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Title in English
N-Koszul algebras, Calabi-Yau algebras and skew PBW extensions

Titulo en espanol

Algebras N-Koszul, algebras Calabi-Yau y extensiones PBW torcidas

Abstract: In the schematic approach to non-commutative algebraic geometry arises some
important classes of non-commutative algebras like Koszul algebras, Artin-Schelter regular
algebras, Calabi-Yau algebras, and closely related with them, the skew PBW extensions.
There exist some relations between these algebras and the skew PBW extensions. We give
conditions to guarantee that skew PBW extensions over fields are nonhomogeneous Koszul
or Koszul algebras. We also show that a constant skew PBW extension of a field is a
PBW deformation of its homogeneous version. We define graded skew PBW extensions,
study some properties of these algebras and showed that if R is a PBW algebra then a
graded skew PBW extension of R is a PBW algebra, and therefore, a Koszul algebra. As
a generalization of the above results, we prove that every graded skew PBW extension
of a finitely presented Koszul algebra is Koszul. Artin-Schelter regularity and the skew
Calabi-Yau condition are studied for graded skew PBW extensions. We prove that eve-
ry graded quasi-commutative skew PBW extension of an Artin-Schelter regular algebra
is an Artin-Schelter regular algebra and, more general, graded skew PBW extensions of
a finitely presented Auslander-regular algebra, are Artin-Schelter regular algebras. As a
consequence, every graded quasi-commutative skew PBW extension of a finitely presented
skew Calabi-Yau algebra is skew Calabi-Yau, and graded skew PBW extensions of a finitely
presented Auslander-regular algebra are skew Calabi-Yau. Since graded quasi-commutative
skew PBW extensions with coefficients in a finitely presented skew Calabi-Yau algebra are
skew Calabi-Yau, the Nakayama automorphism exists for these extensions. With this in
mind, we give a description of Nakayama automorphism for these non-commutative alge-
bras using the Nakayama automorphism of the ring of the coefficients.

Resumen: En el enfoque esquemético de la geometria algebraica no conmutativa surgen
algunas clases importantes de algebras no conmutativas como algebras de Koszul, algebras
Artin-Schelter regulares, adlgebras Calabi-Yau y, estrechamente relacionadas con estas, las
extensiones PBW torcidas. Existen algunas relaciones entre estas dlgebras y las extensiones
PBW torcidas. Nosotros damos condiciones para garantizar cuéles extensiones PBW tor-
cidas de un cuerpo son algebras no homogéneas de Koszul o algebras de Koszul. También,
mostramos que una extension PBW torcida constante de un cuerpo es una deformacion
PBW de su version homogénea. Definimos las extensiones PBW torcidas graduadas, estu-
diamos algunas propiedades de estas algebras y mostramos que si R es un algebra PBW,
entonces cada extension PBW torcida graduada de R es un algebra PBW, y por lo tanto un
algebra de Koszul. Como una generalizaciéon de los resultados anteriores, se demuestra que
cada extension PBW torcida graduada de un élgebra de Koszul finitamente presentada,
es un algebra de Koszul. La regularidad de Artin-Schelter y la condicion de Calabi-Yau
torcida se estudian para las extensiones PBW torcidas graduadas. Se demuestra que cada
extension PBW torcida cuasi-conmutativa graduada de un algebra Artin-Schelter regular
es un algebra Artin-Schelter regular, y més general, extensiones PBW torcidas graduadas



de un algebra finitamente presentada Auslander-regular, son algebras Artin-Schelter regu-
lares. Como consecuencia, cada extension PBW torcida cuasi-conmutativa graduada de un
algebra Calabi-Yau torcida finitamente presentada, es Calabi-Yau torcida, y las extensiones
PBW torcidas graduadas de un algebra Auslander-regular finitamente presentada son &l-
gebras Calabi-Yau torcidas. Dado que las extensiones PBW torcidas cuasi-conmutativas
graduadas con coeficientes en un algebra Calabi-Yau torcida finitamente presentada, son
Calabi-Yau torcidas, existe el automorfismo de Nakayama para estas extensiones. Con esto
en mente, damos una descripcién del automorphism de Nakayama para estas élgebras no
conmutativas, usando el automorphism de Nakayama del anillo de coeficientes.

Keywords: Skew PBW extensions, Koszul algebras, Artin-Schelter regular algebras, Calabi-
Yau algebras.

Palabras clave: Extensiones PBW torcidas, algebras de Koszul, dlgebras Artin-Schelter
regulares, algebras Calabi-Yau.
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Introduction

In the schematic approach to non-commutative algebraic geometry arises some important
classes of non-commutative algebras like Koszul algebras, Artin-Schelter regular algebras,
Calabi-Yau algebras (see for example (3|, [4], [5], [14], [26], [38], [76]), and closely related
with them, the skew PBW extensions (see [44], [46]). Koszul algebras were introduced by
Priddy in [63], later, Berger in [10] introduces a generalization of Koszul algebras, which are
then called generalized Koszul algebras or N-Koszul algebras, for N > 2 (2-Koszul algebras
coincide with Koszul algebras). Li in [50] defined the notions of generalized Koszul modules
and Koszul algebras in a similar way to the classical case. Phan in [59] and 60| defined
Koszul algebras for augmented algebras and R-augmented algebras. Regular algebras were
defined by Artin and Schelter in [3] and they are now known in the literature as Artin-
Schelter regular algebras. Calabi-Yau algebras were defined by Ginzburg in [26], and as a
generalization of them, were defined the skew (also named twisted) Calabi-Yau algebras.
These algebras and the relations between them, have been studied recently in several papers
(see also [84]):

(i) Berger and Marconnet in Proposition 5.2 of [12| show that if B = T'(V)/(R) is a
connected graded K-algebra (K a field) such that the space V of generators is concentrated
in degree 1, the space R of relations lives in degrees > 2, the global dimension d of B is 2
or 3, and that B is an Artin-Schelter regular algebra (the polynomial growth imposed by

Artin and Schelter is often removed and in fact, it is not necessary), then B is N-Koszul
if d = 3, and Koszul if d = 2.

(ii) Berger and Taillefer in Proposition 4.3 of [14] show that if B is a connected N-
graded Calabi-Yau algebra then B is an Artin-Schelter regular algebra. In Proposition 5.4
they prove that if B is an Artin-Schelter regular C-algebra of global dimension 3 (with
polynomial growth), then B is Calabi-Yau if and only if B is of type A in the classification
of Artin and Schelter given in [3].

(iii) Let K be a field of characteristic zero, V' be an n-dimensional space with n > 1,
w be a non-zero homogeneous potential of V' of degree N + 1 with N > 2, and B = B(w)
be the potential algebra defined by w (so that the space of generators of B is V). Berger
and Solotar in Theorem 2.6 of [13| prove that if the space of relations R (i.e. the subspace
of VOV generated by the relations d,(w), * € X) of B is n-dimensional, then B is 3-
Calabi-Yau if and only if B is N-Koszul of global dimension 3 and dimRy4+1 = 1, where
Ry =(R®V)N(V®R) CVeW+),

(iv) Let K be a field of characteristic zero, let V' be an n-dimensional space with

v
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n>1,let X = {x1,...,2,} be a fix basis of V. The subspace of tensor algebra T'(V)
generated by the commutators is denoted by [T'(V),T'(V))]. The elements of the vector
space Pot(V) =T(V)/[T(V), T (V)] are called potentials of V or potentials in the variables
x1,...,Ty. For any potential w of V, let I(0(w) : € X) denote the two-sided ideal
generated by all the cyclic partial derivatives of w. We say that the associative K-algebra
B = B(w) = T(V)/I(0;(w) : x € X) is derived from the potential w, or that it is the
potential algebra defined from w. Bocklandt, Schedler and Wemyss in [16], Theorem 6.8
proved that if B is an algebra defined by a skew potential w and B is N-Koszul, then B is
skew d-Calabi-Yau if and only if a certain complex defined from w (a bimodule version of a
complex previously considered by Dubois-Violette, [20]) is exact. Berger and Solotar in [13]
give a necessary and sufficient condition for that the homogeneous potentials w of degree
N + 1 in n variables is 3-Calabi-Yau, when the algebra B defined by the potential w is
N-Koszul of global dimension 3: Let w be a non-zero homogeneous potential of V' of degree
N +1 with N > 2, let B = B(w) be the potential algebra defined by w. Assume that B is
N-Koszul. Then B is 3-Calabi-Yau if and only the Hilbert series of the graded algebra B is
given by hp(t) = (1—nt+nt"¥ —tV+1) =1 ([13], Theorem 2.7). As an application, they study
skew polynomial algebras over non-commutative quadrics algebras: For any n > 2, let R
be a non-degenerate non-commutative quadric in n variables x1, ..., x, of degree 1, let z
be an extra variable of degree 1, let B be an algebra defined by a non-zero cubic potential
w in the variables 1, ..., x,, z. Assume that the graded algebra B is isomorphic to a skew
polynomial algebra R[z;o,0] over R in the variable z, defined by a 0-degree homogeneous
automorphism o of R and a 1-degree homogeneous o-derivation § of R. Then B is Koszul
and 3-Calabi-Yau ([13], Proposition 4.1).

(v) Reyes, Rogalski and Zhang in Lemma 1.2 of [75] show that if B is a connected graded
algebra, then B is graded skew Calabi-Yau if and only if B is Artin-Schelter regular.

(vi) In [90], Artin-Schelter regular algebras of dimension 5 generated by two generators
of degree 1 with three generating relations of degree 4 are classified under some generic
condition. There are nine types such Artin-Schelter regular algebras in this classification
list. Among them, the algebras D and G are given by iterated Ore extensions (see [90],
Section 5.2). The algebra D is skew Calabi-Yau with the Nakayama automorphism v given
by v(z) = p~3¢*x; v(y) = p3¢~*y. D is Calabi-Yau if and only if p, ¢ satisfy the system of
equations (see [51], Theorem 4.3):

p* =g,
2p* — p?q+ ¢* = 0.

The algebra G is skew Calabi-Yau with the Nakayama automorphism v given by v(z) = gx;
v(y) = g~ 'y. D is Calabi-Yau if and only if g = 1.

(vii) Zhou and Lu in [94] study and classify Artin-Schelter regular algebras of dimension
five with two generators under an additional Z?-grading by Hilbert driven Grobner basis
computations. All the algebras obtained there, are strongly noetherian, Auslander regular,
and Cohen-Macaulay.

(viii) Let K be a field, let n be an even natural number > 2, and let B be the associative
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K-algebra defined by generators x1,...,x, subject to the single relation
Z [‘Thxi-i-%] =v+ )‘7
1<i<2

where the bracket stands for the commutator, v is a linear combination of the x;’s, and
A € K. Then the filtered algebra B is Koszul. Furthermore B is 2-Calabi-Yau if and only
if v =0 (see |11], Theorem 6.4).

(ix) For an Artin-Schelter Gorenstein algebra B, the homological determinant, denoted
hdet, is a homomorphism from the graded automorphism group GrAut(B) of B to the
multiplicative group K\ {0}, generalizing the usual determinant of a matrix. For the
precise definition, we refer to [37]. Let R be a Koszul Artin-Schelter regular algebra of
global dimension d, with Nakayama automorphism v. Let B = R[z1,...,zy;01,...,0,] be
an iterated skew polynomial ring (see [27], page 23-24), with o; graded. B is Calabi-Yau
if and only if o109 - 0, = v and (hdeto;) =1 for all i (see [95], Theorem 4.6).

Other authors have studied some properties of algebras constructed from Koszul Artin-
Schelter regular algebras. For example He, Van Oystaeyen and Zhang in [33] show that for
a Koszul Artin-Schelter regular algebra R with Nakayama automorphism v, the Yoneda
Ext-algebra of the skew polynomial algebra R[z;v] is a trivial extension of a Frobenius
algebra. Then they prove that R|[z;v] is Calabi-Yau and hence each Koszul Artin-Schelter
regular algebra is a subalgebra of a Koszul Calabi-Yau algebra. A super potential w is
also constructed so that the Calabi-Yau algebra R][z;v] is isomorphic to the derivation
quotient of w. The Calabi-Yau property of a skew polynomial algebra with coefficients in
a PBW-deformation of a Koszul Artin-Schelter regular algebra is also discussed.

Suppose ¢ : R — R is a graded algebra automorphism and 6 : R(—1) — R is a graded
o-derivation. If B := R]z;0,0] is the associated Ore extension, then B is a skew PBW
extension. In this case we have B = Rlz;0,0] = o(R)(x) (see [24], Example 5). Some
properties are preserved by Ore extensions, for example:

e [f R is a connected graded algebra then B is a connected graded algebra.
e If R is homologically smooth, then so is B (see [51], Proposition 3.1).
e R is Koszul if and only if B is Koszul (see [61], Corollary 1.3).

o Let R=K(zy,...,2,)/{f) where f = (z1,...,2,)M(z1,...,2,) and M is an n x n
matrix. Then R is Calabi-Yau of dimension 2 if and only if M is invertible and anti-
symmetric (see [32], Corollary 1). Let ¢ be a graded derivation of the free algebra
K{z1,...,2,) of degree 1. If §(f) = 0, then § induces a graded derivation § on R.
Let B = R[z;6] be the Ore extension of R defined by the graded derivation . Then
B is a graded Calabi-Yau algebra of dimension 3 (see [34], Proposition 1.3).

e If R is a skew Calabi-Yau projective K-algebra of dimension d with Nakayama au-
tomorphism v, then B is skew Calabi-Yau of dimension d 4+ 1 and the Nakayama
automorphism v/ of B satisfies that V|/R = o 'vand V/(2) = uz + b, with u,b € R
and u invertible (see [51], Theorem 3.3).
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e Let R be a Koszul Artin-Schelter regular algebra of global dimension d with the
Nakayama automorphism v. Then B = R|[z;v]| is a Calabi-Yau algebra of dimension
d+ 1 (see [33], Theorem 3.3).

e Let R be a skew Calabi-Yau algebra of dimension d with Nakayama automorphism
v, then R[z;v] and R[z*!;v] are Calabi-Yau algebras of dimension d + 1 (see 28],
Theorema 1.1 and Remark 5.1). Furthermore, if R[x;v] is Calabi-Yau then R[z*!;v]
is Calabi-Yau (see [28], Corollary 5.5).

In the current literature there are not explicit relations between Artin-Schelter regular
algebras, N-Koszul algebras or Calabi-Yau algebras with the skew PBW extensions defined
in [24], and recently studied in many papers from a homological and constructive approach

(see [1], [2], |23], [25], [43], [44], |45], [67], [68], [69], [7O], |72], [73], [74], [89]).

In the present monograph we want to analyze the skew PBW extensions from the
non-commutative algebraic-geometric point of view induced by Koszulity, Artin-Schelter
regularity and the skew Calabi-Yau condition.

In Chapter 1 we give some definitions and elementary properties of skew PBW exten-
sions. We also define some special subclasses of skew PBW extensions and classify most
of the known examples according to these subclasses. The new results of this chapter
are in Subsection 1.2.2 where the skew PBW extensions are classified in a very important
subclasses. In Chapter 2 we present some properties of skew PBW extensions with the
filtration and graduation defined in [45|. Later, we define a more general graduation of
skew PBW extensions, give some examples and study some general properties of graded
skew PBW extensions. The main results of the second chapter are Theorem 2.2.1, Coro-
llary 2.3.14 and Theorem 2.3.22. The graded skew PBW extensions defined here are one
of the main tools of the present thesis. In Chapter 3 we study the Koszulity for skew
PBW extensions. We study the Koszul property for skew PBW extensions over fields and
the Koszul property for graded skew PBW extensions. The new results here are Corol-
lary 3.1.14, Theorem 3.1.15, Example 3.1.17, Example 3.1.18, Proposition 3.1.26, Theorem
3.2.5, Corollary 3.2.7, Example 3.2.8, Remark 3.2.9, and Theorem 3.2.17. In Chapter 4
we investigate the Artin-Schelter regular property and the skew Calabi-Yau property for
graded skew PBW extensions, and we present a description of the Nakayama automor-
phism of graded quasi-commutative skew PBW extensions over finitely presented skew
Calabi-Yau algebras, taking into account the Nakayama automorphism of the ring of co-
efficients. The results in this final chapter are Theorem 4.1.2, Theorem 4.1.3, Theorem
4.2.8, Example 4.2.9, Example 4.2.10, Theorem 4.3.3, Example 4.3.4 and Example 4.3.5.



CHAPTER 1

Skew PBW extensions and preliminaries

In this chapter we recall some definitions and elementary properties of skew PBW exten-
sions; in addition, we will introduce some sub-classes of them: constant, pre-commutative
and semi-commutative. Examples of these sub-classes are presented. The new results in
this chapter are in Subsection 1.2.2. For more details and to check other recent properties
related to skew PBW extensions, see [1], [2], [23], [25], [43], [44], [45], [67], [68], [69], [70],
[72], [73], [74], [89].

1.1 Definition and basic properties

Definition 1.1.1. Let R and A be rings. We say that A is a skew PBW extension of R
if the following conditions hold:

(i) RC A;

(ii) there exist finitely many elements x1, ..., x, € A such that A is a left free R-module,
with basis the set of standard monomials

Mon(A) := {z* ==z - 28" | a = (a1, ..., a,) € N}
Moreover, 29 --- 2% := 1 € Mon(A).

(iii) For each 1 <i <mn and any r € R \ {0}, there exists an element ¢;,, € R \ {0} such
that
xir — ¢iyT; € R. (1.1.1)

(iv) For 1 <i,j <n there exists ¢; ; € R \ {0} such that
T;T; — G jT;T5 € R+ Rx1+ -+ Rx,. (112)
Under these conditions we will write A = o(R){(x1,...,xp).

Remark 1.1.2. Skew PBW extensions are a generalization of PBW extensions. PBW
extensions were defined by Bell and Goodearl in [9]. Let R and A be rings. It is said that
A is a Poincaré-Birkhoff- Witt extension of R, noted PBW, if the following conditions hold:

1



CHAPTER 1. SKEW PBW EXTENSIONS AND PRELIMINARIES 2

(i) R C A.

(ii) There exist finitely many elements x1, ..., 2, € A such that A is a left R-free module
with basis

Mon(A) := Mon{xz1,...,z,} = {z* = 2" - 22" |a = (o, ..., 0p) € N}

In this case it is also said that A is a ring of a left polynomial type over R with
respect to {z1,...,x,} and Mon(A) is the set of standard monomials of A. Moreover,
2y 2) i=1¢€ Mon(A).

(iii) a;r —rz; € R, for each r € R and 1 <i <n.
(iv) zjzj —zjz; € R+ Rxy + -+ - + Ray, for any 1 < i,j < n.
Remark 1.1.3 ([24], Remark 2). Let A = o(R)(x1,...,zy) be a skew PBW extension.

(i) Since Mon(A) is a left R-basis of A, the elements ¢; , and ¢; ; in Definition 1.1.1 are
unique.

(i) If r =0, then ¢; o = 0. In Definition 1.1.1 (iv), ¢; ; = 1. This follows from a:lz—c”xf =
50 + 8121 + - -+ + Sy, With s; € R, which implies 1 —¢;; =0 = s;, for 0 < j < n.

(ili) Let ¢ < j. By (1.1.2) there exist elements ¢; ;,¢; j € R such that z;2; —c¢;,xj2, € R+
Rx1+---+ Rz, and vz, —¢; jr;25 € R+ Rxy+---+ Rx,, and hence 1 = ¢j;¢; ;, that
is, for each 1 <@ < j < n, ¢; ; has a left inverse and ¢;; has a right inverse. In general,
the elements ¢; ; are not two-sided invertible. For instance, z1x2 = co 12271 +p =
co1(c1 22122 + q) + p, where p,qg € R+ Rz + -+ - 4+ Rxy, so 1 = ¢g,1¢1 2, since x1x9 is
a basic element of Mon(A). Now, zoz1 = ¢1 22122 + ¢ = c12(c2 12221 + p) + ¢, but
we cannot conclude that ¢ 2c2 1 = 1 because zoz is not a basic element of Mon(A).

(iv) Each element f € A\ {0} has a unique representation as f = ¢; X1 +- - -+ ¢ Xy, with
¢i € R\ {0} and X; € Mon(A) for 1 < <t

If B is a ring and o is a ring endomorphism ¢ : B — B, a o-derivation § : B — B
satisfies by definition §(r + s) = d(r) + d(s), and §(rs) = o(r)d(s) + d(r)s for all r,s € B.

