
4 1 Introduction

Finally, we propose a framework for human action recognition that is applicable to both

off-line and on-line systems. The proposed methodology involves a preprocessing stage that

allows to work with video data independently of the record conditions, which improves

the performance in the classification phase. Our framework is based on a new supervised

feature extraction technique, which includes class label information in the mapping process

to enhance both the underlying data structure unfolding and the margin of separability

among classes. In this regard, our scheme facilitate further classification stage, founding a

low-dimensional space in which a straightforward classifier could be used, for obtaining a

suitable human action recognition performance. We aim to generate an alternative approach

to support computer vision system and man - machine interaction in real life conditions.



2. Objectives

2.1. General objective

Develop a methodology to capture the underlying structure of data related to video and

image sequences of moving objects based on low-dimensional representations obtained by

nonlinear feature extraction techniques.

2.2. Specific objectives

• Perform a comparative analysis to determine which nonlinear feature extraction or

nonlinear dimensionality reduction techniques are suitable to analyze image and video

sequences, in order to facilitate and simplify further analysis.

• Develop a methodology to represent multiple moving objects in the same low-dimensional

space to characterize and visually identify the differences and similarities between them

while a specific action is executed.

• Propose a pattern recognition framework based on nonlinear feature extraction in

order to properly reveal the underlying data structure, improving the classification

performance in motion activity recognition tasks.



Part II.

Materials and Methods



3. Comparative Analysis of Nonlinear

Feature Extraction Techniques

The problem of extracting low-dimensional structure from high-dimensional data (dimension-

ality reduction), often arises in machine learning and pattern recognition. High-dimensional

data takes many different forms, from digital image libraries to gene expression micro-arrays,

from neuronal population activities to financial time series. By formulating the problem of di-

mensionality reduction, it is possible to analyze different types of data in the same underlying

mathematical framework. Thence, dimensionality reduction became important in many do-

mains due to it facilitates, classification, visualization, and compression of high-dimensional

data. Besides, reducing the feature space dimensionality allows to diminish irrelevant or

redundancy information, find out underlying data structures and obtain a graphical data

representation for visual analysis.

Traditionally, dimensionality reduction was performed using linear techniques, such as:

Principal Components Analysis (PCA), Linear Discriminant Analysis (LDA), and Mul-

tidimensional Scaling (MDS). However, these linear techniques cannot adequately handle

complex non-linear structured data. Therefore, in the last decade, a variety of non-linear

techniques have been proposed, many of which rely on the evaluation of local properties

of the data. Nonlinear Feature Extraction - NFE (also known as Nonlinear Dimensionality

Reduction - NLDR) is the search for intrinsically low-dimensional structures embedded non-

linearly in high-dimensional observations. The problem involves mapping high-dimensional

data into a meaningful representation of reduced dimensionality.

Given the diversity of methods for nonlinear dimensionality reduction that have emerged,

choosing a specific technique to analyze data that resides on manifold with nonlinear and

complex structures has become a difficult task. Hence, it is necessary to study thoroughly

each method to assess its effectiveness and performance. Motivated by the lack of a sys-

tematic comparison of nonlinear dimensionality reduction techniques, this work presents a

comparative study of the most important linear dimensionality reduction technique (Prin-

cipal Component Analysis - PCA), and some nonlinear feature extraction techniques. We

realize that there are other types of dimensionality reduction methods not related to manifold

learning, such as Neural Networks - NN, Gaussian Process Laten Variable Model - GPLVM,

Kernel PCA, among others. However, in the case of NN a large number of parameters to fix

are required, and the few prior user knowledge about the relevance of the inputs in the ana-

lyzed problem is a major concern. For NN it is necessary to choose an architecture (number



8 3 Comparative Analysis of Nonlinear Feature Extraction Techniques

of layers used in every stage, which can be difficult to determine) and this method requires

high processing time. Besides, in some cases the fixed parameters could lead to over-fit the

mapping. For the GPLVM there are free parameters related to the probabilistic distribution

that are difficult to tune for inexpert users. An finally for kernel methods such as Kernel

PCA, the influence of the chosen kernel and its parameters are difficult to determine in an

automatic way.

The goal of this work is not to be exhaustive, but to describe the simplest forms of a

few representative algorithms, to investigate to what extent novel nonlinear dimensionality

reduction techniques outperform the traditional PCA and to identify the inherent weaknesses

of the nonlinear techniques. For that reason, the algorithms are tested in both synthetic an

real-world datasets to evaluate the performance over different conditions. Two aspects were

taking into account to determine the performance of the methods: the computational load

(in seconds) and a measure of embedding quality.

In the following sections some of the most well known techniques for NFE based on

distance or topology preservation are related. Besides, a discussion around each one of

them is presented, which clarifies concepts, highlights the advantages and warning us about

potential problems of the techniques reviewed.

