former enhance the

outflow speed and the reconnection rate, when the upstream pressure is higher than the down-

stream pressure. The later allows the presence of bidirectional jets, one Alfvénic and the other

one sub-Alfvénic, rather than two bidirectional Alfvénic jets [Wang et al., 2007,Lin et al., 2007,

Aurass et al., 2009]. The study of the internal structure in the outflow direction allows the drift

of the null point to the side with the lower density, as in the magnetotail reconnection that the

null point moves in the tailward direction (the side with the lower density) [Hones, 1979].

The model presented in this work, although allows a broader understanding of the magnetic

reconnection process, it still needs to derive a deep study of the diffusion region, for different

configurations and mechanisms of dissipation (i.e., anomalous resistivity, spatially localized re-

sistivity, Hall effect, etc.). It will be of interest to perform simulations of the process, including

effects of finite Larmor radius due to the decoupling of electrons and ions within the diffusion re-

gion. Future studies shall also considere non uniform magnetic fields along the current sheet that

could lead to plasmoid formation, and how they change the features of the internal structure.

The scaling relations derived in this work assume that time-dependent effects are negligible

and that the current sheet is static in an appropriate inertial reference frame. However, in

many situations in nature and the laboratory, reconnection is bursty and there is considerable

current sheet motion. Moreover, upstream and downstream quantities are not expected to

remain constant over time. Besides, downstream pressure depends on both the history of the

reconnection event and the nature of the global magnetic field configuration. Incorporating

time-dependent effects will be an important next step.
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