Proposition 1.1.4 (|24], Proposition 3). Let A be a skew PBW extension of R. For
each 1 < 1 < n, there exists an injective endomorphism o; : R — R and a o;-derivation
d; : R — R such that

T = o4(r)z; + 0;(r), r € R. (1.1.3)

Proof. For every 1 < ¢ < n and each r € R we have elements ¢;,,r; € R such that
x;ir = ¢ px;+1i; since Mon(A) is an R-basis of A, ¢;, and r; are unique for r, so we define
0i,0; : R = R by o4(r) := ¢;r, 0;(r) := r;. We can check that o; is a ring endomorphism
and ¢; is a oy-derivation of R, i.e., 0;(r+7") = 0;(r)+38;(r") and §;(rr’) = oy (r)d;(r")+6;(r)r,
for any r,r’ € R. Moreover, by the Definition 1.1.1-(iii), ¢;, # 0 for 7 # 0. This means
that o; is injective. O

The notation o(R)(x1,...,x,) and the name of the skew PBW extensions are due to
Proposition 1.1.4.
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Definition 1.1.5. Let A be a skew PBW extension of R, ¥ := {o1,...,0,} and A :=
{61,...,0n}, where o; and §; (1 <1i <n) are as in Proposition 1.1.4.

(a) A is called pre-commutative if the conditions (iv) in Definition 1.1.1 are replaced by:
For any 1 <i,j < n, there exists ¢; ; € R \ {0} such that

T;T; — G jT;T5 € Rx1 4+ -+ Rxy,. (114)

(b) A is called quasi-commutative if the conditions (iii) and (iv) in Definition 1.1.1 are
replaced by

(iii’) for each 1 <i <nandall 7 € R\ {0}, there exists ¢;» € R \ {0} such that
TiT = Cj pTi; (1.1.5)
(iv’) for any 1 < 1,7 < n, there exists ¢; ; € R \ {0} such that
TjT; = C; jT;T; (1.1.6)
(c) Ais called bijective, if o; is bijective for each o; € ¥, and ¢; ; is invertible for any
1<i<ji<n.
(d) If o; = idg for every o; € X, we say that A is a skew PBW extension of derivation
type.

(e) If 6; = 0 for every §; € A, we say that A is a skew PBW extension of endomorphism
type.

(f) Any element r of R such that o;(r) = r and J;(r) = 0 for all 1 < i < n, will be called
a constant. A is called constant if every element of R is constant.

(g) A is called semi-commutative if A is quasi-commutative and constant.

Definition 1.1.6 ([24], Definition 6). Let A be a skew PBW extension of R with endo-
morphisms o, 1 < i < n, as in Proposition 1.1.4.

(i) For a = (aq,...,00) € N", 0% := of" - 00", o] == a1+ -+ ap. If f =
(B1y.-.,Bn) € N* then a+ 5 := (a1 + B1,. .., Qn + Bn).

(ii) For X =z € Mon(A), exp(X) := a and deg(X) := |a|. The symbol > will denote
a total order defined on Mon(A). For an element z* € Mon(A), exp(z®) := a. If
z® = 2P but 2 # 28, we write 2* = 2P f f=e1 X1+ -+ X, €A, ¢, €R \ {0},
with X > -+ > X, then Im(f) := X is the leading monomial of f,lc(f) := ¢ is the
leading coefficient of f,1t(f) := c1 X7 is the leading term of f, exp(f) := exp(X1) is
the order of f, and E(f) := {exp(X;) | 1 <i <t}. Finally, if f = 0, then Im(0) := 0,
lc(0) := 0, 1t(0) := 0. We also consider X > 0 for any X € Mon(A). For a detailed

description of monomial orders in skew PBW extensions, see [24], Section 3.

(iii) If f is an element as in Remark 1.1.3 (iv), then deg(f) := max{deg(X;)};_;.

Skew PBW extensions can be characterized as the following proposition shows.
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Proposition 1.1.7 ([24], Theorem 7). Let A and R be rings that satisfy the conditions (i)
and (ii) of Definition 1.1.1. A is a skew PBW extension of R if and only if the following
conditions are satisfied:

(a) for each x® € Mon(A) and all 0 # r € R, there exist unique elements rq 1= oc®(r) €
R\ {0}, par € A such that

zr = 1o + Par, (1.1.7)
where po,r =0 or deg(pa,r) < |a| if payr # 0. If r is left invertible, so is rq.

(b) For each z%,2° € Mon(A) there exist unique elements co 5 € R and pag € A such
that
P = o 529 4 pog, (1.1.8)

where cq g s left invertible, po.g =0 or deg(pa.g) < |o+ B| if pag # 0.

Proof. =) We divide the proof of (a) in three steps.
Step 1. For each 1 < ¢ <n, 0#r € R and for every k € N,

xfr = rka:f + Pk,

where 7y, 1= o] k(ry e R —{0}, prr € A and py, = 0 or deg(pg,) < k. Moreover, if r is
left invertible, then 7 is left invertible. In fact, we will prove this by induction on k: for
k = 0 we have rg = o?(r) = r and pg, = 0; for k = 1 we have z;7 = o;(r)z; + &;(r), so
r1 = 0;(r) # 0 and py , = 0;(r), with §;(r) = 0 or deg(d;(r)) = 0 < 1 (if r is left invertible,
then o;(r) is left invertible). By induction we have xf“r = zzbr = z;(rga® + pry),
where 7, = o¥(r) € R — {0}, prr € A, prr = 0 or deg(pg,) < k (if 7 is left invertible,
then rp, is left invertible) So, a;kHT = (zirp)oF + Tiprr = (0i(rg)x; + 0 (1)) + TiPkr
= 0i(rg)z; ML 55 (re )b + 2k Note that 7441 1= 0;(rg) = 04 (o (r)) = O'k+l( ) # 0 since
ry #Z 0 and 0; is injective; moreover, pyy1, = 0; (re)zk + zipg,r = 0 or deg(prt1,) < k+1
since py » = 0 or deg(z;pi,r) < k < k+1 (if ry, is left invertible, then o;(ry) is left invertible).

Step 2. We complete the proof by induction on the number of variables involved in z®.
For one variable only, the proof is the content of the step 1. Then, z%r = z{* .- 28rr =
(@) = a2 (Pan T8O + Doy ), With 1, = 027 (r) # 0 and pq, » € A,
Panr = 0 or deg(pa, r) < an (if 7 is left invertible, then 74, is left invertible). So by
induction

Q,, al QAn—1 @ [e%1 Qn—1
% = (2w e, )T 2 2" Pag
. (e %] Qn—1 a (e%1 Qn—1
_(Tocxl nnl +Q<x7’an) nn+x1 nnl Pan,r
= ot 20 T T + Doy
o
=Taql +pa,7“7
Qn—1 o (o751 QAn—1 o : :
where ro = o7 - 0," 7 (Ta,) = (07" 0, "7 ogm)(r ) ( ) # 0 (by induction and
Qp—1

since 1o, # 0), qare, € A and po, = Gar,, 0" + 27 L Panr € A (if rq,, is left
invertible, then r, is left invertible); note that p, , = 0 or deg(pa p) <lal=ar 4+ 4+ ay
since pq,,,» = 0 or deg(pa,, ) < o, and, qar,, = 0 or deg(qa,r,, ) < @1 + -+ + Q1.

Step 3. Since Mon(A) is R-basis for A, then r, and p,, are unique.
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Now we will consider the proof of (b). We divide the proof also in three steps.
Step 3.1. We will prove first that for ¢ < j and k,m >0

2R = g ah + prom,
with ¢, € R left invertible, pym € A, prm = 0 or deg(pk,m) < k + m. For this, we will
use double induction, on k£ and on m. For k = 0 we have cg ,, := 1, pg,m = 0.

k= 1: For ¢ < j and m > 0 we will prove by induction on m that
T = CLm T+ P1m,

with ¢1 ., € R left invertible, py ,,, € A, p1,m = 0 or deg(p1,m) < 1+m. Form =0, ¢19 =1,
p1o = 0. Let m = 1, then zjz; = ¢; jx;x; +p11, with ¢; ; € R left invertible (see Definition
1.1.3-(iv)), p11 € A, p1,1 = 0ordeg(p1,1) <1 < 14+1. Now we use the induction hypothesis,
SO x]mer = xjr]'x; = (C1,m@]"Tj+D1,m)Ti, With ¢1, € R left invertible, p1,, € A, p1m =
0 or deg(p1,m) < 1+ m. Then, z;x] m+1 = L@ ;T + P1LmTi= CLm @) (G T + i) +
PLmTi = CLmT] CijTi%5 + CLm@] P11 + PLmTi= CLm (Tm@]" + Pmoe, ;) TiTj + CLm@] P11 +
P1,mTi, where 7, € R is left invertible since ¢;; is left invertible (part (a)); moreover
Pmci; € A, Pme;; = 0 or deg(pm,e, ;) < m. Hence, x;x; = cl,m_i_l:z::.n"'lxj + P1,m+1, with
Clm+1 = CLmTm € R left invertible, py mi1 1= 1 mPm.c; ;TiTj + CLm®{"P11 + P1mTi € A,
P1m+1 = 0 or deg(p1m+1) < m+1 < m+ 2. This completes the proof for k = 1.

k+ 1: x?“x;” = :Ejzz:fxzn = :Ej(Ckml‘Zn$§ + Phkm), With ¢, € R left invertible,
Phkm € A, Pim = 0or deg(pg m) < k+m. Thus, x?“a:;n = (a:jck,m)a:gnx?—ka:jpk,m: (rz;+
Dl,cx m)xmznk + xjpkm, with 71 € R left invertible, p1, , = 0 or deg(p1,,,) < 1; then,

x;c—}—lxm — Tlxjx LZ' +p1 \Ck, me € ‘HU]pk m — 741(01 mx T +p1 m)x +p1 \Ck, mLy; x?"i_xipk,m;
by induction ¢y, G R is left 1nvert1ble Pim € A, D1 = 0 or deg(p1 m) < 1+ m, hence
m?“xzm = Clt1, ma:ma:kH + Prt1,ms With cpy1m = 71C1m € R left invertible, pypy1,m =

rlplvmxj + D1k m i a:J + Zipkm € A, Pry1m = 0 or deg(Ppr1m) < k+m < k+1+m.
This complete the step 1.

Step 3.2. The proof is done by induction on the number of variables involved in = or
28, If * and 2® include only one variable, then we apply the step 1. So by induction we
assume that (1.1.8) is true when the number of variables of 2 or 2% is <n — 1.

Then,

T xﬁ—:rl R Bl"-xﬁnz(xi”- xe :Efl) B2 "ZL’B”
(cla:11+61 5%y 4 p1)(zy 2. 2P | € R left invertible,
p1 € A,pp =0 or deg(p1)<oz1+~~+ozn+,31§]a—l—ﬁ\

=er (! Phagt ) (g ) i g

261(6233?14_&1';24_6233%”4-5” +p2)+p1$2 xﬁn’
co € R left invertible, po € A, ps =0 or
deg(pa) <o+ B1+ag+ - +an+ B2+ + B =|a+ B

=ca 52" + pa,s,
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with co 3 = cico € R, left invertible, p, g := cip2 +p1x§2-~xg” € A, pap = 0or
deg(pa,s) < |o+ B].
Step 3.3. Since Mon(A) is R-basis for A, then ¢, , and p,,, are unique.

<) The condition (iii) of the Definition 1.1.1 is a particular case of (1.1.7), and the
condition (iv) is a particular case of (1.1.8), thus (a) and (b) implies that A is a skew BBW
extension.

O

Remark 1.1.8 ([24], Remark 8). (i) A left inverse of co,5 Will be denoted by ¢, 5. We
observe that if & = 0 or 8 =0, then ¢, 3 = 1 and hence cfxﬁ =1.

(i) Let 0,7, € N" and ¢ € R, then we have the following identities:

0 _
0%(Cy,8)C0y+8 = Co/CO+v,B

007 ())ct, = co10™(0).
In fact, since 2?(272%) = (2%27)2, then

xe(cv,ﬁﬂJrﬁ +py8) = (c(;,,a;‘”r“f + pe’,y)gcﬁ7
0%(cy,8)c0152" TP+ p = g 014,527 g,

with p = 0 or deg(p) < |# +~ + 8], and, ¢ = 0 or deg(q) < |0 + v + B|. From this we get
the first identity. For the second, %(z7¢) = (2%27)c, and hence

xe(‘ﬂ(c)f/ + Pye) = (CG,“/“TH’Y + Py,

o%(o7(¢))co 2T + p = g0t ()29 + g,

with p = 0 or deg(p) < |6 + 7|, and, ¢ = 0 or deg(q) < |# + y|. This proves the second
identity.

(iii) We observe if A is quasi-commutative, then from the proof of Proposition 1.1.7 we
conclude that p,, = 0 and p, 3 = 0 for every 0 # r € R and every o, 3 € N". On the
other hand, we note that the evaluation function at 0, i.e., A - R, f € A— f(0) € R, is
a ring surjective homomorphism with kernel (z1,...,z,) the two-sided ideal generated by

Z1y...,Tpn. Thus, A/(z1,...,2,) = R.

(iv) From the proof of Proposition 1.1.7 we also get that if A is bijective, then ¢, g is
invertible for any «, 8 € N,

A natural and useful result that we will use later is the following property.
Proposition 1.1.9 ([45], Proposition 1.7). Let A be a bijective skew PBW extension of
a ring R. Then, Ag is free with basis Mon(A).

Proof. First, note that Ag is a module where the product f-r is defined by the multiplica-
tionin A: f-r:= fr, f € A, r € R. We prove next that Mon(A) is a system of generators
of A. Let f € A, then f is a finite sum of terms like 7z, with r € R and x® € Mon(A), so
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it is enough to prove that each of these terms is a right linear R-combination of elements of
Mon(A). From Proposition 1.1.7, rz® = 2%~ %(r) — pa,g—a(r), With deg(py s-a() < |
if po,o—a(r) # 0, so by induction on |a| we get the result.

Now we will show that Mon(A) is linearly independent: let z%'r; + - 2%r; = 0, with
x> - =z for the total order = on Mon(A) defined in the previous remark, then
o™ (rl)xal + Payy Tt ot (Tt)$at + Payre = 0, with deg(pai,ri) < |az| if Pa;,r; # 0,
1 < ¢ < t; hence, 0*'(r1) = 0 and from this 1 = 0. By induction on ¢ we obtain the
result. O

1.2 Examples and classification

From now on, and if not stated otherwise, we fix the following notation: K is a field,
K is a commutative ring with unity, all algebras are K-algebras, vector spaces are K-
vector spaces and ® is ®k. In [24], [45] and [65] are presented a considerable number of
examples of quasi-commutative, bijective, or skew PBW extensions of derivation type and
endomorphism type. These examples include algebras of interest for modern mathematical
physicists such group rings of polycyclic-by-finite groups, Ore algebras, operator algebras,
diffusion algebras, some quantum groups, quadratic algebras in three variables, and 3-
dimensional skew polynomial rings. In this section we present some of these examples and
others that are important in the remainder of this paper. We also classify these examples
according to Definition 1.1.5. The examples of this section and their classification can also
be found in [88|.

1.2.1 General examples

In [45] are presented some particular examples of skew PBW extensions. These examples
are classified as: PBW extensions, Ore extensions of bijective type, operator algebras,
diffusion algebras, quantum algebras, quadratic algebras in three variables, etc. Here we
present a list of those examples and some other examples, including a brief description of
them.

Example 1.2.1. Classical polynomial ring. A = R|t1,...,t,] is the classical polynomial
ring , so t;r —rt; = 0 and t;t; — t;t; = 0, for any r € R and 1 <4, < n. The R-free basis
is Mon(A).

Example 1.2.2. Ore extensions of bijective type. The ring A = R[x;0,0] is the noncom-
mutative polynomial ring with product defined by xr = o(r)z + (r), where o : R — R is
an injective endomorphism of R and § is a o-derivation of R, i.e., §(r +1') = 6(r) + 6(r')
and 0(rr’) = o(r)o(r') + 6(r)r’, for any 7, 7' € R. The R-free basis is {z!|l > 0}. We
have R[z;0,0] = o(R)(x). More generally we can consider the iterated Ore extension
R[z1;01,01] - - [Tn; 00, On] where oy, §; are defined on R[zq;01,01] - [Ti—1;0i-1,0i—1], i.e.,

0i, 0t Rlx1;01,01] -+ [wiz1;0i-1,0i—1] = R[z1;01,61] -+ [Ti—15 041, 0i—1].

The iterated Ore extension is of bijective type if the following conditions hold:

1. for 1 <1 < n, g; is bijective;
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2. for every r € R and 1 <1i <mn, g;(r), §;(r) € R;
3. fori < j, oj(x;) = cx; + d, with ¢,d € R and ¢ has a left inverse;

4. for i < 7, 5j(l‘i)€R—|—Rl‘1—|—"'—|—Rl‘n,

then R[z1;01,01] - [xn;0n,0,] is a bijective skew PBW extension. Under these con-
ditions we have R[x1;01,01] - [Tn;0n,0n] = o(R)(x1,...,2,). A particular case are
the iterated skew polynomial ring (see [27], page 23-24), i.e., the iterated Ore exten-
sion R[z1;01,01] - [Tn;0n,0n] such that the following conditions hold: o;(z;) = z; ,

Jg<i di(zj) =0,j < o005 =050, 1 <45 <n; 005 = 656, 1 < i,j < n;
0;0; = 0504, 1 <i# j<mn; forl<i<n,o;is bijective. From these rules we get that
riv; = w2, 1 <4, <n, 0;(R) C Rand 6;(R) CR,1<i<n.

Example 1.2.3. Weyl algebra and extended Weyl algebra. The Weyl algebra
Ap(K) = Kt1,...,tn][x1,0/0t1] - - [xn,0/0ty] is an Ore extension. Note that, z;p =
px; + Op/0ti, xix; — xjx; = 0, for any p € K[ty,...,t,] and 1 < i,5 < n. So, A,(K) =
o(K[t1,...,tn]){(x1...,2p). Let K(ty,...,t,) the field of fractions of Klt,...,t,], then
extended Weyl algebra B, (K) = K(t1,...,t,)[z1,0/0t1] - - [xn, 0/0t,] is also a skew PBW

extension.

Example 1.2.4. Jordan plane. The Jordan plane A is the free algebra generated by z,y
and relation yr = zy + 22, so A = K(z,y)/(yz — vy — 2%) = o(K[z])(y).

Example 1.2.5. Particular Sklyanin algebra. The Sklyanin algebra (Example 1.14, [76])
is the algebra S = K(xz,y, z)/(ayx + bry + c2?, axz + bzx + cy?, azy + byz + cx?), where
a,b,c € K. If c =0 and a,b # 0 then in S: yzr = —%azy; zr = —jxz and zy = —3yz,
therefore S = o(K)(x,y,z) is a skew PBW extension of K, and we call this algebra a
particular Sklyanin algebra.

Example 1.2.6. Universal enveloping algebra of a Lie algebra. Let G be a finite di-
mensional Lie algebra over K with basis {z1,...,2,}; the universal enveloping alge-
bra of G, U(G), is a skew PBW extension of K. In this case, z;r — rx; = 0 and
rix; —xjx; = [v,2;) € G=K+ Kz1+ -+ Kxp, forany r € K and 1 <4,j < n.

Example 1.2.7. Tensor product. Let G be a finite dimensional Lie algebra over K with
basis {z1,...,x,} and U(G) the universal enveloping algebra of G; let R be a K-algebra
containing K. The tensor product A := R @y U(G) is a skew PBW extension of R with
R-base 1@ W = {z]' - z0"|a = (01,...,0p) € N}, with z; := 1@ a;; (r®1)(1®x;) —
(1®xz;)(r®1) =0, forall r € R and z;z; — zj2; € Rz1 + -+ + Rz,

Example 1.2.8. Crossed product. Let G be a finite dimensional Lie algebra over K with
basis {z1,...,2z,} and U(G) the universal enveloping algebra of G; let R be a K-algebra
containing K. R*xU(G) is called crossed product of R if satisfies the following conditions:
R C R*U(G); there exist an injective homomorphism of K-modules G < R*U(G),  — T
such that Zr —rZ € R for all 7 € R, Zjj — §Z € [z,y] + R for all z,y € G; R+ U(G) is a free
left R-module with the standard monomials over {Z1,...,Z,} as a base. So R+U(G) is a

skew PBW extension of R.

Example 1.2.9. Algebra of q-differential operators. Let ¢q,h € K, ¢ # 0; consider
K[y][x;0,6], o(y) := qy and 6(y) := h. By definition of skew polynomial ring we have
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xy = o(y)x + 6(y) = qyx + h, and hence zy — qyx = h. Therefore, the algebra of ¢-
differential operators Dy [z, y] = o(Ky])(z) is a skew PBW extension of K[y].

Example 1.2.10. Algebra of shift operators. Let h € K, the algebra of shift operators
is defined by Sy, := K[t][xn; on], where o (p(t)) := p(t — h). Notice that zpt = (t — h)zy,
and for p(t) € K[t] we have z,p(t) = p(t — ih)z}. Thus, S, = o(K[t])(z}) is a skew PBW
extension of K[t].

Example 1.2.11. Mixzed algebra. Let h € K, the algebra mixed algebra Dy, is defined
by Dy = K[t][x; %H:Eh;O'h], where oy, is as in Example 1.2.10 and op(z) = . Then,
Dy, = o(K[t])(z,zp) is a skew PBW extension of K[t].