3.1. Dimensionality Reduction by Manifold Learning

A non-linear feature extraction problem (or non-linear dimensionality reduction problem)

can be formulated via manifold learning as follows: Let X ∈ Rn×p the input data matrix

with sample objects (xi : i = 1, . . . , n) , given in a metric space χ. Let us assume that the

set of sample objects is taken from a manifold M ⊂ χ ∈ Rp, that is, each observation xi
belongs to a low–dimensional structure. The goal is to provide a mapping f from M to

a low-dimensional Euclidean space Rm, being m � p. For this purpose, manifold learning

techniques should approximate the topology ofM, by using the introduced distance in order

to compute the mapping function f allowing to find the Y ∈ Rn×m output data matrix, with

(yi : i = 1, . . . , n) ∈ Rm, as can be seen in Figure 3-1.

f

Rm

y i

M

X

x i

Figure 3-1.: Dimensionality reduction by manifold learning
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3.1.1. Isometric Feature Mapping – ISOMAP

Isometric Feature Mapping (ISOMAP) is based on computing the low-dimensional represen-

tation of a high-dimensional data set that most faithfully preserves the pairwise distances

between input samples as measured along the manifold from which they were sampled. The

algorithm can be understood as a variant of classical Multi Dimensional Scalling - MDS. It

preserves the global geometric properties of the manifold as characterized by the geodesic

distances between faraway points . The geodesic distance can be approximated by adding up

a sequence of short hops between neighboring points. These approximations are computed

efficiently by finding shortest paths in a graph with edges connecting neighboring data points

[16]. The ISOMAP procedure consists of three steps. The first step determines which points

are neighbors on the dataset, based on the distances between pairs of points in the input

space X. These neighborhood relationships are represented as a weighted graph G over the

data points, with edges of weight dX(i, j) between neighboring points. The second step is

to calculate the geodesic distance by computing their shortest path distances between any

two points in the graph, which is a good approximation to the actual manifold distances.

Finally, from these manifold distances, construct a global geometry-preserving map of the

observations Y in low–dimensional Euclidean space, using multidimensional scaling. The

ISOMAP algorithm is presented below (Algorithm 1).

3.1.2. Discussion about ISOMAP

– The distinctive characteristic of the Isomap algorithm it is the way how it defines

the connectivity of each data point via its nearest Euclidean neighbors in the high-

dimensional space. This step is vulnerable to short-circuit errors if the neighborhood

is too large with respect to folds in the manifold on which the data points lie or if noise

in the data moves the points slightly off the manifold.

– Even a single short-circuit error can alter many entries in the geodesic distance ma-

trix, which in turn can lead to a drastically different (and incorrect) low-dimensional

embedding.

– The embedding cost for ISOMAP is dominated by the (geodesic) distances between

faraway inputs at the expense of distortions in the local geometry.

– This approach is capable of discovering the nonlinear degrees of freedom that underlie

complex natural observations. It is guaranteed asymptotically to recover the true

dimensionality and geometric structure of a larger class of nonlinear manifolds. These

are manifolds whose intrinsic geometry is that of a convex region of Euclidean space,

but whose geometry in the high-dimensional space may be highly folded, twisted, or

curved.
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Algorithm 1 – Isometric Feature Mapping

Require: Input data matrix X, number of neighbor k or radius ε, dimensionality of the

output space m.

1: Construct neighborhood graph. Define the graph Gx over all data points by connecting

points i and j (as measured by Euclidean distance dx(i, j)) if they are closer than a value

ε, or if i is one of the k nearest neighbors of j. Set edge lengths equal to dx(i, j).

2: Compute shortest–paths. Initialize the graph distances dG(i, j) equal to dx(i, j) if i, j

are linked by an edge, else dG(i, j) =∞. Repeat this process for all input samples, and

replace all entries dG(i, j) by

min
{
dG (i, j) , dG

(
i, k̂
)

+ dG

(
k̂, j
)}

(3-1)

where k̂ are intermediate points between i and j. The matrix of final values DG =

{dG(i, j)} will contain the shortest–path distances between all pair of points in Gx.

3: Construct m–dimensional embedding. Apply classical nonmetric MDS to the matrix

DG. MDS finds a configuration of m–dimensional feature vectors, corresponding to the

high–dimensional sample vectors of X, that minimizes the stress function

S = min
dijG

√√√√√√√
∑
i<j

(
dijY − d̂

ij
G

)2

∑
i<j

(
dijY
)2 (3-2)

where dijY = ‖yi − yj‖ is the Euclidean distance between feature vectors i and j in the

output space, and d̂ijG are some monotonic transformation of the graph distances dijG.

– For non–Euclidean manifolds such as a hemisphere or the surface of a doughnut,

ISOMAP still produces a globally suitable low–dimensional Euclidean representation.