Example 1.2.12. Algebra of discrete linear systems. This algebra is defined by D :=
K[tl, - ,tn][xl; 0'1] oo [(L’n; O’n], where O'Z'(p(tl, e ,tn)) = p(tl, v ticn, ti Lt . ,tn),
oi(x;)) =x;, 1 <i<mn. So, D=o(Klty,...,tn]){x1,...,2,) is a skew PBW extension of
K[t1,...,ts).

Example 1.2.13. Linear partial differential operators. Algebra of linear partial differential
operators. The nth Weyl algebra A,,(K) over K coincides with the algebra of linear par-
tial differential operators with polynomial coefficients K[t1,...,,]. As we have seen, the
generators of A, (K) satisfy the following relations ¢;t; = t;t;, 0;0; = 0;0;,1 <1i < j < m;
0jti = t;0; + 0;5,1 < 4,5 < n, where d;; is the Kronecker symbol. Let K(t1,...,t,) be the
field of rational functions in n variables. Then the algebra of linear partial differential ope-
rators with rational function coefficients is the algebra B, (K) = K(¢y,...,t,)[01,..., 0],
where the generators satisfy the relations above.

Example 1.2.14. Linear partial shift operators. It is the algebra with polynomial co-
efficients (respectively with rational coefficients), Klt1,...,t,][E1,..., En] (respectively
K(ti,...,tn)[E1, ..., Ey], n > m), subject to the relations: t;t; = t;t;,1 < i < j < n;
Eiti = (ti + 1)E7, = tiEi —I-EZ', 1 S 1 S m; Ejti = tiEj y ) 75 j; E]EZ = EZE] y
1<i<y3<m.

Example 1.2.15. Algebra of linear partial difference operators. It is the algebra with
polynomial coefficients (respectively rational coefficients), Kl[t1,...,t,][A1,...,An] (re-
spectively K(t1,...,t,)[A1,...,Ap]), n > m, subject to the relations: t;t; = t;t;, 1 <
i<j<n, Ati=EG+DA+1 =60 4+A+1,1<i<m; Ajt; =440 10# 75
Ain:AiAj, 1<i<y<m.

Example 1.2.16. Algebra of linear partial ¢-dilation operators. For a fixed ¢ € K—{0}, the
algebra of linear partial g-dilation operators with polynomial coefficients (respectively ratio-
nal coefficients) is K[tq, ..., t,] [HS]), e ,H},ﬁf)] (respectively K(tq, ... ,tn)[qu), e ,H},ﬁf)]),
n > m, subject to the relations: t;t; = t;t;, 1 <1 < j < n; Hi(q)ti = qtiHi(q), 1<i<my

H% =tH" i#j; HOHY =HYHY 1<i<j<m.

Example 1.2.17. Algebra of linear partial g-differential operators. For a fixed ¢ € K —
{0}, the algebra of linear partial g-differential operators with polynomial coefficients, res-
pectively with rational coefficients is K[tl,...,tn][ng),...,D,(f{)], respectively the ring
K(tl,...,tn)[ng), . ,D,(g)], n > m, subject to the relations: t;t; = t;t;, 1 <i < j <m;
DW% = ;D" +1,1 < i <m; D\ = D\, i # j; DYDY = DD,

1<i<y3<m.
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Note that if n = m, then this operator algebra coincides with the additive analogue
An(qi, ..., qn) of the Weyl algebra A, (q).

Example 1.2.18. Diffusion algebra. The diffusion algebra D is generated by {D;,x;|1 <
i < n} over K with relations x;x; = xj2;, ;D5 = Djx;, 1 < 4,5 < n; ¢ ;D;Dj —
CjJ'DjDi = iji — a:iDj, 1< 7, Cij, Cji € K*. Thus, A= O'(K[(L’l, . ,xn])<D1, C ,Dn> is
a bijective non quasi-commutative skew PBW extension of K[z, ..., x,]. Observe that D
is not a PBW extension neither an iterated Ore extension of bijective type.

Example 1.2.19. Additive analogue of the Weyl algebra. The algebra A, (qi,...,qn) is

generated by the variables x1,...,x,, y1,...,y, subject to the relations:
:Ejl‘i = :Ei:Ej, 1 S i,j § n, (1.2.1)
YiTj = TjYi, i # J, (1.2.3)
Yit; = ¢y + 1, 1<i<n, (1.2.4)

where ¢; € K\ {0}. From the relations above we have

An(qh’ .. 7Q7L) = O'(K)(I‘l, s T Y, .- 7yn> = U(K[‘Tla s ,.Z'n])<y1,. .. 7yn>

Example 1.2.20. Multiplicative analogue of the Weyl algebra. This algebra is denoted by
On(Aji) and is generated by x1,...,z, subject to the relations: zjz; = Ajz;z;, 1 < i<
J < n, Aji € K\{0}. Thus O,(\ji) = o(K)(x1,...,2n) = o(Klz1])(x2,...,2p). Ifn =2,
this algebra is called the quantum plane.

Example 1.2.21. Quantum algebra U'(s0(3,K)). It is the algebra generated by I, I, I3
subject to relations Isl; — ql1 1o = —q1/2I3; I3, —q¢ '3 = q_1/2[2; I3l — qlol3 =
—q'1,, where ¢ € K — {0}. In this way U/(s0(3,K)) = o(K)(Iy, I5, I3).

Example 1.2.22. Dispin algebra. Dispin algebra U(osp(1,2)) it is generated by z,y, z over
K satisfying the relations yz — zy = z, zx + 2z = y, vy — yx = x. Thus, U(osp(1,2)) =
o(K)(z,y,2).

Example 1.2.23. Woronowicz algebra. Woronowicz algebra W, (sl(2,KK)) is generated by
z,y, z subject to the relations zz — vtze = (1 +1v?)x;  xy — viyz = vz 2y — viyz =
(1+v?)y, where v € K — {0} is not a root of unity. We have W, (s(2,K)) = o(K)(x,y, 2).

Example 1.2.24. Complex algebra. The complex algebra is noted by V,(sl3(C)). Let ¢
be a complex number such that ¢® # 1. The complex algebra is generated by eis, €13, €23,
f12, fi3, fos, k1, k2,11, s with the following relations:

e13e12 = ¢ 2e1zers, fizfiz = ¢ 2 fra 13,
ea3e1a = q2e19€93 — qe1s, fa3fr2 = ¢ fi2foz — qf13,
eaze13 = ¢ “e13eas, fo3fis = q 2 f13 foz
k-3 P 9
e12fi12 = fize12 + =t ek = q “kieia, kifi2 = ¢ fi2ka,
e12f13 = fizei2 + qfosk?, e1oks = qkaeqa, ka fi2 = qfi12ks,

e12f23 = foze1a, e13k1 = ¢ 'kress, kifi3 = ¢ fiska,
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e13fi2 = fize1s — q e, e13ks = ¢ tkoeys, kafiz = ¢ " fiska,
k2k2 — 1212
e13f13 = fize1s — Z 2 eask1 = qkiess, k1 fo3 = qfaska,
e13fa3 = faze1s + qksera, easks = ¢ 2koeas, ko faz = q 2 foska,
e23 f12 = fi2e23, e12ls = ¢*liera, lif2 = ¢* fi2l,
ea3fi3 = fizeas — ¢ f12l3, e12la = ¢ tzers, lafia = ¢ frala,
k3 — 13
€23 fo3 = fazeas + pe—1 el = qliens, l1f13 = qf13l1,
e13le = qlaeqs, laf13 = qf13l2, easly = q 'lieas,
li fo3 = q ' fosla, easla = ¢*laeas, l2f23 = q° fsla,
Liky = kily, laky = k1la, koki = kiko,
like = kaoly, lake = kaols, laly = lils.

This algebra is a skew PBW extension of the commutative polynomial ring C[ly, l2, k1, k2],
Vy(sl3(C)) = o (Clly, la, k1, ka2]){e12, €13, €23, f12, f13, f23)-

Example 1.2.25. Algebra U. Let U be the algebra generated over the field K = C by the
set of variables z;, v;, z;, 1 < i < n subject to the relations:

T = X%y, YiYi = Yilj, Zi% = ZiZj, 1<i<j<n,
_62" . _61.. . .
TiYi =q Y%y, Zjxi =q "Xz, 1<4,5 <n,
2iYi = YiZj, i # 7,
e — 42y — 22 1<i<
ZiYi — q Yizi = —q Xy, Si1xn,

where ¢ € K — {0}. We can see that U is a is a bijective skew PBW extension of
Klzi,...,zn), 16, UZo(K[z1, ..., 20]) (Y1, oo Yni 215+ - 5 Zn)-

Example 1.2.26. Manin algebra. The coordinate algebra of the quantum matrix space
M,(2) is also known as Manin algebra of 2x2 quantum matrices. By definition, O2(M,, (K)),
also denoted O(M,(2)), is the coordinate algebra of the quantum matrix space M;(2),
it is the algebra generated by the variables x,y,u,v satisfying the relations zu = qux;
yu = ¢ luy; vu = wv, and xv = qur; vy = qyv; yr — vy = —(q — ¢~ )uv, where
g € K\{0}. Thus, O(M4(2)) = o(K[u])(x,y,v). It is not possible to consider O(M,(2)) as
a skew PBW extension of K. This algebra can be generalized to n variables, O, (M, (K)),
and coincides with the coordinate algebra of the quantum group SL,(2).

Example 1.2.27. Algebra of quantum matrices Oy(M,(K)). This algebra of order n
coincides with the coordinate algebra of the quantum group SL,(2) and is generated by K
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and the variables x;;, 1 <1,j < n, subject to

TimTik = § TikTim, 1<k<m<n,
TikTik = q ' TikTik, 1<i<j<n,
TimTjk = TjkTim, 1<i<jk<m<n,
TimTim = q_lxima:jm, 1<i<3<n,
TimTjk = q_lxjka:jm, 1<k<m<n,
TikTjm — TimTik = (¢ — q_l)xima:jk, 1<i<jk<m<n.

From these relations we can see that Oy (M, (K)) = o(K[xim, zjk])(Tik, Tjm), for 1 < i <
J k< m <mn. If n =2, and by the identification x11 := y,x12 := u, T2 := vV y T9y := T,
we obtain Oy (Ms(K)).

Example 1.2.28. g-Heisenberg algebra. The algebra H,(q) is generated by the set of

variables T1,...,Zn, Y1, Yn, 21,---,2n Subject to the relations:
:L'jwi = :L'ij, ZjZZ' = ZZ'Zj, yjyi = yiyj, 1 S ’i,j § n, (1.2.5)
2iYi = YiZj, 2T = x;2j, YiTi = xiyYj, 1 F J, (1.2.6)
2iYi = qYi%is ziwi = q Tz + i, Yixi = quiyi, 1 <i<n, (1.2.7)

with ¢ € K\ {0}. Then H,(q) = o(Kly1,. .., yn]){®1,...,Tn;21,...,2n). Note that H,(q)
is isomorphic to the iterated Ore extension

K[Z’l, cee wrn][yl; Ul] T [yn; Un][zl; 917 61] to [Zn; 677,7 571]

on the commutative polynomial ring K[z, ..., z,]:

Hj(zi) = Z, 5]'(22') = 0,0'j(yi) =Y, 1 <1< ] <n,
0;(yi) = yi, 0;(yi) = 0,05(z;) == zi, 6(x;) := 0,05(x;) == xi, @ # J,
0:(yi) == qui, 0i(yi) = 0,0;(x;) == q 'y, i) := yi, 09(xi) = quy, 1 < i <,
Since ;(x;) = y; ¢ K[z1,...,xy], then Hy,(q) is not a skew PBW extension of K[z, ..., zy],
however, with respect to K, H,(q) satisfies the conditions of (iii), and hence, H,(q) is a
bijective skew PBW extension of K:
Hn(Q) - O'(K)<.Z'1, s Iy Yly e s Yny Ry e 72n>-

Example 1.2.29. Quantum enveloping algebra of s1(2,K). U,(sl(2,K)) is defined as the
algebra generated by the variables x,y, z, 2~! with relations

zz =212 =1, 2.8)
Tz = q_2zx, Yz = qzzy, zz 7t = qzz_lx, yz_l = q_zz_ly, (1.2.9
|
py—yr = q#1,-1 (1.2.10)
q—4q

From these relations we can see that U, (sl(2,K)) = o(K[z%1])(z, y).
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Example 1.2.30. Hayashi’s algebra W,(J). The quantized algebra W, (J) is defined as
the algebra generated by the variables x;,y;, 2,1 < i < n, i € J, where | J |= n, and
relations (1.2.5)-(1.2.7), replacing z;x; = ¢ '@z + y; by

(zixi — quizi)y; = 1 = yi(ziw; — quiz;), i=1,...,n, ¢€K—{0}. (1.2.11)

We note that Hayashi’s algebra W, (.J) is a skew PBW extension of the Laurent polynomial
ring K[y, ..., y']. Indeed, if we consider

wyy =y, sy = s gy =y = 1 s = gz tyy L, (1.212)
for 1 <1i,j <mn, then W,(J) = U(K[yfl, T ) 1€ S P A SO

Example 1.2.31. Multi-parameter quantum affine n-spaces. Let n > 1 and q be a matrix
(¢ij)nxn with entries in K, where ¢;; = 1 and g¢;jq;; = 1 for all 1 < 4,5 < n. Then
multi-parameter quantum affine n-space Oq(K") is defined to be K—algebra generated by
x1,...,T, with the relations z;z; = g;jz,2; for all 1 <4,5 <n.

Example 1.2.32. The algebra of differential operators Dy(S,) on a quantum space S,. Let
q = [gi;] be a matrix with entries in K* such that g;; = 1 = ¢;5¢;; for all 1 < 4,5 < n. The
K-algebra S, is generated by x;, 1 < i < n, subject to the relations x;x; = g;jz;2;. The
algebra 9, is regarded as the algebra of functions on a quantum space. Note that if K is
a field, then S, is the multi-parameter quantum affine n-space Oq(K") of Example 1.2.31.
The algebra Dg,(S,) of g-differential operators on S, is defined by d;x; — ¢;jz;0; = &
for all 4,j. The relations between 0;, are given by 0;0; = ¢;;0;0;, for all ¢,j. Thus,
Dy(Sy) =2 o(o(K)(x1,...,25)){(01,...,0,). More exactly, Dy(Sy) is a bijective skew PBW

extension of a quasicommutative bijective skew PBW extension of K.

Example 1.2.33. Witten’s deformation of U(sl(2,K)) E. Witten introduced and studied
a 7- parameter deformation of the universal enveloping algebra U(sl(2,K)) depending on a
7-tuple of parameters £ = (&1, ..., £7) and subject to relations xz —&zx = &ox; 2y —E3yz =
Eay; yr — Esay = 622 + &72. The resulting algebra is denoted by W (€). Assuming that

£1€385 # 0 (see [40]) we get that W () = o(o(K[x])(2))(y).

Example 1.2.34. Quantum Weyl algebra of Maltsiniotis A%’)‘. Let ¢ = [gi;] be a matrix
over K such that ¢;jq;; = 1 and ¢;; = 1 forall 1 <4,j < n. Fix an element A := (A1,...,\p)
of (K*)". By definition, this algebra is generated by x;,y;, 1 < 4,5 < n subject to the
relations: For any 1 <@ < j < n, ;@ = Nqiy®;Ti; YiY; = QjYiYis  TilY; = ¢GiYiTi;
YiLj = )\i_lqjia;jyi. For any 1 < i <mn, x;y; — \iysx; = 1+ Zl§j<i()‘j — 1)y;jx;. From the

relations above we have that A%’A is isomorphic to a bijective skew PBW extension

o(o(--- (o(o(K) (w1, y1))(T2,¥2)) - N Tn—1,Yn—1)){Tn, Yn)-

Example 1.2.35. Quantum Weyl algebra A, (q,p; ;). The ring A, (q, p; ;) arising as A, (R)
for the “standard" multiparameter Hecke symmetry. This ring can be viewed as a quantiza-
tion of the usual Weyl algebra A, (K). By definition, A,(q, p; ;) is the ring generated over
K by the variables x;,d; with 7,57 = 1,...,n and subject to relations z;z; = p;jqr;x;,
for all ¢ < j; 0;0; = pijq_laj(?i, for all © < j; Oir; = pi_jquj(‘)i; for all ¢ # j;
0wy = 1+ ¢?x;0; + (¢ — 1)Zi<j x;0;, for all i. When ¢ = 1 and each p;; = 1, these
relations give the usual Weyl algebra A, (K). From relations above we have that A, (q,p; ;)
is a bijective skew PBW extension,

An(q,pig) = o(o(--- o(0(K)(zn, 0n))(Tn-1,0n-1)) - - - )(22, 02))(x1, O1).
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Example 1.2.36. Multiparameter quantized Weyl algebra AS’F(K). Let Q :=[q1,. .., qn]
be a vector in K" with no zero components, and let I' = [v;;] be a multiplicatively anti-
symmetric n X n matrix over K. The multiparameter Weyl algebra Ag’F(K) is the algebra
generated by K and the indeterminates v1,...,Yyn, *1,...,%, subject to the relations:
Yil¥; = Yig¥i¥i, 1 < 0,5 <ny 1y = qivigagmi, 1 <0< g <np iy = vy, 1 <0<
JEn o myy = guyirs 1S <i<ng ziyy = qyieg + 14 30 =0 <l — Dy,
1<j<n

From relations above we have that A% 1“(K) is isomorphic to a bijective skew PBW exten-
sion,

APTK) = o(o(--- o (0 (K) (w1, 1)) (@2, 92)) - N Zn—1,Yn-1))(Zns Yn).

Example 1.2.37. Quantum symplectic space Oy(sp(K?")). For every nonzero element
q € K, one defines this quantum algebra O,(sp(K?")) as the algebra generated by K and
the variables y1,...,yn, T1,..., %y, subject to the relations: y;x; = q_lwiyj, YiYi = qYiy;,
1 <i<j<n zjm=q wmz, vy = qur; , 1 <i<j<n zy— Cyr =
(> —1) z;;i ¢ lyz;, 1 < i < n. From relations above we have that O,(sp(K?")) is
isomorphic to a bijective skew PBW extension,

Oy(sp(K™)) = 0(o(- -~ o (o (K) (w1, y1)) w2, y2)) - )1, Yn—1)) {@n, Yn)-

Example 1.2.38. Quadratic algebras. Quadratic algebras in 3 variables are considered as
a class of G-algebras in 3 variables with relations homogeneous of degree 2. More exactly, a
quadratic algebra in 3 variables A is an algebra generated by z,y, z subject to the relations
yr = xy + a1xz + agy® + azyz + &,2%,
2x = x2 + E20° + azyz + a2,

2y = yz + as2’.

If a1 = a4 = 0 we obtain the relations

yx =y + a2y’ + azyz + &2,
zx = xz + Ey? + asyz + agz?,
2y = yz.
One can check that A = o(K[y, z])(z). If a5 = as = 0, which implies a3 = ag = 0 and thus
there is a family of algebras with relations
yr = xy + a1xz + &2,
2T = T2,
2y = yz + ag2?.
These algebras are skew PBW extensions of the form o(K|z, z])(y).

Example 1.2.39. Quantum Weyl algebra As(Jap). It is the algebra generated by the
variables 1, z2, 01, 02, with relations (depending on parameters a,b € K)

2129 = wox1 + aa3, 8201 = 0105 + bO3

Ohx1 =14 2101 + ax10s, O1x9 = —ax101 — abxr10y + 1201 + brods
Os1 = 2103, Ooxg =1 — bx109 + 1290-.
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If we consider the skew PBW extension of K[z, d2], from the relations above we obtain the
isomorphism As(J,p) = o(K[z1, 02])(x2,01). In the particular case a = b =0, Az(Jyo) =
Ay (K), is the usual Weyl algebra. Note that As(J, ) = A2(K) for all a € K.

Example 1.2.40 ([80], Chapter 12). Homogenized enveloping algebra. Let G be a finite
dimensional Lie algebra over K with basis {z1,...,z,} and U(G) its enveloping algebra.
The homogenized enveloping algebra of G is A(G) := T(G & Kz)/(R), where T(G & Kz)
is the tensor algebra, z is a new variable, and R is spanned by {z @2z —z® 2z | x €
GlUu{z@y—y®@z—[r,y|®z | xz,y € G}. From the PBW theorem for G ® K(z), considered
as a Lie algebra over K(z), we get that A(G) is a skew PBW extension of K[z].

1.2.2 Classification and some other examples

In Table 1.1 we classify Examples 1.2.1 - 1.2.40 of skew PBW extensions as constant,
bijective, pre-commutative, quasi-commutative and semi-commutative, according to the
Definition 1.1.5. This classification is new and it is very useful for the whole thesis.

Remark 1.2.41. In Example 1.2.28, the g-Heisenberg algebra H,,(q) can be seen as skew
PBW extension of K or as skew PBW extension of K[yi,...,y,]. Hpn(q) as skew PBW
extension of K is pre-commutative, but H,(q) as skew PBW extension of K[yy,...,y,] is
not pre-commutative because zx; = ¢ 'wiz +vi, 1 < i < n. In Table 1.1 we classify
g-Heisenberg algebra as a skew PBW extension of K.

1.2.3 3-dimensional skew polynomial algebra
It is the algebra A generated by the variables z, ¥, z restricted to relations

yz—azy =X, zx—Prz=pu, TY—YYr=>u, (1.2.13)
such that

L A\p,veK+Ke+ Ky + Kz, and o, 5,7 € K*;

2. Standard monomials {x’y7z! | i, 4,1 > 0} are a K-basis of the algebra.

Thus, A = (K)(z,y, z) are skew PBW extensions of K. There are fifteen 3-dimensional
skew polynomial algebras not isomorphic (see [77], Theorem C.4.3.1), i.e. A is one of the
following algebras:

(a) if [{e, 8,7} = 3, then A is defined by
yz—azy=0, zxr—prz=0, xy—~yyx=0. (1.2.14)
(b) if {a, 8,7} =2y B#a=~=1, Ais one of the following algebras:

(i) yz—2y=2 z2z—Prz=y, zy—yr=um;

(i) yz— 2y =2, zax—Prz=0>b, xy—yr=ux,
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(i) yz— 2y =0, zx—Prz=y, zy—yx=0;

(iv) yz—2y =0, zx—pxz=0>, xy—yx=0;

(V) yz—zy=uaz, zx—pPrz=0, zy—yxr=uz;

(Vi) yz—zy=2, zx—fPxz=0, ay—yz=0.

Here a,b are any elements K. All nonzero values of b give isomorphic algebras.

If {o, 8,7} =2 and 8 # a = # 1, then A is one of the following algebras:
(i) yz—azy=0, zzx—fzxz=y+b, ay—ayr=0;

(ii) yz—azy=0, zzx—Prz=0>b, zy—ayr=0.

In this case b is an arbitrary element of K. Again, nonzero values of b give isomorphic
algebras.

If o« = =+ #1, then A is the algebra

yz —azy =a1x + by, zx—axz=ay+by, xTY—ayr=aszz+ bs.
If a; = 0,7 =1,2,3, all nonzero values of b; give isomorphic algebras.
If a =p=v=1, Ais isomorphic to one of the following algebras

() yz—zy=z, zx—2x2=Yy, TY—yx=2;
(i)
(iii)
)
)

z—2zy=0, zx—2z=0, zy—yxr=z;
z—z2y=0, zzx—xz=0, zy—yzxr=m"
(iv

Y
Y
Yyz—zy=—y, zx—zxz=x-+vy, zy—yxr=>0;
Y

(v

Parameters a,b € K are arbitrary and all nonzero values of b generate isomorphic
algebras.

z—zy=uaz, zx—xz=2z, xy—yx=070

Note that the fifteen 3-dimensional skew polynomial algebras are constant and bijective.
Therefore, in Table 1.2 we classify the fifteen 3-dimensional skew polynomial algebras as
pre-commutative, quasi-commutative and semi-commutative according to Definition 1.1.5.

1.2.4 Sridharan enveloping algebra of 3-dimensional Lie algebra ¢

Let G be a finite dimensional Lie algebra, and let f € Z%(G,K) be an arbitrary 2— cocycle,
that is, f: G x G — K such that f(x,z) =0 and

f@ly,2]) + [z [2,9]) + f(y, [2,2]) = 0

for all z,y,z € G. The Sridharan enveloping algebra of G is defined to be the associative
algebra U (G) = T(G)/1, where T'(G) is the tensor algebra of G and I is the two-sided ideal
of T(G) generated by the elements

($®y)—(y®$) - [:Evy] _f(:Evy)) for all :Evyeg'
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Note that if f = 0 then Uy(G) = Uy(G) = U(G). For = € G, we still denote by x its
image in Up(G). Us(G) is a filtered algebra with the associated graded algebra gr(Us(G))
being a polynomial algebra. Let K be a field algebraically closed with characteristic zero.
If G is a Lie algebra of dimension three, then the Sridharan enveloping algebra Us(G)
for f € Z?(G,K) is isomorphic to one of the ten types of associative algebras with the
commuting relations listed in Table 1.3, defined by three generators x,y,z and where
a € K\{0} (see [58], Theorem 1.3). Therefore the Sridharan enveloping algebra Us(G) is a
skew PBW extension of K, i.e. Us(G) = o(K)(z,y, 2).

According to the commutation relations (Table 1.3), in Table 1.4 we classify the algebra

Ur(G).
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Classification of Examples 1.2.1 - 1.2.40

Ezxzample | Skew PBW extension | C | B | P | QC | SC
1.2.1 Classical polynomial ring R[z1,...,Zn] VvV v v
1.2.2 Ore extensions of bijective type R[z1;01,01] - [Zn;0on, on] * v | v * *
1.2.3 Weyl algebra A, (K) * v | v * *
1.2.3 Extended Weyl algebra A, (K) * v | v * *
1.2.4 Jordan plane * v |V * *
1.2.5 Particular Sklyanin algebra VI v|Vv v v
1.2.6 Universal enveloping algebra of a Lie algebra U(G) VIV Vv * *
1.2.7 Tensor product R ® x U(G) VIV V * *
1.2.8 Crossed product R *U(G) * | vV | * * *
1.2.9 Algebra of g-differential operators Dg p [z, y] * | vV |V * *
1.2.10 Algebra of shift operators Sp, * v |V v *
1.2.11 Mixed algebra Dy, * v | o * *
1.2.12 Algebra of discrete linear systems Klt1,...,tn][z1;01] - [2n; on] * v | v v *
1.2.13 Linear partial differential operators Klt1,...,t,][01,...,0n] * | vV |V * *
1.2.13 Linear partial differential operators K(t1,...,%,)[01,...,0n] * | vV |V * *
1.2.14 Linear partial shift operators K[t1,...,tn][E1,- .., Em] * | v |V v *
1.2.14 Linear partial shift operators K(t1,...,tn)[E1,..., Em)] * | vV |V v *
1.2.15 Linear partial difference operators K[t1, ..., tn][A1, ..., Am] * | v |V * *
1.2.15 Linear partial difference operators K(t1,...,tn)[A1,...,Ap] * | vV |V * *
1.2.16 Linear partial g-dilation operators K[t1, ... ,tn][H§Q), A Hﬁ,‘f)} * | vV | Vv v *
1.2.16 Linear partial g-dilation operators K(t1,..., tn)[Hiq)7 ceey Hﬁ,‘f)] * | vV |V v *
1.2.17 Linear partial g-differential operators K[t1, ... ,tn][ng), ceey D,(g)] * | vV |V * *
1.2.17 Linear partial g-differential operators K(t1, ... ,tn)[DYI), . ,Dg,(f)] * | vV |V * *
1.2.18 Diffusion algebra: D vViiv|Vv * *
1.2.19 Additive analogue of the Weyl algebra A, (q1,...,qn) vV v ox * *
1.2.20 Multiplicative analogue of the Weyl algebra Oy ();;) VvV v v
1.2.21 Quantum algebra U’ (s0(3, K)) VvV * *
1.2.22 Dispin algebra U (osp(1,2)) VIV V * *
1.2.23 Woronowicz algebra W, (s((2,K)) VIV V * *
1.2.24 Complex algebra V,(sl3(C)) * | v | * *
1.2.25 Algebra U * | V| x * *
1.2.26 Manin algebra M, (2), O(Mq4(2)) * | vV |V * *
1.2.27 Coordinate algebra of the quantum group SL4(2) * | v | * * *
1.2.28 g-Heisenberg algebra H,, (q) VvV * *
1.2.29 Quantum enveloping algebra of s((2,K), U, (sl(2,K)) * | vV | * * *
1.2.30 Hayashi’s algebra W (J) * | vV | * * *
1.2.31 Multi-parameter quantum affine n—spaces Oq(K™) VIV V v v
1.2.32 The algebra of differential operators Dy(Sg) on a quantum space Sq * v * * *
1.2.33 Witten’s deformation of U(sl(2,K)), W (&) * | V| * * *
1.2.34 Quantum Weyl algebra of Maltsiniotis A?;A * v * * *
1.2.35 Quantum Weyl algebra Ay, (q, pi,j) * | v | * * *
1.2.36 Multiparameter quantized Weyl algebra Ag’F(K) * | V| * * *
1.2.37 Quantum symplectic space Oq(sp(K2™)) * | vV | * * *
1.2.38 Quadratic algebras * Vo o* * *
1.2.39 Quantum Weyl algebra A3 (J,5) * | v | * * *
1.2.40 Homogenized enveloping algebra A(G) VIV Vv * *
Table 1.1: Classification of Examples 1.2.1 - 1.2.40.
C': Constant B: Bijective P: Pre-commutative QC'": Quasi-commutative SC': Semi-commutative

*: Negation v': Affirmation
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| Cardinal | 3-dimensional skew polynomial algebra | P | QC | SC |
{a,B8,7}H =3 | yz—azy=0, zz—Pzz=0, zy—yyz =0 v v v
yz—z2y=2, zx —Prz=y, xYy —yr =2 v * *
yz—zy==z2, zox —PBrz=>b, ry—yr==x * * *
Ho, 8,73 =2, [yz—2y=0, za—Brz=y, zy—yzr =0 v | *
B#a=y=1|yz—2y=0, za —PBrz=0>, zy—yx =0 * * *
yz—zy=az, zx—Prz=0, zy—yr==<x v * *
yz—zy==z2, ze—Prz=0, xzy—yr =20 v * *
Ha, 8,7} =2, | yz—azy=0, zo—Brz=y+0b, zy—ayxz =0 * * *
BF#a=v#1 | yz—azy=0, zz—PBrz=0>b, zy—ayx =0 * * *
a=p=~v#1 | yz—azy=a1x+b1, zx—axrz=asy+b2, xy—ayr =aszz+bs | * * *
Yz —2Yy=x, 2XL—TZ =Y, TY—Yr =2 v * *
yz—zy=0, zz—xz2=0, zy—yr =2z v * *
a=pF=v=1|yz—2y=0, zz—22=0, zy—yr=> * * *
yz—zy=—y, ze —xz=x+vy, xy—yr =20 v * *
yz—z2y=az, 2z —xz=x, xy—yr=20 v * *

Table 1.2: Classification of 3-dimensional skew polynomial algebras.

P: Pre-commutative QC'": Quasi-commutative SC': Semi-commutative
*: Negation v': Affirmation

Type | [z,y] | [y,2] [z, ]
1 0 0 0

2 0 x 0

3 T 0 0

4 0 ay —x
5 0 Y —(z+y)
6 z —2y —2x
7 1 0 0

8 1 T 0

9 T 1 0
10 1 Y T

Table 1.3: Sridharan enveloping algebras of a 3-dimensional Lie algebra.

Sridharan enveloping algebra of 3-dimensional Lie algebra G
Type | [x,y] [ w2l | [z2] [ C[B[P[]QC]SC
1 0 0 0 Vv Vv v v
2 0 T 0 Vv Vv * *
3 x 0 0 ViV |V * *
4 0 ay —x VI v|Vv * *
5 0 y —(z4+y) |V |V |V * *
6 z —2y —2x vViIv|Vv * *
7 1 0 0 Vv ox * *
8 1 T 0 Vv ox * *
9 x 1 0 Vv ox * *
10 1 Y T vV v ox * *

Table 1.4: Classification of the Sridharan enveloping algebras of a 3-dimensional Lie alge-
bra.

C': Constant B: Bijective P: Pre-commutative QC'": Quasi-commutative SC': Semi-commutative
*: Negation v': Affirmation



CHAPTER 2

Graded skew PBW extensions

Lezama and Reyes in [45] defined a filtration for skew PBW extensions. The associate
graduation to this filtration is a quasi-commutative skew PBW extension. Some properties
of skew PBW extensions are deduced from this filtration and the associated graduation (see
for example [45], [64], [66], [46]). There are skew PBW extensions which are graded but not
quasi-commutative. In the first section we present some properties of skew PBW extensions
with the standard filtration and graduation defined in [45]. In the second section, we define
a more general graduation of skew PBW extensions, give some examples and study some
specific properties of graded skew PBW extensions. In the third section, we study more
general properties of graded skew PBW extensions. The main new results of the present
chapter are Theorem 2.2.1, Corollary 2.3.14 and Theorem 2.3.22.

2.1 Standard filtration for skew PBW extensions and its as-
sociated graduation

Recall that a filtered ring is a ring B with a family F(B) = {F,,(B) | n € Z} of subgroups of
the additive group of B where we have the ascending chain --- C F,,_;(B) C F,,(B) C - --
such that 1 € Fy(B) and F,(B)F,(B) C Fuim(B) for all n,m € Z. From a filtered
ring B it is possible to construct its associated graded ring Gr(B) taking Gr(B), :=
F,.(B)/F,-1(B). The following proposition establishes that one can construct a quasi-
commutative skew PBW extension from a given skew PBW extension of a ring R.

Proposition 2.1.1 ([45], Proposition 2.1). Let A be a skew PBW extension of R. Then,
there exists a quasi-commutative skew PBW extension A% of R in n variables z1,...,zn
defined by the relations zir = ¢; 2, zjz; = ¢;j%izj, for 1 < i < n, where ¢;,,c;; are the
same constants that define A. Moreover, if A is bijective then A° is also bijective.

Proof. We consider n variables z1, ..., 2, and the set of standard monomials

M= {2z o € N1 <4 < n},
let A7 be the free R-module with basis M (i.e., A and A7 are isomorphic as R-modules);
we define the product in A% by the distributive law and the rules

20
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129820 1= ro®(s)ca,522"P,

where the o’s and the constants ¢’s are as in Proposition 1.1.7. The identities of Remark

1.1.8 show that this product is associative, moreover R C A since forr € R, r = rzy - 20.

Thus, A? is a quasi-commutative skew PBW extension of R, and also, each element f¢
of A% corresponds to a unique element f € A, replacing the variables x’s by the variables
z’s. The last assertion of the proposition is trivial. O

The next proposition describes the standard filtration of a skew PBW extensions and
its corresponding graduation.

Theorem 2.1.2. Let A be an arbitrary skew PBW extension of R. Then, A is a filtered
ring with increasing filtration given by

Fo(A) = & it m=0 (2.1.1)
{feA|deg(f) <m}u{o} if m>1

and the corresponding graded ring Gr(A) is isomorphic to A°.
Proof. See [45], Theorem 2.2. O

Proposition 2.1.3 establishes the relation between skew PBW extensions and iterated
Ore extension in the sense of Proposition 1.1.4.

Proposition 2.1.3. Let A be a quasi-commutative skew PBW extension of a ring R.

(i) A is isomorphic to an iterated Ore extension of endomorphism type R[z1;601] - - [zn;0n),
where 01 = o1;

Hj : R[Zl; 91] cee [Zj_l; Hj_l] — R[Zl; 91] cee [Zj_l; Hj_l]

is such that 0;(z;) = ¢; jz; (cij € R asin (1.1.2)), 1 <i < j <n and 0;(r) = o;(r),
forr e R.

(i) If A is bijective, then each 0; in (i) is bijective.

Proof. See [45], Theorem 2.3. O

Proposition 2.1.4 (|45], Corollary 2.4). Let A be a bijective skew PBW extension of R.
If R is a left (right) noetherian ring then A is also a left (right) noetherian ring.

Proof. According to Theorem 2.1.2, Gr(A) is a quasi-commutative skew PBW extension,
and by the hypothesis, Gr(A) is also bijective. By Proposition 2.1.3, Gr(A) is isomorphic to
an iterated Ore extension R|[z1;601] - - [zn; 0,] such that each 6; is bijective, 1 < ¢ < n. This
implies that Gr(A) is a left (right) noetherian ring, and hence, A is left (right) noetherian
(see [55], Theorem 1.6.9). O
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In the second section of the present chapter we will need some homological properties
of skew PBW extensions that we will recall next. Let B be a ring and let M be a B-
module. Let us denote pdp(M) the projective dimension of M and injdimp(M) the
injective dimension of M. Let lgld(B) (rgld(B)) be the left (right) global dimension of B.
Do not always the left and right global dimensions of B are equal. However, if the ring B is
noetherian the equality holds. If B is noetherian and if injdim(pB) < oo and injdim(Bg) <
00, then injdim(pB) = injdim(Bp). We say that B has finite global dimension (resp. finite
injective dimension) if the left and right global dimensions of B are finite and equal (resp.
the modules pB and Bp have finite injective dimensions which are equal). In such case
we denote these numbers by gld(B) (resp. injdim(B)).

Proposition 2.1.5. Let R C B be rings such that Br (rB) is faithfully flat and rB (BR)
is projective. Then,

lgld(R) < lgld(B), if 1gld(R) < oo,
rgld(R) < rgld(B), if Igld(R) < co.

Proof. See [55], Theorem 7.2.6. O

Proposition 2.1.6. Let B be a filtered ring, then
lgld(B) < 1gld(Gr(B)), rgld(B) < rgld(Gr(B)).

Proof. See [55], Corollary 7.6.18. O

Proposition 2.1.7. Let R be a ring and o an automorphism of R. Then,
lgld(R[x;0]) = 1gld(R) + 1, rgld(R[x; 0]) = rgld(R) + 1.

Proof. See [55], Theorem 7.5.3. O

Proposition 2.1.8 ([45], Theorem 4.2). Let A be a bijective skew PBW extension of a
ring R. Then,

lgld(R) < lgld(A) < lgld(R) +n, if lgld(R) < oo,
rgld(R) < rgld(A4) <rgld(R) + n, if rgld(R) < cc.

If A is quasi-commutative, then
lgld(A) = Igld(R) + n, rgld(A) = rgld(R) + n.
In particular, if R is semisimple, then lgld(A) =n = rgld(A).

Proof. Since A is a filtered ring, then by Proposition 2.1.6

lgld(A) < lgld(Gr(A)), rgld(A) < rgld(Gr(A));
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according to Theorem 2.1.2 and Proposition 2.1.3, Gr(A) is isomorphic to an iterated Ore
extension of automorphism type. From Proposition 2.1.7 we get the left inequalities. By
Proposition 1.1.9, Ap is free, and hence projective and faithfully flat (by definition rA
is free, and hence, projective and faithfully flat). From Proposition 2.1.5 we get the left
inequalities. If A is quasi-commutative, Proposition 2.1.3 and Proposition 2.1.7 give the
equalities. Finally, if R is semisimple, then lgld(R) = 0 = Igld(R). O

Let B be a finitely generated algebra with finite generating set {b1,...,b,}. Let V be
a finite dimensional subspace of B. V is called a finite dimensional generating subspace
for B if we can express every element of B as a linear combination of monomials formed
by elements of V. An example is the case where V is the subspace of B spanned by the
generators {by,...,b,}. If we set VY := K and V* the subspace spanned by monomials
of the form bii "'bézz, bi; € {b1,...,bn} and 377", l; = s, we have B, = > ' V* and
B = {J;_gBm. Define dy(m) := dimg(B,,). Gelfand-Kirillov dimension is a measure
of the rate of growth of the algebra in terms of any generating set. More exactly: The

Gelfand-Kirillov dimension (GK-dimension) of B is defined by

log dy (m) )

GKdim(B) ;:m( o
ogm

for a finite dimensional generating subspace V of B. The Gelfand-Kirillov dimension of
the algebra B is independent of the choice of V. GK-dimension coincides with the Krull
dimension in the commutative case. Algebras with GK-dimension zero are precisely those
finite dimensional. The Gelfand-Kirillov dimension of a module M over an algebra B is:

GKdimpg(M) = sup lim,,_, log,, dimg V" My
V,Mo

where the supremum is taken over all finite-dimensional subspaces V' C B and My C M.
We recall that a filtration {F;(B)}cz of an algebra B is said to be finite if each F;(B)

is a finite dimensional subspace.

Proposition 2.1.9 ([39], Proposition 6.6). Let B be an algebra with a finite filtration
{F;(B)}icz such that Gr(B) is finitely generated. Then

GKdim(Gr(B)) = GKdim(B).

Lemma 2.1.10 (|36], Lemma 2.2). Let B be an algebra with a finite dimensional generating
subspace V', o a K-automorphism of B and § a o-derivation. If (V) C V, then

GKdim(Blz; 0,0]) = GKdim(B) + 1.

Proposition 2.1.11 ([64]|, Theorem 14). Let R be an algebra with a finite dimensional
generating subspace V' and let A = o(R)(x1...,x,) be a bijective skew PBW extension of
R. If 0,(V) CV, then GKdim(A) = GKdim(R) + n.