– ISOMAP will not be applicable to every data manifold. However, ISOMAP is appro-

priate for manifolds with no holes and no intrinsic curvature.

– In practice, for finite data sets dG(i, j) may fail to approximate the actual geodesic

distance for a small fraction of points that are disconnected from the component of

the neighborhood graph. These outliers are easily detected as having infinite graph

distances from the majority of other points and can be deleted from further analysis.

– ISOMAP may be applied wherever nonlinear geometry complicates the use of PCA or

MDS.

– The scale–invariant parameter k is typically easier to set than ε, but may yield mislead-

ing results when the local dimensionality varies across the data set. When available,
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additional constraints such as temporal ordering of observations may also help to de-

termine neighbors.

– ISOMAP requieres a considerable amount of points for a suitable estimation of the

geodesic distance, but at the same time if the number of samples is very huge the last

step of the algorithm (classical MDS computation) can become intractable.

3.1.3. Locally Linear Embedding – LLE

Locally Linear Embedding (LLE) [12] is an unsupervised learning algorithm that attempts

to compute a low-dimensional embedding based on simple geometric intuitions, essentially,

nearby points in the high-dimensional space remain nearby and similarly co-located with

respect to one another in the low-dimensional space. Put another way, the embedding is

optimized to preserve the local configurations of nearest neighbors [19].

Let X be the input data matrix of size n×p, where the sample vectors xi ∈ Rp, i = 1, . . . , n

are given. Assume that there is sufficient data (such that the manifold is well-sampled), and

each data point and its neighbors to lie on or close to a locally linear patch of the manifold.

Each sample can be approximated as a linear combinations of their nearest neighbors [20]

and then be mapped to lower dimensional space (m,m ≤ p) which preserves data local

geometry.

The LLE procedure has three main steps: First, the k nearest neighbors per point are

searched, measured by Euclidean distance. Then, each point is represented as a weighted

linear combination of its neighbors, that is, calculate weights W that minimize the recon-

struction error

ε (W) =
n∑
i=1

∥∥∥∥∥xi −
n∑
j=1

wijxj

∥∥∥∥∥
2

, (3-3)

subject to an sparseness constraint wij = 0 if xj is not k−neighbor of xi, and an invariance

constraint
∑n

j=1wij = 1.

Now, considering a particular data point x ∈ Rp and its k nearest neighbors ηηηj, j =

1, . . . , k. It is possible to rewrite (3-3) as

ε =

∥∥∥∥∥
k∑
j=1

wj
(
x− ηηηj

)∥∥∥∥∥
2

, (3-4)

then

ε =

〈
k∑
j=1

wj
(
x− ηηηj

)
,

k∑
l=1

wl (x− ηηηl)

〉
. (3-5)

Let G the Gram matrix of size k × k with elements

Gjl =
〈(

x− ηηηj
)
, (x− ηηηl)

〉
, (3-6)
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then equation (3-5) can be written as

ε = w>Gw s.t.
k∑
j=1

wj = 1. (3-7)

Employing Lagrange theorem for minimizing (3-3), it is obtained that

2Gw = λ1, (3-8)

where 1 is a vector of size k × 1 (at least until something else is said), then

w =
λ

2
G−11, being λ =

2

1>G−11
. (3-9)

Finally, in the third step the input data are mapped to a low-dimensional space. Using

W, the low–dimensional output Y is found by minimizing (3-10)

Φ (Y) =
n∑
i=1

∥∥∥∥∥yi −
n∑
j=1

wijyj

∥∥∥∥∥
2

, (3-10)

subject to
∑n

i=1 yi = 0 and
∑n

i=1 yiy
>
i /n = Im×m, where Y is the output data n×m matrix

(being m ≤ p), and yi ∈ Rm is the output vector.

Let M =
(
In×n −W>) (In×n −W) ,, and rewriting 3-10 to find Y in the form

Φ (Y) = tr
(
Y>MY

)
s.t.

{
11×nY = 01×n
1
n
Y>Y = Im×m

(3-11)

It is possible to calculate m+ 1 eigenvectors of M, which are associated to m+ 1 smallest

eigenvalues. First eigenvector is the unit vector with all equal components, which is dis-

carded. The remaining m eigenvectors constitute the m embedding coordinates found by

LLE. The algorithm is presented below (Algorithm 2).

Algorithm 2 – Locally Linear Embedding

Require: X, k, m

1: Find the k nearest neighbors for each point xi, i = 1, . . . , n.

2: Compute the weight matrix W by minimizing (3-7).

3: Compute the output matrix Y by minimizing (3-11), calculating the m+ 1 eigenvectors

of M. Discard the first one.

3.1.4. Discussion about LLE

– This method requires to manually set up three free parameters, the number of near-

est neighbors k, the dimensionality of the embedding space m, and a regularization

parameter.
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– The number of nearest neighbors k has a great influence in the quality of the embed-

ding. For that reason is really important to find a suitable value for this parameter.