Proof. From Theorem 2.1.2 it is clear that A is an algebra with a finite filtration. Let X
be the K-linear subspace of A spanned by 1,z1,...,x,. Then VX is a finite dimensional
generating subspace of Gr(A) = A% and hence Proposition 2.1.9 implies GKdim(A) =
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GKdim(Gr(A)). Now, from (2.1.1) and Proposition 2.1.3 we have that the ring A7 is
isomorphic to the Ore extension of automorphism type R[x1;071] - [x,; 0y] say. Note that
R[zy1;01] -+ [Xn—1;0n—1] is an algebra and the automorphism o, of R[z1;01] -+ [Tp—1;0p—1]
given by o0y, (1) = ¢r and oy (x;) = ¢ pa; for r € R,1 < i < n is a K-automorphism. If X’
is the K-linear subspace of A spanned by 1,z1,...,7,_1, then VX’ a finite dimensional
generating subspace of R[z1;01]- - [xn—1;0,-1], and from the assumption o,(V) C V
follows that 0, (VX’) C VX'. Lemma 2.1.10 guarantees GKdim(A) = GKdim(Gr(A)) =
GKdim(R) + n. O

2.2 Graded skew PBW extensions and examples

In this section we define for skew PBW extensions a graduation more general than the
graduation of Theorem 2.1.2. We also give some examples of these special classes of
graded algebras. The results presented here, and the next section, represent the main
tools developed in the present thesis, they will be applied in the next two chapters which
contain the central results of the monograph. Many of these results have been mainly
published in [83], and others are in [85].

A graded algebra B = @p>0 By, is called connected if By = K. In [76], Definition 1.4,
the concept of finitely graded algebra was presented. It is said that an algebra B is finitely
graded if the following conditions hold:

(i) B is N-graded (positively graded): B = @jzo B;,
(ii) B is connected.

(iii) B is finitely generated as algebra, i.e., there is a finite set of elements z1,...,z, € B
such that the set {z;, x;, --- 2, | 1 <i; <n,m > 1}U{1} spans B as a vector space.

We recall that an algebra B is called augmented when is given a morphism of algebras
e : B — K, called the augmentation map. In particular e(1g) = 1g. If B is augmented,
then B is canonically isomorphic, as a vector space, to K - 15 @ ker(e). The ideal ker(e)
is called the augmentation ideal. A N-graded and connected algebra B is augmented, the
augmentation is given by the projection € : B — By = K. A graded algebra B = @ ez B;
is called locally finite if dimgBj < oo, for all j € Z. A graded B-module M = @jez M; is
called locally finite if dimxM; < oo, for all j € Z. We say that the graded B-module M is
generated in degree s if M = B - Mg. M is concentrated in degree m if M = M,,. For any
integer [, M(l) is a graded B-module whose degree i component is M (l); = M;;.

The free associative algebra (tensor algebra) L in n generators z,...,x, is the ring
L :=K(zy,...,z,), whose underlying vector space is the set of all words in the variables z;,
that is, expressions x;, @, ... x;,, for some m > 1, where 1 <i; < n for all j. The length
of a word z;, @, ... x;,, is m. We include among the words a symbol 1, which we think of
as the empty word, and which has length 0. The product of two words is concatenation,
and this operation is extended linearly to define an associative product on all elements.
Note that L is N-graded with graduation given by L := @jzo L; where Lo = K and L;
spanned by all words of length j in the alphabet {z1,...,2,}, for j > 0; L is connected,
the augmentation of L is given by the natural projection ¢ : K(xy,...,2,) — Ly = K
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and the augmentation ideal is given by L =: € >0 L;. Consider the natural filtration
F;(L)={@L;|j<i}of L. Let P be a subspace of F5(L) := K& L1 @ Lo, the algebra
L/(P) is called nonhomogeneous quadratic algebra. L/{P) is called quadratic algebra if P
is a subspace of Lg, where (P) the two-sided ideal of L generated by P.

Let I C > <5 L, be a finitely generated homogeneous ideal of K(zy,...,z,) and let
R =K(zy,...,r,)/I, which is a connected graded algebra generated in degree 1. Suppose
o0 : R — R is a graded algebra automorphism and § : R(—1) — R is a graded o-derivation
(i.e. a degree +1 graded o-derivation 6 of R). Let B := R[x;0,0] be the associated
graded Ore extension of R; that is, B = €, Rz" as an R-module, and for r € R,
xr = o(r)z + §(r). We consider x to have degree 1 in B, and under this grading B is a
connected graded algebra which is generated in degree 1 (see [19] and [61]). We introduce
the definition of graded skew PBW extensions following [19].

Theorem 2.2.1. Let R = ,,~, Rm be a N-graded algebra and let A = o(R)(z1,...,zp)
be a bijective skew PBW extension of R satisfying the following two conditions:

(i) oy is a graded ring homomorphism and 6; : R(—1) — R is a graded o;-derivation for
all 1 < i <n, where o; and §; are as in Proposition 1.1.4.

(ii) TjTi — Ci jT;T5 € Ro+ Rix1+ -+ + Rixp, as in (1,1.2) and Cij € Ry.
Forp >0, let A, the K-space generated by the set
{rtxo‘ |t+|a] =p, 7 € Ry and 2 € Mon(A)}.

Then A is a N-graded algebra with graduation

A=A, (2.2.1)

p=>0

Proof. Tt is clear that 1 = 29---20 € Ay. Let f € A\ {0}, then by Remark 1.1.3-(iv),
f has a unique representation as f = r1X; + -+ + r;X,, with r;, € R\ {0} and X; :=
xtf” ceexpin € Mon(A) for 1 <i <s. Let r; = Tigy T+ Tig, the unique representation of
r; in homogeneous elements of R. Then f = (rlql + ot )x‘llll ceeppin g '+(7‘sq1 +-- -+
Qs Asp, a1y Al a1y Al Qs sy,
quu)xl SR % :rlqlxl BRI % +...+r1qu1 BRI 7% +...+r8q1x1 eIy _|_+
Tsqu a:(llsl .-~ 2" is the unique representation of f in homogeneous elements of A. Therefore

A is a direct sum of the family {A,},>¢ of subspaces of A.

Now, let = € A,A,. Without loss of generality we can assume that z = (r,z®)(rsz”)
with 7, € Ry, s € Rs, 2®,2°% € Mon(A), t + |a| = p and s + |3| = ¢. By Proposition
1.1.7-(a), we have that for 75 and = there exist unique elements rg, = c%(rs) € R \ {0}
and pg,, € A such that x = ry(rs o + pa,rs)xﬁ = Ttrsaa:aa:ﬁ + rtpamsxﬁ, where pqr, =0
or deg(par,) < |a| if par, # 0. Now, by Proposition 1.1.7-(b), we have that for 2%, 2
there exists unique elements ¢, 3 € R and p, g € A such that x = ryr,, (ca,ﬁx‘”ﬁ +Da )+
rtpa,rsxﬁ = rtrsacaﬁa:mrﬁ + 175 Pa,g + rtpamsxﬁ, where ¢, g is left invertible, p, g = 0 or
deg(pa,p) < |+ B if pag # 0. We note that:

1. Since o; is graded for 1 <i < n, then o;" is graded and therefore o is graded. Then
Tso = 0%(1s) € Rg and 07 (r5) € Rstq,, for 1 <i <mnand a; > 0.

o
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2. If W[oYo;" "] represents the sum of the possible words that can be constructed with
the alphabet composed of v times the symbol §; and «; — v times the symbol o,
then ziirg = >0 W[6Y o "V ](re)z" ™" € Agiq,, since each summand in the above
expression is in A5+ai.

3. From condition (ii), we have that for 1 <i < j <n, x;x; = ¢; jwx; + 1o, + 71,71 +
o+ Ty Tn € Ag. Then, for 1 <4 < j <k < n, we have that

v (175) = 24 (Ci ity + T0,; + 1T+ A+ Ty Tn)

= (on(cig)znmizs + Op(cig)zirs) + (ok(ro,;)er + 0k(ro;;))
+(ok(r1,)er + 0k (r1;)z) + -+ (O (g, )Te@n + 0k (Tny; )Tn)

= ak(ci,j)[ci,kxixk + 1o, F 1T+ Tnikxn]xj + 5k(c,~7j)a;,~a:j + O'k(TOij )a:k
+5k(T0ij) + Uk(rlij)[cl,kx1$k AV P ¥ S BPR M i rnlkxn]
+0r(r1,)zs + - 4 ok(rng ) TrTn + 0k (Tny, )T

= oy(cij)cipxilcj prjey + 70, 1T+ rnjka:n] + 05 (Cij)T0,, %5
o (Cig) 1212 + - A 0k(Ci )Ty, Tnj + Ox(cig)Tixs + op(ro,; )k
+6k(r0ij) + ak(rlij)[cl,kxlxk + 1oy, + 7121+ + Tnlkxn]
+0r(r1,;)1 + -+ Ok )Tk + Ok Ty )T

= ak(ci,j)ci7k0i(cj7k)a;,~xjxk + Uk(ci,j)c@kéi(cj,k)xjxk + Uk(ci,j)c@ka(cj,k)ai(roij)xi
+O—k(cl,])c’i7k5i(r0i]‘) + Uk(Ci,j)Ci,kUi(lek)fEifEl + O'k(ci,j)ci,kéi(rljk)xl + -
+op(cij)e, kaz(rnjk)xixn + 01(€ij)Ci k0i (T, )Tn + 01 (Ci )0, 75
For(cij)ri ey + -+ ok(Cij) oy Tnj + 0x(cij) iz + ox(ro,; )Tk + 0x(ro;;)
+0k(7’1m)61,k$1$k +or(r1,)ro, +or(r,)ri e+ 4 ok(r1, ) ey T

+5k(r1 )xl +- O'k(Tn”):Ekﬂfn + 5k(rnw):1:n

5]

¢ J)cz k5 (7"0”) + Uk(cz,j)Cz,ko'z(rljk)cl,lefﬂz + Jk(cz,j)cz,kaz(rljk)roh
or(cij)ci kaz(rljk)rlhxl + o+ op(cig)eikoi(ryy, ) oy Tn

1.5)Ci k0 (71, )T+ + O'k(CiJ)CZ"kO'i(Tnjk)ﬂfixn + ak(ci,j)cukéi(rnjk)xn
Cij)T0,,T5 + O'k(CZJ)T'12k33‘1$j + o+ ok(Ci ) Tn Cin @i Tn + 0k (Ci ) Thy On ()
o cZ,])rmkrojn + 0k(Cij )Ty 11+ OR(Ci )Ty Ty, Tn + Ok (Ci ) TiT

—i—ak(rlij )Py Tn + 5k(7‘1ij Yoy 4+ ak(rnij)mkazn + (5k(rnij)mn.
Since all summands in the above sum have the form rz, where r is an homogeneous
element of R, x € Mon(A) and rz € A3, we have that xjz;x; € Az. Following this
procedure we get in general that x; @, - i, € Ap for 1 <4 < n, 1 <k < m,
m > 1.

4. In a similar way and following the proof of Proposition 1.1.7, we obtain that p, ,, €
A\QH‘S and Pa,p € A|o¢\+|ﬁ\- Then TthaCa’ﬁon_ﬁ S At+s+|o¢\+|ﬁ\7 TtTsqPa,g € At+s+\a|+\6|
and rpyr,2° € At tial+s+18) 1€ T € Apyq.

O

Definition 2.2.2. Let A = o(R)(z1,...,2,) be a bijective skew PBW extension of a
N-graded algebra R = @m>0 R,,. We say that A is a graded skew PBW extension if A
satisfies the conditions (i) and (ii) in Theorem 2.2.1.

In [93], Definition 1.3, James J. Zhang and Jun Zhang introduced the concept of double
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Ore extensions. Let R be an algebra and B be another algebra, containing R as a subring.
We say B is a right double extension of R if the following conditions hold:

(a) B is generated by R and two new variables z; and xs.

(b) {x1,x9} satisfies a relation xoz1 = proxi22 —I—pnx% + 7121+ Toxs + 7o, where p1a, p11 €
K and 71,719,717 € R.

(c) Asaleft R-module, B= Y Rz{'z5? and it is aleft free R-module with {z{"z5? |
a1,022>0

(651 Z 0,042 Z 0}

(d) 1R+ xz2R C Rx1 + Rz + R.

We remark that every graded skew PBW extension A = o(R)(x1,z2) of a connected
algebra R is a right double extension. In this case, p1; = 0. On the other hand, if B is a
right double extension of R with pj2 # 0 and p;; = 0, then B is a (not necessarily graded)
skew PBW extension of R.

Remark 2.2.3. Let A be a skew PBW extension of an algebra R. Note that if we endow R
with the trivial graduation, Gr(A) (as in Theorem 2.1.2) is a graded skew PBW extension
(as in Definition 2.2.2). The reciprocal is false, since there are graded skew PBW extensions
that are not quasi-commutative (see Example 2.2.7) and by Theorem 2.1.2 and Proposition
2.1.1 Gr(A) is a quasi-commutative skew PBW extension. So, the graduation of Definition
2.2.2 generalizes the graduation of Theorem 2.1.2.

Proposition 2.2.4. Quasi-commutative skew PBW extensions with the trivial graduation
of R are graded skew PBW extensions. If we assume that R has a different graduation to
the trivial graduation, then A is a graded skew PBW extension if and only if o; is graded
and ¢; ; € Ry, for 1 <i,j <n.

Proof. Let R = Ry and r € R = Ry. From (1.1.5) we have that z;r = ¢;,z; = 0;(r)z;.
So, 0i(r) = ¢y € R = Ry and ¢; = 0, for 1 < i < n. Therefore o; is a graded ring
homomorphism and §; : R(—1) — R is a graded o;-derivation for all 1 < ¢ < n. On the
other hand, from (1.1.6) we have that z;2; — ¢; jz;2; =0 € Ry + Rz + - -+ + Ry, and
cij € R = Ry. If R has a nontrivial graduation, then we get the result from relations
(1.1.5), (1.1.6) and Definition 2.2.2. O

Example 2.2.5. We present some examples of graded quasi-commutative skew PBW
extensions.

1. The particular Sklyanin algebra S (Example 1.2.5) is a graded quasi-commutative
skew PBW extension of K.

2. The algebra of linear partial ¢g-dilation operators Klty, ..., t,][H }q), . ,H,(,;”] (Exam-
ple 1.2.16) is a graded quasi-commutative skew PBW extension of K[tq,...,t,],
where K[tq,...,t,] is endowed with usual graduation.

~

3. The multiplicative analogue of the Weyl algebra O,(\;;) = o(K)(z1,...,z,) =
o(K[z1])(z2,...,2,) (Example 1.2.20) is a graded quasi-commutative skew PBW
extension of K[z1], where K[z;] is endowed with usual graduation.
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4. The multi-parameter quantum affine n-space Oq(K") (Example 1.2.31).

Remark 2.2.6. The algebra of shift operators Sy, := K[t][xp; 01] = o(K[t])(xp) (Example
1.2.10) is a quasi-commutative skew PBW extension of R := K[t]. S}, is a graded quasi-
commutative skew PBW extension if K[t] is endowed with trivial graduation. But if h # 0
and K[t] is endowed with the usual graduation, i.e. Ry =K, R; is the subspace generated
by t, Ry is the subspace generated by t2, etc., then S}, is not a graded skew PBW extension,
since op,(t) =t — h ¢ Ry, i.e, oy, is not graded.

Examples 2.2.7. Next, we present specific examples of graded skew PBW extensions of
the classical polynomial ring R with coefficients in K, which are not quasi-commutative
and where R has the usual graduation.

1. The Jordan plane A = K(z,y)/(yx — zy — %) = o(K[z])(y) (Example 1.2.4).

2. The homogenized enveloping algebra. A(G) = o(K[z])(x1, ..., z,) (Example 1.2.40).
3. The Diffusion algebra. A = o(K[z1,...,x,])(D1,...,Dy) (Example 1.2.18).

4. The algebra U = o(K[z1, ..., 2)){(Y1,- -+, Yn; 21, - -, 2n) (Example 1.2.25).

5. Manin algebra. O(M,(2)) = o(K[u])(z,y,v) (Example 1.2.26).

6. Algebra of quantum matrices. Og4(M,(K)) = o(K[zim, z;i]) (@i, Tjm), for 1 < i <
J, k < m <n (Example 1.2.27).

7. Quadratic algebras in three variables. If a; = a4 = 0 then the quadratic algebra is
a graded skew PBW extension of R = K]y, z], and if a5 = a3 = 0 then quadratic
algebras are graded skew PBW extensions of R = K|z, z] (Example 1.2.38).

2.3 Some properties

In this section we present some properties of graded skew PBW extensions.

Proposition 2.3.1. Let B be a connected N-graded algebra. B is finitely generated as
K-algebra if and only if B = K(x1,...,2m)/I, where I is a proper homogeneous two-sided
ideal of K(x1,...,2m). Moreover, for every n € N, dimg B,, < oo, i.e., B is locally finite.

Proof. <): As the free algebra L := K(x1,...,x,,) is N-graded and I is homogeneous, i.e.,
graded, then L/I es N-graded with graduation given by (L/I), := (L, + I)/I. Note that
L/T is connected since (L/I)y = K. Moreover, L/I is finitely generated as algebra by the
elements x; := z; + I, 1 < i < m. Observe that L, is finitely generated as vector space,
whence, (L/I), is also finitely generated as vector space, i.e., dimg((L/I),) < oo.

=): Let ai,...,a, € B be a finite collection of elements that generate B as K-algebra,
by the universal property of the free algebra K(z1,...,z,,), there exists a K-algebra ho-
momorphism f : K(zq,...,z,) — B with f(z;) := a;, 1 < ¢ < m; it is clear that f is

surjective. Let I := ker(f), then I is a proper two-sided ideal of K(x1,...,2,,) and

B =K(zy,...,zm)/I. (2.3.1)
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Since B is N-graded, we can assume that every a; is homogeneous, a; € By, for some
d; > 1, moreover, at least one of generators is of degree 1. We define a new graduation for
L =K(z1,...,2y): we put weights d; to the variables z; and we set L] = g(x;, -+~ ;,, |
Z;-”:l di; = n), n € N. This implies that f is graded, and from this we obtain that
I is homogeneous. In fact, let X7 + --- + X; € I, where X; € L/mv 1 <1<t s0
f(X1) 4+ f(Xt) = 0, and hence, f(X;) =0 for every [, i.e., X; € I. Finally, note that

under the isomorphism f in (2.3.1), f((L], + I)/I) = By, so dimg(B,,) < oc. O

Let B be a finitely graded algebra; it is said that B is finitely presented if the two-sided
ideal I of relations in Proposition 2.3.1 is finitely generated.

Remark 2.3.2. Let A = o(R)(x1,...,xy,) be a graded skew PBW extension. Then, we
immediately have the following properties:

(i) Ais a N-graded algebra and Ay = Ry.
(ii) R is connected if and only if A is connected.

(iii) If R is finitely generated then A is finitely generated. Indeed, as Mon(A) = {z% =
it | a = (oq,...,a,) € N} is R-base for A, and R is finitely generated
as algebra, then there is a finite set of elements t¢1,...,ts € R such that the set
{tisti, -t |1 <i; <s,m>1}U{1} spans R as a vector space. Then there is a finite
set of elements ¢1,...,ts,21,...,2, € A such that the set {t; t;,---t;, x7*--z0" |
1<ij<s,m>1,0q,...,00 € N} spans A as a vector space. So, if R is generated
in degree 1 then A is generated in degree 1.

(iv) For (i), (ii) and (iii) above we have that if R is a finitely graded algebra then A is a
finitely graded algebra.

(v) If R is locally finite, A as algebra is a locally finite. Indeed, dimg Ay = dimg Ry,
dimg A; = dimg Ry + n; let By be a (finite) base of Ry, t > 0, then for a fixed p > 2
the set {ryz® |t + |a| = p, 7 € B, and z* € Mon(A)} is a finite base for A,,.

(vi) A as R-module is locally finite.
(vii) If A is quasi-commutative and R is concentrate in degree 0, then Ay = R.
(viii) If R is a quadratic algebra then A is a quadratic algebra.
(ix) If R is finitely presented then A is finitely presented. Indeed, by Proposition 2.3.1,
R =K(ti1,...,tm)/I where
I'={(ri,...,7s) (2.3.2)
is a two-sided ideal of K(t1, ..., t,,) generated by a finite set r1, ..., rs of homogeneous

polynomials in K(¢1,...,¢y,). Then A =K(ty,... tm,21,...,2y,)/J where
J = <T17"'7r87 fhk7 9ji | 1< iijh <n, 1< k < m> (233)

is the two-sided ideal of K(t1,...,tm,x1,...,2,) generated by a finite set of homo-
geneous elements r1,...,7s, fak, gj; where ri,...,rs are as in (2.3.2);

Tk = wpty — on(te)xn — on(ty) (2.3.4)
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with o, and d;, as in Proposition 1.1.4;
Gji = T — i jwiwy — (ro;, + 71,01+ Ty, Tn) (2.3.5)
as in (1.1.2) of Definition 1.1.1.
Let B = R[x1;01,01] - [xn; 0p,0,] be an iterated Ore extension. Then B is called a
graded iterated Ore extension if x1,...,z, have degree 1 in B,
o; : Rlz1;01,01] -+ [wi-1;09-1,0i1] — R[w1501,61] -+ - [75-15 041, ;1]
is a graded algebra automorphism and
6 : Rlr1;00,01] -+ [wio1;04-1,0i-1](—=1) = Rlz1501,61] -+ [2i-15 001, 0i—1]
is a graded o;-derivation, 2 < i < mn.

Remark 2.3.3. The class of graded iterated Ore extensions ;Cé class of graded skew PBW
extensions. For example, the homogenized enveloping algebra A(G) and the Diffusion alge-
bra are graded skew PBW extensions but these are not iterated Ore extensions. Therefore,
the definition of graded skew PBW extensions is more general than the definition of graded
Ore extensions.

An algebra is called noetherian if it is right and left noetherian.

Proposition 2.3.4. A graded algebra B is right (left) noetherian if and only if it is graded
right (left) noetherian, which means that every graded right (left) ideal is finitely generated.

Proof. See [41], Proposition 1.4. O

Proposition 2.3.5. Let A =o(R){(x1,...,2,) be a graded skew PBW extension.

(i) If R is a graded left (right) noetherian algebra, then every graded skew PBW extension
A of R is graded left (right) noetherian.

(ii) If A is quasi-commutative, then A is isomorphic to a graded iterated Ore extension
of endomorphism type R[z1;01] - [zn; 0], where 6; is bijective, for each i; 61 = 01;

0« R[z1;01] - - [2j-1;0,-1] = Rlz15601] -+ [2j-15051]

is such that 0;(2;) = ¢; jz; (cij € Ry as in (1.1.2)), 1 <i < j <n and 0;(r) = o;(r),
forr e R.

Proof. (i) Since A is bijective, then by Proposition 2.1.4 we have that A is a left (right)
noetherian algebra. As A is graded then by Proposition 2.3.4, A is graded left (right)
noetherian.

(ii) By Proposition 2.1.3 we have that A is isomorphic to an iterated Ore extension of
endomorphism type R[z1;01] - [2n; 0n], where 6; is bijective; 61 = o7;

9]' : R[Zl; 91] s [Zj_l; 9]'_1] — R[Zl; 91] s [Zj_l; 9]'_1]

is such that 6;(z;) = ¢; ;2 (¢;; € Rasin (1.1.2)), 1 <i < j < n and 6;(r) = o4(r), for
r € R. Since A is graded then o; is graded and ¢; ; € Ry. Moreover, since 0;(r) = o;(r),
then 0; is a graded automorphism for each i. Note that z; has graded 1 in A, for all 1.
Thus, A = R[z1;01] - [2n;6,] is a graded iterated Ore extension. O



CHAPTER 2. GRADED SKEW PBW EXTENSIONS 31

Let M be a B-module. The grade number of M is jg(M) := min{p | Ext};(M, B) # 0}
or oo if no such p exists. Notice that jp(0) = +0o. When B is noetherian, jp(M) <

pdp(M), and if furthermore injdim(B) = ¢ < oo, we have jp(M) < ¢ for all non-zero
finitely generated B-module M (see [41]).

Definition 2.3.6. Let B be a filtered ring with filtration {F,,(B)},ez. The Rees ring
associated to B is a graded ring defined by

B:=PF.(B).
neZ

The filtration {F,(B)}nez is left (right) Zariskian, and B is called a left (right) Zariski
ring, if F_1(B) C Rad(Fy(B)) and the associated Rees ring B is left (right) noetherian.

Li in [47] shows the following result regarding Zariski’s rings.

Proposition 2.3.7. Let B be a N-filtered ring such that Gr(B) is left (right) noetherian.
Then, B is left (right) Zariskian.

Definition 2.3.8 ([41], Definition 2.1). Let B be a noetherian ring.

(i) An B-module M satisfies the Auslander-condition if ¥p > 0, jp(N) > p for all
B-submodules N of Exth, (M, B).

(ii) The ring B is said to be Auslander-Gorenstein of dimension ¢ if injdim(B) = ¢ < oo,
and every left or right finitely generated B-module satisfies the Auslander-condition.

(iii) The ring B is said to be Auslander-reqular of dimension ¢ if gld(B) = ¢ < oo and
every left or right finitely generated B-module satisfies the Auslander-condition.

(iv) Let B be an algebra; B is Cohen-Macaulay if GKdim(B) = jp(M)+GKdimpg (M)

for every non-zero noetherian B-module M.

Proposition 2.3.9 ([15], Theorem 3.9). Let B be a left and right Zariski ring. If its asso-
ciated graded ring Gr(B) is Auslander-Gorenstein (respectively Auslander-regqular), then B
is Auslander-Gorenstein (respectively Auslander-regular).

Proposition 2.3.10 (|21], Theorem 4.2). If B is Auslander-Gorenstein (Auslander-regular),
then the Ore extension Blx;o,d|, with o bijective, is also Auslander-Gorenstein (Auslander-
regular).

Proposition 2.3.11 ([46], Lemma 2.8). If A is a bijective skew PBW extension of a
noetherian ring R, then A is a left and right Zariski ring.

Proof. Since A is N-filtered, 0 = F_1(A) C Rad(Fy(A)) = Rad(R). By Proposition 2.1.3,

Gr(A) is isomorphic to an iterated Ore extension R[z1;6:1]--- [zn;0,], with 6; bijective,
1 <i < n. Whence Gr(A) is noetherian. Proposition 2.3.7 says that A is a left and right
Zariski ring. O

Proposition 2.3.12 ([46], Theorem 2.9). Let A be a bijective skew PBW extension of
a ring R such that R is Auslander-Gorenstein (respectively Auslander-regular), then A is
Auslander-Gorenstein (respectively Auslander-regular).
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Proof. According to Theorem 2.1.2 Gr(A) is a quasi-commutative bijective skew PBW
extension. By Proposition 2.1.3, Gr(A) is isomorphic to an iterated Ore extension

R[ZIS 91] T [Zn; en],

with 6; is bijective, 1 < i < n. Proposition 2.3.10 says that Gr(A) is Auslander-Gorenstein
(respectively Auslander-regular). From Proposition 2.3.11, A is a left and right Zariski ring,
so by Proposition 2.3.9, A is Auslander-Gorenstein (respectively Auslander-regular). [

A graded ring B has finite graded injective dimension ¢ if 3B and Bp are both of
injective dimension ¢ in the category of graded B-modules. Then, we write grinjdim(B) =
q. If M and N are graded B-modules, we use M%(M, N) to denote the set of all B-
module homomorphisms h : M — N such that h(M;) C N;14. We set Homp(M,N) =
Dacz Homcjl3 (M, N), and we denote the corresponding derived functors by Extz(M, N).
Given any graded B-module M, for the graded case, the grade number (j-number) of M
is j (M) = min{p | Eat,(M,B) # 0} or oo if no such p exists. In particular, if M = 0,
then j B(M ) = 0. For finitely graded algebras, we have two additional remarks: Let B be
a finitely graded algebra and let M, N be Z-graded B-modules. Then there is a natural
inclusion Hompg(M,N) — Homp(M,N). If M is an B-module finitely generated, then
Homp(M,N) = Homp(M,N) and Extly(M,N) = Extiy(M, N).

For the case of graded modules, in Definition 2.3.8, one can define the notion of a
graded-Auslander-Gorenstein ring, or graded-Auslander-reqular ring.

Proposition 2.3.13. The noetherian graded ring B is Auslander-Gorenstein (resp. regu-
lar) if and only if B is graded Auslander-Gorenstein (resp. graded Auslander-regular).

Proof. See [41], Theorem 3.1. O

Corollary 2.3.14. Let A be a graded skew PBW extension of an Auslander-Gorenstein
(respectively Auslander-regular) algebra R, then A is graded Auslander-Gorenstein (respec-
tively graded Auslander-regular).

Proof. As A is bijective, then from Proposition 2.3.12 we have that A is Auslander-
Gorenstein (respectively Auslander-regular). Since A is graded then by Proposition 2.3.13
we have that A is graded Auslander-Gorenstein (resp. graded Auslander-regular). O

Proposition 2.3.15. Let B be a N-graded noetherian ring and let grgld(B) and grinjdim(B)
be a graded global dimension and graded injective dimension of B respectively. Then gld(B)
(resp. injdim(B)) is finite if and only if grgld(B) (resp. grinjdim(B)) is finite, in which
case these two numbers are equal.

Proof. See [41], Lemma 3.3. O
Corollary 2.3.16. Let A be a graded skew PBW extension of a noetherian algebra R. If
gld(R) is finite, then grgld(A) is finite.

Proof. From Remark 2.3.2-(i) A is a N-graded algebra. Now, by Proposition 2.3.5-(i) A is
a graded noetherian algebra. As gld(R) is finite, by Proposition 2.1.8 we have that gld(A)
is finite. Then by 2.3.15 we have that grgld(A) is finite. O
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When B is graded, one can define a graded Cohen-Macaulay property by taking M # 0
as a graded finitely generated B-module.

Remark 2.3.17. Let B be an algebra.

(i) If B is a graded right (left) noetherian algebra and By is finite dimensional, then B
is locally finite ([82], page 1).

(ii) ([82], Theorem 2.4) Every connected graded left (right) noetherian algebra with finite
global dimension has finite GK-dimension.

Proposition 2.3.18. Let A be a graded skew PBW extension of a connected left (right)
noetherian algebra R. Then

(i) A is locally finite.

(ii) If R has finite global dimension then A has finite GK-dimension.

Proof. From Proposition 2.3.5-(i), A is a graded left (right) noetherian algebra. Since R is
connected then by Remark 2.3.2-(ii) we have that A is connected, i.e., 49 = K.

(i) Since K is finite dimensional then from Remark 2.3.17-(i), A is locally finite.

(ii) If R has finite global dimension then by Corollary 2.3.16, A has finite graded global
dimension. Then by Remark 2.3.17-(ii) we have that A has finite GK-dimension.

O

Proposition 2.3.19 ([46], Proposition 3.5). Let B be a left and right Zariski ring with fi-
nite filtration and such that Gr(B) is Auslander-Gorenstein. If Gr(B) is Cohen-Macaulay,
then B is Cohen-Macaulay.

Proof. Let M be a noetherian B-module, then

GKdim(B) = GKdim(Gr(B)) = GKdim(g,g)Gr(M)) + jars) (M)
= GKdim(gM) + jp(M).

Therefore B is Cohen-Macaulay. O

Proposition 2.3.20. Suppose that R is Auslander-reqular (Auslander-Gorenstein) and
Cohen-Macaulay ring. Let B = R[x;0,0] be an Ore extension with o bijective. If R =
D,~o Ri is a connected graded algebra such that o(R;) € R; for each i > 0, i.e. o is
graded. Then B is Cohen-Macaulay.

Proof. See [42], Lemma-(ii), page 184. O

Proposition 2.3.21 ([46], Theorem 3.9). Let A be a bijective skew PBW extension of
a ring R such that R is Auslander-Gorenstein, Cohen-Macaulay, and R = ;<o R;i is a
connected graded algebra such that o;(R;) € R; for each i > 0 and 1 < j < n, ‘then A is
Cohen-Macaulay.
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Proof. From Theorem 2.1.2 we have that A is an algebra with a finite filtration and Gr(A) is
a quasi-commutative skew PBW extensions, and by the hypothesis, Gr(A) is also bijective.
By Proposition 2.1.3, Gr(A) is isomorphic to an iterated Ore extension R[z1;61] - - [zn; 5]
such that each 6; is bijective, 1 <4 < n. Proposition 2.3.10 says that Gr(A) is Auslander-
Gorenstein. From Proposition 2.3.11, A is a left and right Zariski ring, and by Proposition
2.3.20 Gr(A) is Cohen-Macaulay, so by Proposition 2.3.19 A is Cohen-Macaulay. O

Theorem 2.3.22. Let A = o(R)(z1,...,zy,) be a graded skew PBW extension of a con-
nected algebra R. If R is graded Auslander-Gorenstein and graded Cohen-Macaulay then
A is graded Cohen-Macaulay.

Proof. Since A is bijective, R is a N-graded algebra, connected and each o; is graded, i.e.,
0i(Ry) € R, for each m > 0 and 1 < i < n, then by Proposition 2.3.21 we have that A
is graded Cohen-Macaulay. O



CHAPTER 3

Koszulity for skew PBW extensions

Koszul algebras were first introduced by Priddy in [63] under the name of homogeneous
Koszul algebras and have revealed important applications in algebraic geometry, Lie theory,
quantum groups, algebraic topology and combinatorics. The structure and history of
Koszul algebras are detailed in [62]. Backelin and Froberg in 7] show several equivalent
definitions of Koszul algebras. Later they emerged some general notions of Koszul algebras
(or Koszul rings), for example in (8], a Koszul ring is a positively graded ring B = &;>0B;
such that By is semisimple and By, considered as a graded left B-module, admits a graded
projective resolution
o= Py—=---—> P — Py~ DBy

such that P; is generated by its degree i component, i.e., P, = B(F;);. Many interesting
algebras with similar properties to a Koszul algebra do not satisfy that By is semisimple,
there do already exist several generalized Koszul theories where the degree 0 part By of
a graded algebra B is not required to be semisimple, see [30], [49], [53], [91]. Let B be
a graded algebra, Li in [49] develops a generalized Koszul theory by assuming that By
is self-injective instead of semisimple and generalize many classical results. Each Koszul
ring B defined by Woodcock in [91] is supposed to satisfy that B is both a left projective
Bp-module and a right projective Bp-module. This requirement is too strong. In [49]
define generalized Koszul modules and Koszul algebras in a similar way to the classical
case, that is, a graded B-module M is Koszul if M has a linear projective resolution, and
B is a Koszul algebra if By viewed as a graded B-module is Koszul. More precisely (see
[49], Definition 2.4), a locally finite graded B-module M generated in degree 0 (we say
M = @;ezM; is generated in degree s if M = B - M) is called a Koszul module if it has a
(minimal) projective resolution

=P =P -F—-M=0

such that P; is generated in degree ¢ for all i > 0.

Let B be a generalized Koszul algebra over a finite dimensional algebra S. He, Van
Oystaeyen and Zhang in [35] construct a bimodule Koszul resolution of B when the projec-
tive dimension of Sp equals 2. Using this they prove a Poincaré-Birkhoff-Witt (PBW) type
theorem for a deformation of a generalized Koszul algebra. When the projective dimension

35
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of Sp is greater than 2, they construct bimodule Koszul resolutions for generalized smash
product algebras obtained from braiding between finite dimensional algebras and Koszul
algebras, and then prove the PBW type theorem. The results obtained can be applied to
standard Koszul Artin-Schelter Gorenstein algebras in the sense of Minamoto and Mori in
[57].

On the other hand, Koszul algebras attracted the interest of those studying noncommu-
tative algebraic geometry because some of the Artin-Schelter regular algebras (introduced
in [3]) are Koszul. Koszul algebras must always be quadratic. There have been some at-
tempts to generalize Koszulity to connected graded algebras with non quadratic relations.
Hoping to capture more of the Artin-Schelter regular algebras, Berger introduced N-Koszul
algebras in [10]. These algebras are N-homogeneous, that is, their ideal of relations may be
generated by degree N homogeneous elements, where N is an integer > 2. The 2-Koszul
algebras are exactly the Koszul algebras. The term N-Koszul as used by Berger, is different
than the sense of the term seen in [62]. Green, Marcos, Martinez and Zhang in [29] study
d-Koszul algebras: Let B = Bg+ B1+ Ba+--- be a graded K-algebra generated in degrees
0 and 1 where K is a commutative noetherian ring. Assume that By is a finitely generated
semisimple K-algebra, B is a finitely generated K-module and that

o= P= Py == Py— By —0,

is a minimal graded B-projective resolution of By. B is a d-Koszul algebra if, for each
i >0, P; can be generated in exactly one degree, §(i), and

5(i) = { :

By assumption that B is generated in degrees 0 and 1, B is a quotient of the tensor algebra
Tpy(B) = By + (B1 ®p, B1) + (&% B1) +---. If B = Tp,(B1)/I is a d-Koszul algebra,
then [ is finitely generated and can be generated by elements in ®%OBl since P, can be
generated in degree d. Furthermore, the finiteness assumptions on By and B; and that K
is noetherian imply that each P, is finitely generated. We note that if d = 2, then B is
a Koszul algebra since By has linear projective resolution. For d > 3, B is not a Koszul
algebra (see [29], page 147).

DO| =
S

if 7 is even;

d+1, if7is odd.

<
w‘l
—

Cassidy and Shelton introduced Co algebras in [19], this class of algebras contains all
the N-Koszul algebras and the Koszul algebras, but also admits algebras whose ideals of
relations are generated by homogeneous elements in different degrees (see [60]).

Since Priddy in [63] defined homogeneous Koszul algebras and Koszul algebras, from
now on in this thesis Koszul algebras, defined by Priddy, will be called nonhomogeneous
Koszul and the homogeneous Koszul algebras will be simply called Koszul. In the first
section, we study the nonhomogeneous Koszul property and the Koszul property for skew
PBW extensions over fields. In the second section, we study the Koszul property for
graded skew PBW extensions using PBW algebras and the Backelin’s criterion in terms of
distributivity of lattices. The main results are Corollary 3.1.14, Theorem 3.1.15, Example
3.1.17, Example 3.1.18, Proposition 3.1.26, Theorem 3.2.5, Corollary 3.2.7, Example 3.2.8,
Remark 3.2.9, and Theorem 3.2.17.
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3.1 Koszulity for skew PBW extensions over fields

Some authors have studied nonhomogeneous Koszul algebras. For example, nonhomo-
geneous Koszul algebras are defined in [62], analogous to Definition 3.1.9 below: Let
L =K(xq,...,x,) the free associative algebra (tensor algebra) in n generators x1, ..., Zy,,
let P CKE L1 P L be a subspace of Fy(L) and B = L/(P), where (P) is the two-sided
ideal of L generated by P; let B()) = L/(R), where R is obtained by taking homogeneous
part of P (i.e., R = w(P), where m : L — Lo is the projection onto the quadratic part of
the free algebra L). B is said to be nonhomogeneous Koszul if B() is Koszul (see [62], page
140). In [52] nonhomogeneous Koszul algebras are defined as follows: Let V' a graded vec-
tor space and a degree homogeneous subspace P C V @ V®?2, the algebra B = T(V)/(P)
is called nonhomogeneous Koszul if PNV = {0}, {P@V +V @ P}NV® C PNV®?% and
T(V)/{m(P)) is Koszul, where 7 : T(V) — V®2 is the projection onto the quadratic part
of the tensor algebra. Berger in [10] defined the notion of N-Koszul algebra, for N > 2. If
N = 2, the notion of Koszul algebra is obtained. In this section we study the nonhomoge-
neous Koszul property and Koszul property for skew PBW extensions over fields, taking
int account the definitions given in [63]. The results of this section were published in [88].

Let B be an algebra; if B is finitely generated and N-graded, then B is generated
by a finite set of homogeneous elements and from this we can conclude that a positively
graded algebra B is finitely generated if and only if there is a degree preserving surjective
ring homomorphism K(z1,...,z,) — B for some free algebra K(zy,...,z,) with some
weighting of the variables, and thus B = K(z1,...,x,)/I for some homogeneous ideal I.

3.1.1 Pre-Koszul algebras

We present a definition of nonhomogeneous pre-Koszul and pre-Koszul algebras, analogous
to the definition given by Priddy in [63].
Definition 3.1.1. Let I be a proper two sided ideal of L = K(z1,...,x,) and let B := L/I.

(i) B issaid to be a nonhomogeneous pre-Koszul algebra if I is a two sided ideal generated
by elements of the form

n
E X + g Cj kT, where ¢; and c;y are in K. (3.1.1)
i=1 1<5,k<n

(ii) A nonhomogeneous pre-Koszul algebra is said to be pre-Koszul if ¢; =0, for 1 <i <n

in (3.1.1).

Presentations of special types of skew PBW extensions are given in the following re-
mark.

Remark 3.1.2. Let A = o(K)(x1,...,x,) be a skew PBW extension of K.

1. We note that A = K(xy,...,2,)/I, where I is the two sided ideal generated by
elements as in (i77) and (iv) of the Definition 1.1.1, i.e., elements of the form

Cr + X7 — CipZyy, To+TITL A+ TRTn + LT — G T, (3.1.2)
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where r # 0, ¢, ¢;» # 0, 19, T1,...,7p, ¢ j # 0 are elements in K, with 1 <4, j < n.

2. If A is pre-commutative, then A = K(x1,...,x,)/I, where I is the two sided ideal
generated by elements of the form

Cr + T — CipTiy,  TITL A TRTy XL — CTT, (3.1.3)
where 7 # 0, ¢, ¢ # 0, 71,...,7y, ¢ ; 7 0 are elements in K, with 1 < 1,5 <n.