If k is set too small, the mapping will not reflect any global properties; if it is too

high, the mapping will lose its nonlinear character and behave like traditional PCA

[21]. The authors of LLE [22] suggest k = 2m, but this value for k can not be suitable

for unfolding every kind of manifolds.

– The results of LLE are typically stable over a range of neighborhood sizes. The size

of that range depends on various features of the data, such as sampling density, the

manifold geometry [22], and the noise in the signal.

– The algorithm can only be expected to recover embeddings whose dimensionality, m,

is strictly less than the number of neighbors k.

– When k > p some further regularization must be added to break the degeneracy, be-

cause the matrix G (3-6) does not have full rank. The choice of the regularization

parameter plays an important role in the embedding results. What is more, opti-

mal values for this parameter can vary over a wide range; it depends on particular

applications, which is partially explained by changes over input data scale [21].

– One of the courses that make LLE fail is that the local geometry exploited by the

reconstruction weights is not well–determined, since the constrained least square (LS)

problem involved for determining the local weights may be ill–conditioned.

– To determine the neighborhood an Euclidean distance can be carried out. Other

criteria, however, can also be used to choose the neighbors.

– The rows of the weight matrix W are constrained to sum one but may be either

positive or negative. One can additionally constraint these weights to be non–negative,

thus forcing the reconstruction of each data point to lie within the convex hull of its

neighbors. The latter constraint tends to increase the robustness of linear fits to

outliers. Nevertheless, it can degrade the reconstruction of data points that lie on the

boundary of a manifold and outside the convex hull of their neighbors.

– The intrinsic dimensionality m can affect the mapping quality. If m is set too high,

the mapping will enhance noise (due to the constraint (1/n) Y>Y = I); if it is set too

low, distinct parts of the data set might be mapped on top of each other.

– For estimating the dimensionality m of the output space it is possible to choose m by

the number of eigenvalues comparable in magnitude to the smallest non–zero eigenval-

ues of the matrix M. This procedure works only for contrived data. More generally,

there is not evidence of the reliability of this procedure.
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– Not all manifolds are suitable for LLE, even in the asymptotic limit of infinite data.

Manifolds that do not admite a uniformly continuous mapping to the plane are very

difficult to deal.

3.1.5. Laplacian Eigenmaps – LEM

Laplacian Eigenmaps (LEM) is a nonlinear dimensionality reduction technique based on

preserving the intrinsic geometric structure of the manifold.

Let X ∈ Rn×p the input data matrix with sample objects xi (i = 1, . . . , n). The goal is

to provide a mapping to a low-dimensional Euclidean space Y ∈ Rn×m, with sample vectors

yi, being m� p.

The LEM algorithm has three main steps. First, an undirected weighted graph G(V,E) is

built; where V are the vertices and E are the edges. In this case, there are n vertices, one for

each xi. Nodes i and j are connected by Eij = 1, if i is one of the k nearest neighbors of j (or

viceversa), being measured by means of the Euclidean distance [23]. The second step is to

construct a weight matrix W ∈ Rn×n. For this purpose, two variants can be implemented:

heat kernel or simple minded. In the heat kernel variant, if nodes i and j are connected,

then Wij = κ (xi,xj), being κ (·, ·) a kernel function, otherwise, Wij = 0. For the simple

minded option, Wij = 1 if vertices i and j are connected by an edge, otherwise, Wij = 0.

Given W, the graph Laplacian is defined as

Ln×n = D−W, (3-12)

where Dn×n is a diagonal matrix with elements Dii =
∑

jWji. Classically, each Dii is

called the degree of the vertex xi, which can be interpreted as a measure of the empirical

density of points around each sample. Intuitively, if xi and xj have a high degree of similarity,

as measured by W, then they lie near to one another on the manifold, thus, yi and yj should

be near to one another.

In the third step of LEM, it is necessary to minimize∑
ij

(yi − yj)
2Wij, (3-13)

under appropriate constrains. Minimize (3-13) incurs a penalty if neighboring points xi and

xj are mapped far apart. For any y, equation (3-13) can be rewritten as y>Ly (see [23]),

thence, the optimization problem of LEM is

arg min Y>LY

s.t Y>DY = I
, (3-14)

being I the identity matrix. The constraint Y>DY = I removes an arbitrary scaling factor

in the embedding, and the matrix D provides a natural measure on the vertices of the
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graph [23, 24]. Finally, the solution of (3-14) can be obtained finding the eigenvectors and

eigenvalues of the following generalized eigenvalue problem

LY:,l = λlDY:,l; (3-15)

where λl is the eigenvalue corresponding to the Y:,l eigenvector. Here, Y:,l represent the

l dimensional coordinate of the embedded space Y, with l = 1, ..., n. First eigenvector

is the unit vector with all equal components, the remaining m eigenvectors constitute the

m embedding coordinates found by LEM. The main steps of LEM are presented in the

Algorithm 3.

Algorithm 3 – Laplacian Eigenmaps – LEM

Require: X, k, m.

1: Built the undirected weighted graph G(V,E) over the data X. Nodes i and j are con-

nected by Eij = 1, if i is one of the k nearest neighbors of j (or viceversa), being measured

by the Euclidean distance.

2: Compute the weight matrix W, where Wij = κ (xi,xj) if nodes i and j are connected,

and being κ (·, ·) a kernel function, otherwise, Wij = 0.

3: Calculate the graph Laplacian L according to (3-12).

4: Solve the generalized eigenvalue problem (3-15) to find Y. First eigenvector is the

unit vector with all equal components, the remaining m eigenvectors constitute the

embedding.

3.1.6. Discussion about LEM

– The locality preserving character of the LEM algorithm makes it relatively insensitive

to outliers and noise.

– LEM, it is not prone to short circuiting, because only the local distances are used.

– LEM suffers from many of the same weaknesses as LLE, such as the presence of a

trivial solution that is prevented from being selected by a covariance constraint that

can easily be cheated on.

– LEM utilizes the proprieties of the Laplacian Beltrami operator to construct invariant

embedding map from the input manifold. But, even when such map have demonstrated

locally preserving properties they do not generally provide an isometric embedding.

– It is unclear how to reliably estimate the intrinsic dimensionality of the manifold.

– As LLE, the LEM method requires to manually set up free parameters, the number

of nearest neighbors k and the dimensionality of the embedding space m. The perfor-

mance of LEM could be affected by the value chosen for those parameters.
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– In the second step of the algorithm there are two variants to construct the weight

matrix W ∈ Rn×n, heat kernel or simple minded, and to choose one of them can affect

the results of the technique. Besides, in the heat kernel case, the parameters employed

by the kernel need to be set.

– Unlike other iterative techniques (such as MVU and ISOMAP), LEM has an ana-

lytic solution. Thereby, LEM requires lower computational load when dealing with

reasonable sample size, and it does not require a regularization process such as LLE.

– As long as the embedding is isometric, the representation will not change, due to LEM

is based on the intrinsic geometric structure of the manifold.

3.1.7. Maximum Variance Unfolding – MVU

Maximum Variance Unfolding - MVU (formerly known as Semidefinite Embedding - SDE)

[17] is building on earlier frameworks for analyzing high dimensional data that lies on or

near a low-dimensional manifold. MVU learns the kernel matrix by defining a neighborhood

graph on the data (as in Isomap) and retaining pairwise distances in the resulting graph

[25]. MVU is different from Isomap because the former explicitly attempts to unfold the

data manifold by maximizing the Euclidean distances between the datapoints, under the

constraint that the distances in the neighborhood graph are left unchanged (i.e., under the

constraint that the local geometry of the data manifold is not distorted). The resulting

optimization problem is solved using semidefinite programming.

Let X be the high–dimensional input matrix of size n×p, where the sample vectors xi ∈ Rp,

i = 1, . . . , n are mapped to a low–dimensional space, where the outputs {yi|yi ∈ Rm}ni=1,

and m� p.

The algorithm is based on a simple intuition. The inputs xi are virtually connected to their

k nearest neighbors by rigid rods. The MVU technique attempts to pull apart, maximizing

the total sum of their pairwise distances without breaking the rigid rods that connect nearest

neighbors. The outputs are obtained from the final state of this transformation.

Let ζij ∈ {0, 1} denote whether inputs xi and xj are k nearest neighbors. The output yi
from maximum variance unfolding are those that solve the following optimization

max
y

n∑
i=1

n∑
j=1

‖yi − yj‖2

s.t.

 ‖yi − yj‖2 = ‖xi − xj‖2 if ζij = 1
n∑
i=1

yi = 0

(3-16)

The optimization over the outputs yi is not convex, meaning that it potentially suffers

from spurious local maxima. Defining the inner product matrix K, whose elements are
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Kij = 〈yi,yj〉, the optimization as a semidefinite program (SDP) can be reformulated

max
y

tr (K) s.t.


Kii − 2Kij +Kjj = ‖xi − xj‖2 if ζij = 1
n∑
i=1

n∑
j=1

Kij = 0

K ≥ 0

(3-17)

The last constraint requires the matrix K to be positive semidefinite, then the SDP is

convex. We can derive outputs yi satisfying Kij = 〈yi,yj〉 by singular value decomposition.

A m–dimensional representation that approximately satisfies Kij ≈ 〈yi,yj〉 can be obtained

from the top m eigenvalues and eigenvectors of K.