3. If A is constant, then A = K(x1,...,x,)/I, where I is the two sided ideal generated
by elements of the form

ro + X1+ - A Ty + T — ¢ Ty, (3.1.4)
where rg,71,...,7y, ¢ ; # 0 are elements in K, with 1 <1¢,5 < n.

4. If A is quasi-commutative then A = K(x1,...,2,)/I, where I is the two sided ideal
generated by elements as in (4i7') and (iv') of the Definition 1.1.5, i.e., elements of
the form

TiT — CipXi, LT — Ci jTiT; (3.1.5)

where 7 # 0, ¢;» # 0, ¢; ; # 0 are elements in K, with 1 <4,5 <n.

5. If A is semi-commutative then A = K(zy,...,z,)/I, where I is the two sided ideal
generated by elements of the form

TjT; — G LT (3.1.6)
where ¢; ; # 0 are elements in K, with 1 <4,j <n.

If otherwise is not assumed, in this section all skew PBW extensions are algebras and
extensions of K (i.e., R = K in Definition 1.1.1), so A = o(K)(z1...,x,) is necessarily a
constant skew PBW extension.

Proposition 3.1.3. Let A be a skew PBW extension. If A is pre-commutative then A is
nonhomogeneous pre-Koszul.

Proof. From (3.1.3) and (3.1.4) we have that A = K(z1,...,2,)/I, where I is the two
sided ideal generated by elements of the form

T A TTy 1T — G T (3.1.7)
Then we conclude that A is nonhomogeneous pre-Koszul. O

Proposition 3.1.4. Let A be a skew PBW extension. If A is semi-commutative then A is
pre-Koszul.

Proof. Since semi-commutative skew PBW extensions are quasi-commutative, and quasi-
commutative skew PBW extensions of K are pre-commutative, then from (3.1.6) and
Proposition 3.1.3 we get that A is pre-Koszul. O
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Let B be a nonhomogeneous pre-Koszul algebra. One can truncate the relations in
(3.1.1) leaving only their homogeneous quadratic parts. Let BO) be the obtained algebra.
Then B is called the associated pre-Koszul algebra of B. Note that B is homogeneous if
and only if B(Y) = B as algebras.

Proposition 3.1.5. Let A be a pre-commutative skew PBW extension, then A° is the
associated pre-Koszul algebra of A.

Proof. From Proposition 3.1.3 we have that A is a nonhomogeneous pre-Koszul algebra.
By (3.1.3), A = K(x1,...,2,)/I where I is the two sided ideal generated by elements of the
form ¢, +x;r — iy, TiZIF A TRT XX — ¢ Ty, With e £ 0, ¢y ¢ 0,71, Ty,
¢i,j 7 0 elements in K, 1 < 4,5 <n. Since A is constant then A = K(x1,...,2,)/I, where I
is the two sided ideal generated by elements of the form rixy +-- -+ 1z, + 225 — ¢ jxix;.
Then A©) = K(z,...,2,)/J, where J is the two sided ideal generated by elements of
the form z;x; — ¢; jx;xj, where ¢;; # 0 are elements in K, with 1 < 4,5 < n. Now,
by Proposition 2.1.1 there exists a quasi-commutative skew PBW extension A% of K in
n variables z1,..., 2, defined by the relations z;r = ¢;,2;, 2z = ¢; jziz;, for 1 < i < n,
where ¢; ., ¢; ; are the same constants that define A. Since A is constant, then A7 is defined
by the relations zj2; = ¢; jziz;, with ¢; ; € K\ {0}, 1 <,j < n. Without loss of generality,
we can assume that x; = z;, for 1 <i <n. Then,

A% = K(:El, e ,l’n>/<l’jl’i - Ci,jZEi:Ej | Ci,j e K \ {0}, 1 § i,j § 7”L> = A(O)

3.1.2 Koszul algebras and skew PBW extensions

We start this subsection with some homological constructions that will be used in the
definitions and results presented below. If B is an augmented algebra with augmentation
ideal By, then for every left B-module M we have the following resolution by free B-
modules, called the normalized bar-resolution (see [62]).

Bar (B, M) :
- BeBY"'eM -+ BeBY@M - BB, @M - BoM—0, (3.18)

where - '
Bar;(B,M) :=B® BY" @ M (3.1.9)

and the differential is given by

i
0(ap® -+ ®a; ®m) ::Z(—1)5a0®---®a8_1a5®---®a,-®m
s=1

+ (=)@ ®a;—1 @ a;m. (3.1.10)

We can view BE"Z-(B, M) as a B-module by letting B act on the left. Since Bﬁ?i QM is
a B-module, then in particular, this is a K-space, therefore it has a base. Then, tensoring
with B, we obtain that each B® BY' ® M in (3.1.9) is a free B-module. Since we have
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the canonical homomorphism B ® M — M, defined by b ® m +— bm, EZL;‘,(B , M) is a free
resolution of M. Then,

Ext'y(M,N) = H (Homp(Bar (B, M), N)). (3.1.11)

In fact, the cobar-complex is
COB (B, M,N) := Homg(Bar.(B,M),N), (3.1.12)
S0, Ewt%(M , V) can be computed as the i-th cohomology of the cobar-complex. Note that

COB'(B,M,N) = Homp(B ® BY' ® M,N) = Homg(BS' © M, N). (3.1.13)

There is a similar construction of (3.1.8) for non-augmented algebra B, with B replace
by B everywhere, called the non-normalized bar-resolution.

Let B be a graded algebra and M, N two graded B-modules. The graded cobar-complex
is:

Cob' (B, M, N) := Hompy(Bar,(B, M), N)) = Homy (BS" © M, N). (3.1.14)

This identification is compatible with internal gradings.
As in (3.1.11), we can compute these spaces using the graded cobar-complex:

Extiy(M,N) = H(Cob* (B, M, N)). (3.1.15)

For an algebra B, a right B-module R, and a left B-module L, we denote by TOT‘Z-B(R, L)
the derived functor of the tensor product over B, so that ToréB(R, Ly=R®pL. If Bisa
graded algebra and the modules R and L are graded then the spaces ToriB (R, L) acquire
the corresponding internal graduation induced by the grading of

TorP(R,L) = P Torf(R, L). (3.1.16)
JEL

So, Torgfj(R, L) = (R®p L); is spanned by elements x ® y where x € Ry and y € L;j_.

The bar-complex is defined as
Bar (R, B,L) := R®p Bar,(B,L). (3.1.17)
We can compute the spaces T' orlB (R, L) as homology of the bar-complex:
TorP(R,L) = H;(Bar(R, B, L)) = H;(R ®5 Bar.(B,L)). (3.1.18)

For a vector space V, let VV := Homg(V,K). There is a duality between bar and cobar-
complexes

COB(B,M,R") = Bar,(R,B,M)", (3.1.19)

where the left-hand side we use the natural structure of a left B-module on RY. This leads
to the corresponding duality between homology:
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Ext'y(M,RY) = Tor?(R, M) (3.1.20)
In the graded case we have a similar duality using graded duals:
Cob' (B, M,R*) = Bar.(R, B,M)*. So, Ext (M, R*) = Tor?,(R, M)", (3.1.21)

where R* is graded by (R*)s = (R_s)™.

A particular case of duality (3.1.21) is
Eat) (M,K) = Tor?,(K, M)*. (3.1.22)
We denote the relevant bar and cobar-complex by

Bar,(B,M) = Bar,(K,B,M); Cob(B,M)= Cob(B,M,K) = Bar,(B,M)*.

For M = K we have: Bar (B) = Bar,(B,K) and Cob'(B) = Cob*(B,K) = Bar,(B)*,
where Bar;(B) = BY".

Let B be a finitely graded algebra generated in degree 1; consider the Yoneda algebra
of B defined by

E(B) := @izo Exth (K, K);

the Ext groups here are computed in the category of graded B-modules with graded Hom
spaces; the product in F(B) is defined in the following way: Let {F; &, P;_1}i>0 be a
graded projective resolution of K that defines the groups Ewt%(K,K), with P_y := K
moreover, let f € Extly(K,K) = ker(d},)/Imd} with f € ker(d}, ;) € Homp(P;,K) and
7 € Extly(K,K) = ker(d}, ) /Imd with g € ker(d%,,) € Homp(P;,K), then we define
Exts(K,K) x Exth(K,K) — Ext'’ (K, K)
(f.9) = fg="Fd,

where ¢’ : Py — P; is defined inductively by the following commutative diagrams:

P, Pj—l—l Pjﬂ
g g . g=gi .°
.. g = K godjy1 = -+ = R Gi—1dj+i
P » K ’.. »
—_
0 do P1 T Im(dl) PZ T Im(dl)
1 i

Can be proved that this product is well defined, i.e., it does not depend of the projective
resolution of K and the choosing of go, g1, ..., ¢i_1, g;; moreover, fg € ker(d;f+j+1): In fact,
from the step ¢ + 1 in the previous inductive procedure we have that d;+1g;+1 = giditj+1,

80 fdit19i+1 = fgiditjt1, ie, 0=d} 1 (f)gi+1 = di1j11(f9i)-
Thus, E(B) is a graded algebra; note that the vector space Ext’; (K, K) is graded
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Extly(K,K) = @5, Bty (K, K),
with
Ext (K, K) := (Extly(K,K))_; := Baty (K, K(—j)),

so setting E%J(B) := Eaztgj(K, K) we get that

E(B) = @i,jzo E"Y(B)
is a bigraded algebra. For ¢ > 0, we write

E'(B) = @jzo E%(B);
in particular,

E°(B) = @50 Homz(K,K) = @ 50(Homp(K,K))—; = @50 Homp(K,K(—j)),

with Homp(K,K(—j)) := {f € Homp(K,K)|f(K;) C K,_;,1 € Z}.

In [62], Chapter 1, Lemma 4.1 is presented the following property of noncommutative
graded algebras.

Lemma 3.1.6. Let B be a locally finite algebra and M a locally finite B-module. Then a
graded vector subspace X C M generates M as an B-module if and only if the composition
X =M —=K®p M s surjective.

Proof. X generates M if and only if the natural morphism f: B® X — M is surjective.
It is clear that this implies surjectivity of the map f: X — K ®p M. Conversely, assume
that f is surjective and let us show that f is surjective. We can argue by induction in
n that the degree n component f, is surjective. This is true for n < 0. Assume that
fn is surjective for all i < n. Given an element m € M, there exists x € X,, such that
m — x € By. Hence, by the assumption m — x belongs to the image of f, so m is also in
the image of f. O

It follows immediately from the above lemma that inside any generating subspace X C
M one can find a smaller generating subspace X’ C X such that the map X’ - K®g M
is an isomorphism.

Let B be a locally finite algebra and M a locally finite B-module. A bounded above
complex of free graded B-modules

o= P =P, —>PL—>PF—0 (3.1.23)

is called minimal if all the induced maps K ®p P11 — K®p P; vanish (see [62], page 8).
A resolution
o3Py P, —>P =P —>M—0 (3.1.24)
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of a graded B-module M by free graded B-modules is called a linear free resolution if each
P, is generated in degree i (see [62], page 9). A complex

dn d dnfl
"'_>Pn+li>Pn—n>Pn—l—>"'

of modules over an augmented algebra B with augmentation ideal B, is minimal if, for
each n, ker(d,) C B4 P, (See [80]).

Remark 3.1.7 (See [62]). Let M be a locally finite B-module of a locally finite algebra
B.

(i) For M, one can construct a minimal free graded B-module resolution of M in the
following way. Using Lemma 3.1.6 choose a generating subspace Xo C M such
that Xo =2 K®p M. Consider the corresponding morphism B ® Xy — M and
let M1 C B ® Xg be its kernel. Choose a generating subspace X; C M; such that
X1 2 K®pM;. It is easy to see that continuing in this manner we will find a minimal
resolution of M consisting of the modules P; = B® X;. Since any two free resolutions
of the same module M are connected by a chain map inducing the identity on M, it
follows that a minimal resolution is unique up to a nonunique isomorphism.

(ii) A linear free resolution can be written in the form
o= Vh®B(-2) > Vi®B(-1) > Vy®B — M —0,
where V; are vector spaces (of degree zero).
(iii) Linear free resolutions are minimal.

(iv) M admits a linear free resolution if and only if Torfj(K, M) =0, for i # j, if and
only if E:Etiéj(M, K) =0, for i # j.

(v) If a module M admits a linear free resolution then it is unique up to unique isomor-
phism. Indeed, since P; is generated in degree ¢, it follows that an endomorphism of
P, is determined by its action on K ®p P, i.e., on the spaces TOTZ-B(K, M). But this
action is trivial for any endomorphism of P, inducing the identity on M.

vi) B is one-generated if and only if Exth) K,K) =0 for j > 1. B is quadratic if and
B
only if Bzt (K,K) =0 for j > i and i = 1,2 (see [62], Chapter 1 - Corollary 5.3).

Definition 3.1.8. A locally finite pre-Koszul algebra B is called Koszul if the following
equivalent conditions hold:

(1) Emt%j(K,]K) = 0 for i # j;
(ii) B is one-generated and Ext’(K,K) is generated by Exth(K,K);
(iii) The module K admits a linear free resolution.

Definition 3.1.9 ([63], page 43). We say that a nonhomogeneous pre-Koszul algebra B
is a nonhomogeneous Koszul algebra if B is a Koszul algebra.
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Remark 3.1.10. Notice that if B is Koszul algebra then B is nonhomogeneous Koszul.
Indeed, as B is homogeneous then B(®) 2 B as algebras and so B is Koszul, therefore
B is nonhomogeneous Koszul.

Let B = K(z1,...,2,)/(R) be a quadratic algebra with a fixed set of generators
{z1,...,2,}. For a multi-index o := (i1,...,4y), where 1 < i < n, we denote the
monomials x® 1= x;, x4, -+ x;, € K{z1,...,2,). For a = ) we set 2 := 1. Let us consider
the lexicographical order on the set of multiindices of length m: (i1,...,0m) < (J1,--,Jm)
if and only if there exists k such that i1 = j1,...,ik_1 = jr—1 and i < jr. Now let us equip
the subspace Ly with the basis consisting of the monomials x;, x;,. Let S .= {1,2,...,n},
SM % §M) the cartesian product, then for R C Ly we obtain the set S C S % 5 of
pairs of indices (I, m) for which the class of z;z,, in La/R is not in the span of the classes
of x,xs with (r,s) < (I,m), where < denotes the lexicographical order (|62], 4.1-Lemma
1.1). Hence, the relations in B can be written in the following form:

J

(r,5)<(4,5)
(r,s)€S

Tix; = Z Ciix,xs, (i,7) € SW x s\ 5.

Define further S := {}}, and for m > 2,
S = L(i1, ... yim) | (igsig1) €S, k=1,...,m—1}

and consider the monomials {z;, ---x;,, € By | (i1,...,im) € S™}. Note that these
monomials always span B,, as a vector space and the monomials

(B,S) = {mi, -+ i, | (in,...,im) € | ] S"™} (3.1.25)

m>0
linearly span the entire B.

Definition 3.1.11. With the above notation, we call (B,S) in (3.1.25) a PBW-basis of B
if they are linearly independent and hence form a K-linear basis. The elements x1, ..., z,
are called PBW-generators of B. A PBW algebra is a quadratic algebra admitting a PBW-
basis, i.e., there exists a permutation of x1,...,x, such that the standard monomials in
x1,...,Ty conforms a K-basis of B.

Proposition 3.1.12. Let A be a semi-commutative skew PBW extension. Then A is a
PBW algebra.

Proof. If A = o(K)(z1,...,z,) is a semi-commutative skew PBW extension, then
A = K(zy,...,zn)/(xjz; — ¢ jzixj) (as in (3.1.6)) is a quadratic algebra with genera-
tors x1,...,x, and relations xjz; — ¢ jxix;, ¢;; € K\ {0}, 1 < i,j < n. Using the

above notation we have that for 1 < ¢ < j < n, the class of x;x; is not in the span
of the classes of x,x, with (r,s) < (i,7), but, the class of x;x; is in the span of the
class of z;x; with (i,§) < (j,i). Therefore S = {(i,5) | 1 < i < j < n} = S@ and
ST = L(iy, .. i) iy <idg < -ov <lpy, 1< i <n} for m > 3. Then

(A,S) = {af™ - ap™ | my,...,my >0} =Mon(A) = {a{" -+ 20" | (ov1,..., ) €N}

n
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By Definition 1.1.1-(ii), Mon(A) is a K-basis for A and therefore A is a PBW algebra.
O

Theorem 3.1.13 ([62], Chapter 4 - Theorem 3.1 ). If B is a PBW algebra then B is a
Koszul algebra.

Proof. Let (B,S) := {xs, -+ i, | (i1, im) € Upso S"™ } be a PBW-basis with PBW-
generator x1,...,2T,. Define a multiindez-valued filtration on the algebra B by the rule
Fo(Bn) = (X? | B < a), where length o = m. Since the elements (x1,...,,) generate a
PBW-basis of B, the associated graded algebra Gr(B) = @, Fo/Fu (where o precedes o
in the multiindex order, F,, = F,(By,)) is quadratic. Thus, Gr(B) is a quadratic monomial
algebra. As a monomial quadratic algebra is Koszul (see [62], Chapter 2 - Corollary 4.3)

then Gr(B) is Koszul. Then, from Remark 3.1.7-(iv), TOTSJ-T(B) (K,K) =0 for i # j. Thus,
the same is true for Torfj(K, K) (see [62], Chapter 4, proof of Theorem 7.1). By Remark
3.1.7-(iv), we have that Emtfj(K, K) =0 for ¢ # j. Then B is Koszul. O

Corollary 3.1.14. Every semi-commutative skew PBW extension is a Koszul algebra.

Proof. Let A = o(K){(x1,...,z,) be a skew PBW extension. From Definition 1.1.1-(ii),

A is a left free K-module with basis the set of standard monomials Mon(A) := {z® :=
{2l | o = (on,...,an) € N*} Therefore, if A is semi-commutative then A is
locally finite. Now, by Proposition 3.1.12 we have that A is a PBW algebra. Theorem
3.1.13 says that A is a Koszul algebra. O

Theorem 3.1.15. FEvery pre-commutative skew PBW extension is a nonhomogeneous
Koszul algebra.

Proof. If A is a pre-commutative skew PBW extension then A = K(x1,...,x,)/I, where
I is the two-sided ideal generated by relations of the form

n
TjTi — C jTiTy + E k‘ta;t,
t=1

cij € K\{0}, ks € K, 1 <14,5,t <n (Remark 3.1.2). By Proposition 3.1.3, A is nonhomo-
geneous pre-Koszul, therefore from Proposition 3.1.5, A®) = A7 = K(z, ... T ) /(T2 —
¢i,jT;x5) is the associated pre-Koszul algebra of A. Note that A is semi-commutative, so by
Corollary 3.1.14, A© is a Koszul algebra, i.e., A is a nonhomogeneous Koszul algebra. [

Corollary 3.1.16. If A is a pre-commutative skew PBW extension then Gr(A) is Koszul.

Examples 3.1.17. Next we present some examples of Koszul skew PBW extensions. For
this purpose we use Corollary 3.1.14 and the classification given in the Table 1.1, Table
1.2 and Table 1.4.

1. Classical polynomial ring over K (Example 1.2.1).
2. Particular Sklyanin algebra (Example 1.2.5).

3. Multiplicative analogue of the Weyl algebras (Example 1.2.20).
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4. Multi-parameter quantum affine n-space (Example 1.2.31).
5. The 3-dimensional skew polynomial algebra with [{«, 3,7} = 3.

6. The Sridharan enveloping algebra of 3-dimensional Lie algebra with [z,y] = [y, 2] =
[z,2] = 0.

Examples 3.1.18. Recall that every Koszul algebra is nonhomogeneous Koszul (Remark
3.1.10), so Examples 3.1.17 are nonhomogeneous Koszul skew PBW extensions. According
to Theorem 3.1.15 and the classification given in Table 1.1, Table 1.2 and Table 1.4, the
next skew PBW extensions are other examples of nonhomogeneous Koszul algebras.

1. Universal enveloping algebra of a Lie algebras (Example 1.2.6).
2. Additive analogue of the Weyl algebras (Example 1.2.19).

3. Quantum algebras U'(so(3, K)) (Example 1.2.21).

4. Dispin algebra (Example 1.2.22).

5. Woronowicz algebra (Example 1.2.23).

6. g-Heisenberg algebra (Example 1.2.28).

7. Nine types 3-dimensional skew polynomial algebras: (a); (b) items (i), (iii), (v), (vi);
(e) items (i), (4i), (iv), (v) (Subsection 1.2.3).

8. Six types of Sridharan enveloping algebra of 3-dimensional Lie algebras (Subsection

1.2.4):

Type [z,y] [y, 2] 2, 7]
1 0 0 0
2 0 T 0
3 x 0 0
4 0 ay —x
5 0 y —(z+vy)
6 z —2y —2z

Note that some particular classes of skew PBW extensions in Example 3.1.17 and
Example 3.1.18 represent the same algebra. For example Sridharan enveloping algebra of
3-dimensional Lie algebra of type 1 and the classical polynomial ring K[z, y, z| are the same
algebra.