3.1.8. Discussion about MVU

– A notable disadvantage of MVU is the time required to solve a semidefinite program

for n×n matrices. When the number of data points n is large (greater than 1000) this

solution require a very high computational load. As originally formulated, the size of

the SDP scales linearly with the number of observations n.

– MVU is flexible to be adapted to particular applications. For example the distance–

preserving constraints in SDP can be relaxed to handle noisy data or to yield more

aggressive results in dimensionality reduction [17].

– MVU assumes that the data manifold is sufficiently smooth and densely sampled that

it is locally approximately linear.

– MVU has a weakness similar to ISOMAP, short-circuiting may impair the performance

of MVU because it adds constraints to the optimization problem that prevent successful

unfolding of the manifold.

– The main weakness of the algorithm is to map new samples, because of the SDP

problem and the computational load related to solve that problem.

– In [26] is proposed a solution to reduce the time required for the algorithm. The

authors say that the full kernel matrix can be very well approximated by a product

of smaller matrices. Thence, they reformulate the semidefinite program in terms of

a much smaller sub-matrix of inner products between randomly chosen landmarks.

However, it is necessary to choose some free parameters, the number of landamarks,

the number of neighbors for the MVU procedure and the number of neighbors for the

LLE procedure that is done as a stage in the process.
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3.1.9. t - Stochastic Neighbor Embedding – t-SNE

t-Distributed Stochastic Neighbor Embedding (t-SNE) is a new technique for dimensionality

reduction that is particularly well suited for the visualization of high-dimensional datasets,

The t-SNE seeks a two-dimensional representation of the original n-dimensional data and

converts the Euclidean distance between two points into the probability of these two points

being neighbors [27]. This technique is a variation of the Stochastic Neighbor Embedding -

SNE method [28].

SNE starts by converting the high-dimensional Euclidean distances between data points

into conditional probabilities that represent similarities. The similarity between xj and xi
is the conditional probability (Pij), that xi would pick xj as its neighbor (in proportion to

their probability density under a Gaussian centered at xi). For nearby data points, Pij is

relatively high, whereas for widely separated data points, it will be almost infinitesimal.

t-Distributed Stochastic Neighbor Embedding or t-SNE aims to alleviate the problems of

the SNE technique such as the crowding and the time required to evaluate the density of a

point under a Gaussian. It uses a symmetrized version of the SNE cost function with simpler

gradients and it uses a Student-t distribution rather than a Gaussian to compute the simi-

larity between two points in the low-dimensional space [29]. The objective function of t-SNE

which needs to be minimized is the Kullback-Leibler divergence between the probabilities in

original space and mapped space, as follows

Γ(Y ) = DKL (P ‖Q) =
∑
i 6=j

Pij log
Pij
Qij,

(3-18)

where Pij are similarities of points xi and xj in the original space and Qij are similarities of

points yi and yj in low-dimensional space. Pij is typically given by

Pij =
exp

(
−‖xi − xj‖2/2σ2

)∑
k 6=l exp

(
−‖xl − xk‖2/2σ2

) (3-19)

where σ2 is the variance of the Gaussian that is centered on data point xi. The t-SNE attacks

the crowding problem by using the Student t-distribution with a single degree of freedom to

model the similarities in the mapped space

Qij =

(
1 + ‖yi − yj‖2)−1∑

k 6=l exp
(
1 + ‖yk − yl‖2)−1 , Qii = 0, (3-20)

being yi the low-dimensional counterpart of xi. The aim of the embedding is to match these

two distributions ((3-19) and (3-20)) as well as possible.

The variable σ is either set by hand or found by a binary search for the value that makes

the entropy of the distribution over neighbors equal to log k. Here, k is the effective number

of local neighbors or ”perplexity” and is chosen by hand. In the low-dimensional space is
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also used Gaussian neighborhoods but with a fixed variance (which we set without loss of

generality to be 1/√2).

Then, given the gradient of the t-SNE objective

∂Γ

∂yi
= 4

∑
j

(Pij −Qij) (yi − yj)
(
1 + ‖yi − yj‖2)−1

, (3-21)

the t-SNE optimization iteratively applies the following additive update rule

Y (t) = Y (t−1) + υ
δΓ

δY
+ γ(t)

(
Y (t−1) − Y (t−2)

)
, (3-22)

where Y =
[
y1 y2 · · · ym

]
, υ is the learning rate, and γ(t) is the amount of momentum

at the t-th iteration. The way how to select optimal υ and γ remains theoretically unknown.

Manually adjusting these parameters can be tedious and depends on the data to be visualized.

To facilitate the application of information visualization, a fixed-point algorithm is proposed,

that iteratively applies a multiplicative update rule, which requires no human labor in tuning

the parameters [28]. A simple version of the t-SNE algorithm proposed in [27] is presented

in Algorithm 4.

Algorithm 4 – Simple version of t-Stochastic Neighbor Embedding.

Require: X

Cost function parameters: perplexity Perp.

Optimization parameters: number of iterations T , learning rate υ, momentum γ(t).

1: Compute pairwise affinities pij with perplexity Perp, using (3-19)).

Set pij =
pji+pij

2n
.

Sample initial solution Y (0) = {y1, y2, . . . , yn}
2: Compute low-dimensional affinities qij (Equation (3-20))

3: Compute gradient δΓ
δY

, (Equation (3-21)).

Set Y (t) = Y (t−1) + υ δΓ
δY

+ γ(t)
(
Y (t−1) − Y (t−2)

)
,

3.1.10. Discussion about t-SNE

– t-SNE is capable of capturing much of the local structure of the high-dimensional data,

while also revealing global structure such as the presence of clusters at several scales.

– t-SNE reduces the dimensionality of data mainly based on local properties of the data,

which makes t-SNE sensitive to the curse of the intrinsic dimensionality of the data.

As a result, t-SNE might be less successful if it is applied on data sets with a very high

intrinsic dimensionality.

– The behavior of t-SNE when reducing data to two or three dimensions cannot readily

be extrapolated to m > 3 dimensions because of the heavy tails of the Student-t
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distribution. So, t-SNE might lead to m-dimensional data representations that do not

preserve the local structure of the data as well.

– An advantage of most state-of-the-art dimensionality reduction techniques (such ISOMAP,

LLE, and LEM) is the convexity of their cost functions. Otherwise, the major weak-

ness of t-SNE is that the cost function is not convex, as a result several optimization

parameters need to be chosen.

3.2. Final Considerations about NFE

– The principal advantages of the global approaches (such as ISOMAP and MVU) are

that they tend to give a more faithful representation of the data global structure, and

its metric-preserving properties are better understood theoretically.

– The local approaches have two principal advantages: computational efficiency, because

they involve only sparse matrix computations which may yield a polynomial speedup

and representational capacity, they may give useful results on a broader range of man-

ifolds, whose local geometry is close to Euclidean, but whose global geometry may not

be.

– All methods have in common tuning a free parameter: the number neighbors (usually

denoted by k), which has great influence on the quality of the resulting embedding, so

it is important to determine an appropriate value for that parameter.

– Obviously, the main problem of non-convex techniques (such as t-SNE), is that they

optimize non-convex objective functions, as a result of which they suffer from the

presence of local optima in the objective functions.

– Although LLE and LEM have the same philosophy, the advantage of LEM is that

not regularization process is needed. Besides, the analytic solution of LEM allows to

formulate frameworks to improve the performance of the technique and found different

applications.

– When convex optimization is necessary (such as in the MVU method) the computa-

tional load required for analyzing data is higher, therefore the applicability of this kind

of methodologies is constrained to small size datasets.

– t-SNE has three main weaknesses: First, it is unclear how t-SNE performs on general

dimensionality reduction tasks. Second the relatively local nature of t-SNE makes it

sensitive to the curse of the intrinsic dimensionality of the data. Finally, t-SNE is not

guaranteed to converge to a global optimum.
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3.3. Assessment Criteria of Embedding Quality

In visualization tasks the main objective is to map the data to a space (one, two or three

dimensions) that best preserve the data intrinsic structure. For this reason, when applying a

dimension reduction technique is important to establish a criterion to determine the quality

of the transformation and to assess whether the results are adequate. The simplest way to

evaluate the results of an embedding is through visual confirmation, however, this approach

is subjective and unreliable.
Thence, in order to objectively qualify the performance of the embedding results, we used

a measure of embedding quality called Preservation Neighborhood Error - PNE and denoted
by εq, which attempts to identify possible overlaps on the low-dimensional space [30]. It is
defined as

εq (X,Y) =
1

2n

n∑
i=1

 1

ki

ki∑
j=1

(
D(xi,ηηηj)

−D(yi,φφφj)

)2
+

1

knewi

knewi∑
j=1

(
D(xi,θθθj) −D(yi,γγγj)

)2

, (3-23)

where D is an normalized Euclidean distance to obtain a maximum value equal to one,

that is, computed distances are divided between the maximum distance. This normalization

allows us to compare distances of different spaces. For example D(xi,ηηηj) is the distance

calculated between the observation xi and each one of its ki neighbors ηηηj on the input space,

and D(yi,φφφj) is the distance between the observation yi and its neighbors φφφj on the output

space.

Once the embedding, for each point yi ∈ Rm a set βββ of k nearest neighbors is calculated,

and the projection φφφ of the set of points ηηη is found. The neighbors computed in βββ that are

not neighbors in ηηη conform a new set γγγ, that is γγγ = βββ − (βββ ∩ φφφ). The size of γγγ is knewi
.

Besides, the projections of the elements of γγγ in X conform the set θθθ of knewi
neighbors. These

sets can be shown in Figure 3-2.

Input space

h

xi

q

b

g

f

Output space

LLE

X Y

yi

Figure 3-2.: Input and output space neighbor sets

The first term in (3-23) quantifies the local geometry preservation. The k nearest neighbors
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of xi chosen on the high dimensional space X are compared against their representations in

the embedded space Y. The second term computes the error produced by possible overlaps

in the embedded results, which frequently occurs when the number of neighbors is strongly

increased, and global properties of the manifold are lost. In an ideal embedding εq (·) = 0,

it means that computed neighbors in the input space X are the same neighbors in the

output space Y, therefore points in the high dimensional space remain nearby and similarly

co-located with respect to one another in the low-dimensional space.

It is important to note that this measure can only be applied to those methodologies that

perform a local analysis of data, such as LLE, LEM, ISOMAP, MVU. In other words, these

methods have in common a parameter, number of nearest neighbors k.

3.4. Experimental Setup

For the comparative analysis of the different methods for NFE described in 3.1, we test

their perfomance on three synthetic datasets: Fishbowl, S-surface and Swiss Roll with Hole

(Figure 3-3), and three real-world databases: Duck, Frog and Maneki Neko images (Figure

3-4). In the following section (3.4.1) the description of each database is presented.

The parameters required by the methodologies were set as follows:

– The number of nearest neighbors for all the experiments is computed by the method-

ology called Local Number of Nearest Neighbors proposed in [31].

– The regularization parameter for the LLE algorithm is chosen according to the frame-

work proposed in [32].

– For the t-SNE technique, the perplexity value is set to 20.

– Particularly, for the MVU methodology the CSDP 6.1.0 toolbox was used to solve the

SDP problem.

– For visualization purposes, the output space dimensionality is set to m = 2 for the

artificial data sets, and m = 2 and m = 3 for the COIL-100 database.

Finally, the embedding quality is computed by the Preservation Neighborhood Error de-

scribed in Equation (3-23).

3.4.1. Databases

Synthetic datasets

The S-surface is an synthetic data set composed by n = 1000 objects in a three-dimensional

real-valued space (Figure 3.3(a)), it has non-uniform distribution in the embedding space.

The Swiss Roll with Hole is an synthetic data set composed by n = 1000 objects in a three
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dimensional real-valued space (Figure 3.3(b)), it has non-uniform distribution in the embed-

ding space. Unlike the S-surface, the Swiss roll with hole data set presents a discontinuity

(hole), which adds more difficulty to the embedding. Finally, the Fishbowl is an synthetic

data set composed by n = 1000 objects in a three dimensional real-valued space (Figure

3.3(c)), it has non-uniform distribution in the embedding space. The Fishbowl comprises a

sphere embedded in R3 whose top cap has been removed. In general, the purpose of this

data set is for visualization in a two-dimensional space, which allows to confirm whether the

embedding was correctly calculated.
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Figure 3-3.: Synthetic 3D datasets

COIL-100

The COIL-100 is a real world database that holds 72 RGB-color images for several objects

in PNG format. Pictures are taken while the object is rotated 360 degrees in intervals of 5

degrees. In this work, the following objects are used: Maneki Neko, Frog and Duck (Object

14, 28 and 74 respectively). The image size is 128× 128.We transform original color images

to gray scale, obtaining input spaces with n = 72 and p = 16.384. In Figure 3-4 are shown

some examples.

Figure 3-4.: Examples from COIL-100 dataset
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3.5. Comparison Results of Nonlinear Dimensionality

Reduction Techniques

3.5.1. Results on artificial datasets

The embedding results for the Swiss Roll with Hole, Fishbowl and S-surface datasets em-

ploying PCA, LLE, LEM, ISOMAP, MVU and t-SNE are shown in Figures 3-5, 3-6 and

3-7 respectively. In each one of them is possible to analyze visually the quality of the

low-dimensional representation. In addition, Table 3-1 presents the embedding quality for

the representations. Further, in Table 3-2 in Table 2-2 the computational load required by

each technique is presented, which was calculated on a computer with the following technical

specifications: Intel Core 2 Quad Processor, 2.66GHz, 2GB RAM memory, 64 bits operative

systems. The routines were programmed in Matlab R2010a.
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Figure 3-5.: Nonlinear Feature Extraction for the S-surface database

3.5.2. Results on real-world datasets

The embedding results for the objects: Maneki Neko, Frog and Duck, extracted from the

COIL-100 database are presented in 2-D and 3-D low-dimensional spaces. The 2-D low-

dimensional representations are shown in Figures 3-8, 3-9 and 3-10. Further, the 3-D

low-dimensional representations are shown in Figures 3-8, 3-12 and 3-13. Besides Table