3.1.3 PBW deformations

Let L = K(z1,...,z,) be the free associative algebra (tensor algebra) in n generators
x1,...,2Tn. Fix a subspace P C Fy(L) = K@ L1 P Lo, and let us consider the two-sided
ideal (P) in L generated by P. Let B = L/(P) be a nonhomogeneous quadratic algebra.
It inherits a filtration By € By C -+ B,, C -+ from L, let Gr(B) the associated graded
algebra. Consider the natural projection 7 : F5(L) — Lo on the homogeneous component,
set R = 7(P) and consider the quadratic algebra L/(R). L/(R) is called the homogeneous
version (or the induced quadratic) algebra of B determined by P. We have the natural
epimorphism p : L/(R) — Gr(B) (induced by the projection L — B).
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Definition 3.1.19 ([17], page 316). With the above notation, a nonhomogeneous quadratic
algebra B := L/(P) is a Poincaré-Birkhoff-Witt (PBW) deformation (or satisfies the PBW
property with respect to the subspace P of Fy(L)) of C':= L/(R) if the natural projection
p: C — Gr(B) is an isomorphism.

Proposition 3.1.20 ([52|, Theorem 3.6.4). Let B = L/(P) with P C L1 @ Ls, PN Ly =
{0} and {P ® L1 + L1 ® P} N Ly C PN Ly. If B is nonhomogeneous Koszul, then the
epimorphism p: L/(R) — Gr(B) is an isomorphism of graded algebras, i.e., B is a PBW
deformation of C = L/(R).

Corollary 3.1.21 ([52], Corollary 3.6.5). Let B = L/(P), with P C L1 @ Lo. If C =
L/(R) is Koszul, then:

1. Pﬂle{O}@<P>ﬂL1:{O},
2. {P®L1—|—L1®P}OL2QPOL2<:><P>O{L1@L2}:P

Let f € L and let hh(f) the highest homogeneous part of f in the graded alge-
bra L, ie., if f = Y", f; with each f; in L; and f,, nonzero, hh(f) = fm. Now if
W C L, hh(W) = {hh(f) : f € W}. Therefore the homogeneous version of B = L/(P)
is L/(hh(P)). Note that the associated graded algebra may be realized concretely by
projecting each element in the ideal I = (P) onto its highest homogeneous part, i.e.
Gr(B) = Gr(L/(P)) = L/{hh(I)) ( see [48], Theorem 3.2). Also, Gr(B) does not depend
on the choice of generators P of the ideal I of relations, so we can associate to every non-
homogeneous quadratic algebra L/(P) two different graded versions: Gr(B) = L/{hh(I))
and L/(hh(P)) = L/(r(P)) = L/(R). So, a nonhomogeneous quadratic algebra L/(P)
is a PBW deformation of L/(R) when the above two associate graded versions coincide,
and thus both give the associated graded algebra Gr(B). Some authors defined a PBW-
deformation of a graded algebra C' = Co @ C1 P C2@P - - - as a filtered algebra B with an
ascending filtration 0 C Fy(B) C F1(B) C Fy(B) C --- such that the associated graded
algebra Gr(B) is isomorphic to C' (see for example [33]).

Example 3.1.22. Let B = K(x,y)/(zy — z,yx — y) be a nonhomogeneous quadratic alge-
bra. Let Z and ¢ a coset of x and y modulo (xy — x, yx — y) respectively, then T2 = 77> =
TYTY = TYY = TY = 7, similarly 72 =7 in B, i.e. 22—z, y* —y € (wy — 2, yx —y) := (P),
so B = K(z,y)/(zy — z,yz —y) = K{z,y)/{zy — 2,y — y,2> — 2,5 — y). The asso-
ciated graded algebra Gr(B) is trivial in degree two while the homogeneous version of
K{z,y)/(xy, yz), K{z,y)/{(zy, yz) is not (as 2 and y? represent nonzero classes). There-
fore the algebra B does not satisfy the PBW property with respect to the generating
relations zy — x and yxr — y. B has the PBW property with respect to the generating set
{ry—z,yz—y, 22—, y? —y} since Gr(B) = K(x, y)/{zy, yx, 2%, y?) (see [79], Example 4.1).

The definition of a PBW deformation depends on P, if L/(P) is a PBW deformation
of their homogeneous version then Shepler and Witherspoon in [78| proved that generating
relations is always unique up to additive closure over the degree zero component of L, i.e.
if B satisfies the PBW property with respect to some generating set P of relations, then
the P generator subspace is unique.
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Remark 3.1.23. If the algebra L/(P) is a PBW deformation of L/(R) then it satisfies
the following conditions (see [17], Lemma 0.4):

(I) PNFi(L) = 0;
() (FA(L)-P-Fi(L))NFy(L) = P.

If a nonhomogeneous quadratic algebras satisfy (I) then the subspace P C F»(L) can be
described in terms of two maps a« : R — Ly and f: R — K as P = {x — a(z) — B(z) |
x € R}. If B= L/(P) is a PBW deformations of its homogeneous version then P can not
have relations in Fj(L), so:

(i) If B is a PBW deformation of some skew PBW extension A, then B is constant.

(ii) The homogeneous version of a skew PBW extension A is the skew PBW extension
B such that the conditions (i) and (i7) of Definition 1.1.1 for A are satisfied for B,
and the conditions (4ii) and (iv) are replaced by xjx; — ¢; jo;x; = 0, where ¢; ; are
the same that for A.

(iii) The homogeneous version of a skew PBW extension is Koszul.

For example the homogeneous version for the universal enveloping algebra of a Lie
algebra G, U(G) is the symmetric algebra S(G).

Proposition 3.1.24. Let A be a constant skew PBW extension of K. Then A is a PBW
deformation of its homogeneous version B.

Proof. Let A be a constant skew PBW extension of K then, x;x; — ¢; jz;2; + 19 + 1121 +
-+ 4+ rpx, (as in Definition 1.1.1) are the generated relations of the subspace P, that
is, A = K(z1,...,2,)/(P). Then the subspace m(P) = R is generated by the relations
xjx; — ¢ jxixy, ie, K{zy,...,2,)/(R) = B is the homogeneous version of A. Now for
Theorem 2.1.2, Gr(A) = A% where A7 is a skew PBW extension of K in n variables
21,..., %y defined by the relations z;z; = ¢; 22z, for 1 < i < n. So by Remark 3.1.23,
A% = B and therefore Gr(A) = B, i.e., A is a PBW deformation of B. O

Note that if a skew PBW extension A is not constant then Proposition 3.1.24 fails.
Indeed, the homogeneous version of A is the skew PBW extension B with relations
xjx; —c; jxiv; = 0, where ¢; j are the same that for A, but Gr(A) is defined by the relations
2T = CirZi, 2j% = ¢ j%i%; (see Theorem 2.1.2 and Proposition 2.1.1), so Gr(A) 2 B.

Let L/(P) be a nonhomogeneous quadratic algebra. Take R = p(P) C L and consider
the corresponding quadratic algebra B = L/(R). The main theorem of [17] establishes
that if B is a Koszul algebra then conditions (/) and (J) in Remark 3.1.23 imply that the
algebra L/(P) is a PBW deformation of B.

Example 3.1.25. In the following examples we consider skew PBW extensions of K, some
of which are quadratic algebras and the other ones are nonhomogeneous quadratic algebras.
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1.

2.

Quadratic algebras: Classical polynomial rings, particular Sklyanin algebras, multi-
plicative analogue of the Weyl algebras and multi-parameter quantum affine n-spaces.

Nonhomogeneous quadratic algebras: Universal enveloping algebras of a Lie alge-
bras, additive analogue of the Weyl algebras, quantum algebras, Dispin algebras,
Woronowicz algebras, g-Heisenberg algebras, 3-dimensional skew polynomial alge-
bras and Sridharan enveloping algebras of 3-dimensional Lie algebras.

For nonhomogeneous quadratic algebras we have:

(a)

The homogeneous version of a universal enveloping algebra of a Lie algebra is a skew
PBW extension of K with relations x;x; —xjz; = 0 for 1 <4, j < n, i.e., the classical
polynomial ring. Therefore, U(G) is a PBW deformation of the classical polynomial
ring (symmetric algebra S(G)) as it was well-known.

The homogeneous version of an additive analogue of a Weyl algebra is the algebra B
generated by the variables x1,...,%p, y1,...,yn subject to the relations x;x; = z;x;,
1 <4, <n; yyi =9y, L < 4,7 <0y 4y = Ty, @ F J; YiTi = Gy,
1 <i<mn, where ¢; € K\ {0}. Ay(q1,...,qn) is a PBW deformation of B.

The homogeneous version of a quantum algebra is the algebra generated by Iy, Io,
I3, subject to relations Iol; — ql1Iy = 0; I3l — ¢ 1 I3 = 0, I3l — qlol3 = 0,
where ¢ € K\ {0}. In this way U’(s0(3,K)) is a PBW deformation of B.

The homogeneous version of a Dispin algebra is the algebra B generated by x,y, z
over K satisfying the relations yz — zy = 0, zo + 2z = 0, xy — yr = 0. Thus,
U(osp(1,2)) is a PBW deformation of B.

The homogeneous version of a Woronowicz algebra is the algebra B generated by
x,7, 2, subject to the relations zz — vizx = 0; wxy — v?yxz = 0; 2y — viyz =0,
where v € K\ {0} is not a root of unity. We have W, (s((2,K)) is a PBW deformation
of B.

The homogeneous version of a 3-dimensional skew polynomial algebra is the algebra B
generated by the variables x, y, z, restricted to relations yz—azy =0, zzx—pzz =0,
xy — yyx = 0, such that «, 8,7 € K*. A 3-dimensional skew polynomial algebra is a
PBW deformation of B.

The homogeneous version of a Sridharan enveloping algebra U (G) of a 3-dimensional
Lie algebra G is the algebra B = T'(G)/J, where T'(G) is the tensor algebra of G and
I is the two-side ideal of T'(G) generated by the elements (r ® y) — (y ® x) for all
x,y € G, i.e., the symmetric algebra S(G). Then a Sridharan enveloping algebra is a
PBW deformation of the symmetric algebra.

Proposition 3.1.26. If A is a PBW deformation of a skew PBW extension B, then B is
Koszul.

Proof. Let A = o(K)(z1,...,z,) be a PBW deformation of B. Then

A=K(x1,...,xn)/(xj; — cijrixy + ko + kixy + -+ + kny),
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with¢; ; e K\ {0}, k; € K, 1 <14, <n,0<I<nand B=K(z,...,z,)/(xjz;—C; jx;7;).
Therefore B is a semi-commutative skew PBW extension. Then by Corollary 3.1.14 we
have that B is a Koszul algebra. O

3.2 Koszul property for graded skew PBW extensions

In the literature there exist examples of Koszul algebras which are skew PBW extensions
of an algebra R # K. For example, the Jordan plane is an Artin-Schelter regular algebra
of dimension two and therefore is a Koszul algebra, but the Jordan plane is a skew PBW
extension of K[z]. Therefore, the results given in the previous section (see also [88]) do not
apply in this case. In this section we use graded skew PBW extensions (Definition 2.2.2)
and study the Koszul property for these algebras.

Remark 3.2.1. Note that pre-Koszul algebras are graded algebras. So we can rewrite
the Definition 3.1.8 as follows: A locally finite algebra B = K@ B1 @ B2 P - - - is called
Koszul if the following equivalent conditions hold (see [62], Chapter 2, Definition 1):

(i) Exty (K,K) =0 for i # j;
(ii) B is one-generated and E(B) is generated by E'1(B);
(iii) The module K admits a linear free resolution, i.e., a resolution by free B-modules

o= P =P =P —-K—=0

such that P; is generated in degree .

Proposition 3.2.2. Let B be a graded Ore extension of R. Then B is Koszul if and only
if R is Koszul.

Proof. See [61], Corollary 1.3. O

Proposition 3.2.3. The graded iterated Ore extension A := R[x1;01,01] - [Tn;0n,0n] is
Koszul if and only if R is Koszul.

Proof. From Proposition 3.2.2 the result is clear. U

Proposition 3.2.4. Let A be a graded quasi-commutative skew PBW extension of R. Then
R is a Koszul algebra if and only if A is Koszul.

Proof. If A is a graded quasi-commutative bijective skew PBW extension of R, then by
Proposition 2.1.3 A is isomorphic to a graded iterated Ore extension wherein each endo-
morphism is bijective. Then by Proposition 3.2.3, R is Koszul if and only if A is Koszul. O
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3.2.1 PBW algebras

In Subsection 3.1.2 we use PBW algebras to study the Koszul property for skew PBW ex-
tensions over fields. The homogenized enveloping algebra A(G) (Example 1.2.40) is a PBW
algebra where the elements (zx1,x9,...,x,) are PBW-generators and the corresponding
PBW-basis consists of the monomials (zF2§* ... 2%") with k,aq,...,a, € N. Note that
A(G) is not a skew PBW extension of K, but is a graded skew PBW extension of K|z].
Therefore, in this subsection we use PBW algebras for study the Koszul property of graded
skew PBW extensions, not necessarily over fields.

Theorem 3.2.5. Let A be a graded skew PBW extension of a finitely presented algebra R.
If R is a PBW algebra then A is a PBW algebra.

Proof. Let R be a finitely presented PBW algebra with PBW generators t1,...,t,. Then
by Proposition 2.3.1, R = L!/I, where L' = K({t1,...,t;) and

I=(ry,...,rs) (3.2.1)

is a two-sided ideal of K(t1,...,t,,), generated by a finite set r1,...,rs of homogeneous
polynomials in K(tq, ..., ;) of degree two. Let

(R,Sp) = {ti, - ti, | (in,....0) € | ) S} (3.2.2)
p=>0

be a PBW basis of R, with S = {(i1,i2,...,4p) | (isikt1) € Siy k= 1,...,p— 1},
Sél) ={1,2,...,m} and S; C Sél) X Sél) is the set of pairs of indices (i,,1%,) for which the
class of t;,t;, in L5/P (where P is the space of relations ry,...,r,) is not in the span of
the classes of t,t, with (r,s) < (iy,i,). For 1 <d <s,

ra=titi,= Y. Gt (ia.ja) € S x S\ S (3.2.3)

Zd.]d
(ra,qa)<(id»ja)
(ra,q4)€St
Let A = 0(R){®m+1,---,Tm+n) be a graded skew PBW extension of R. As R C A, we
have that A = K(t1,...,tm, Tmt1s- -+ Tmin)/J Where

J = <7"1,...,7"S, fhk7 Gji | m+1< i7j7h <m+mn, 1<k< m> (324)
is the two-sided ideal of K(t1,. .., tm, Tmt1,. .., Tmin) generated by aset r1,...,7s, frr, gji
where rq,...,rs are as in (3.2.1), let

Trk = Tt — Oman (k) Tman — Omrn(te) (3.2.5)

with 0,1 and d,,1 5 as in Proposition 1.1.4;

Gji = Tt Tmti — CijTmaiTmtj — (10, + 71, Zma1 T + Ty Tmtn) (3.2.6)

is as in (1.1.2) of Definition 1.1.1. As A is graded skew PBW extension then it is a
quadratic algebra, since 71,...,7s, far, gj; are homogeneous polynomials of degree two in

K{t1, ..., tm,x1,...,x,). Now, let Sf%) ={1,...,m,m+1,...,m+n}. From the relations
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(3.2.5) we obtain the set Sy, := {(k,I) | 1 <k <m,m+1 <1< m+n}. From the relations
(3.2.6) we obtain the set S, := {(m +1i,m+j) |1 <i<j <n)}. From Definition 1.1.1,
we have that R C A and A is a left free R-module. Then, for the algebra A, we have that

S(p) = {(ilw"aikyik-i-l)"')ip) | (Z177Zk) € Szgk) and i1 < -0 < Zp}
So,
(A, S) = {til "'tik$ik+1 ---:Eip | (il,... ,’ik,’ik+1,... ,’L'p) € U S(p)} (327)
p=>0

span A as a vector space. As (R,Sy) := {t;, -+ t;, | (i1,...,0,) € Up>0 } is a K-basis
for R and A is a left free R-module, with basis the basic elements
{a® =apmtt gt | o= (Qmats - oo, Qmgn) € N}
:{xikH---xip |m—+1<igp < - <i, <m+n}U{l},

then (A4, S) is a PBW basis of A. Therefore A is a PBW algebra.

O

Remark 3.2.6. If in the free algebra K(z1,...,z,) we fix the set {1,2,...,n}, we implici-
tly understand that 1 < x5 < -+ < z,. For example, for A = K(z,y, 2 >/<z2—azy YT, 2T —
Tz, 2y — yz) with © < y < z, ie., & = 1, y = &3, 2 = x3, we have that S = {1,2,3},
S ={(1,1),(1,2),(1,3),(2,1), (2, 2) (2,3)} = S@. Note that (4, S) is not a]K basis for A.
Indeed, (2,1,1), (1,1,2) 6 SG) and therefore the classes (nonzero) of yz2, z2y € (A, S), but
yr? —z2y = yr?+ayr—2ly—ayr = (xy+yx)r—o(vy+yzr) = 22r—x2% = 0, since 22 = 2w
in A. But observe that A = K(z,vy,2)/(2? — zy — yz, 20 — 22, 2y — yz) = o(K[z](z,y) is
a graded skew PBW extension of the PBW algebra K|z| and in this case Theorem 3.2.5
fails. So it is important the order of the generators of the free algebra L as in the proof
of Theorem 3.2.5; for the graded skew PBW extension A = o(K[z](z,y) we have that
A=Kz, 2,y)/{z* -2y —yx, 20 — 22 zy yz),le, z=x] < x = x9 <y = x3. In this case
we write the relations as yx = —xy+2%; 12 = 22;y2 = 2y, whereby (3,2), (2,1), (3,1) ¢ S.
So, S = {(1,1),(1,2),(1,3),(2,2),(2,3), (3,3)}, S®) = {(iy,da,...,ip) | i1 <izg <--- <ip}
and (A4, S5) = {zMz"2y* | a1, as, a3 > 0} is a PBW base for A.

Corollary 3.2.7. Let A be a graded skew PBW extension of a finitely presented algebra
R. If R is a PBW algebra then A is a Koszul algebra.

Proof. This result follows immediately from Theorem 3.2.5 and Theorem 3.1.13. O

Example 3.2.8. Let R = K[ty,...,t,] be the classical polynomial ring. Then, from
Corollary 3.2.7 every graded skew PBW extension of R is Koszul. Therefore, Examples
2.2.7 are Koszul algebras. Also, by Remark 3.2.6 and Corollary 3.2.7, we have that A =
K(z,z,y)/(z? —xy—yx, 20—x2, 2y—yz) is a Koszul algebra. Note that A = K(z, z,y)/(2*—
xy — yx, zx — xz, 2y — yz) = o(K[z)){(z,y) = K[z][z;01,01][y; o2, d2] is a graded iterated
Ore extension, where o1(z) = 2, o2(z) = —, §1(2) = 0 and da(x) = 22. So, we also can
use the Proposition 3.2.3 to guarantee that A is Koszul.
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Remark 3.2.9. (i) Some of the graded skew PBW extensions had already been presented
by other authors as Koszul algebras using other characterizations. For example:

1. The polynomial algebra B = K|z, y] is a Koszul algebra (see [12], Proposition 5.2).

2. Let B =K][x1,...,x,] be the polynomial algebra in n variables. Then B is a Koszul
algebra (see [54], Example 1.6).

3. Let B = K{w,y,2)/{yz — 2y, 20 — 2z, 2y — yx + 2%) which is of type S} in the
classification of three-dimensional Artin-Schelter regular algebras given in [3]. By
Proposition 5.2 of [12] B is Koszul.

4. For any n > 2, let B be a non-degenerate non-commutative quadric graded algebra
in n variables x1,...,x, of degree 1. Let z be an extra variable of degree 1. Let
B be an algebra defined by a non-zero cubic potential w in the variables x1, ..., z,,
z. Assume that the graded algebra B is isomorphic to a skew polynomial algebra
B|z;0; 6] over B in the variable z, defined by a 0-degree homogeneous automorphism
o of B and a 1-degree homogeneous o—derivation ¢ of B. Then B is Koszul (see [13],
Proposition 4.1).

5. The algebra B = K(z,y, z)/{afzy + aafyz, azx + axz,yz + afzy) is Koszul (see
[12], Proposition 5.2).

6. The quantum plane B = K(z,y)/(yx — cxy) (¢ # 0) is a Koszul algebra (see [12],
Proposition 5.2).

7. The Jordan plane B = K(z,y)/(yx —zy—2?) is a quadratic algebra and (yz —zy—2?)
is a principal ideal, it follows that B is Koszul (see [22]).

8. Smith in [80], Proposition 12.1, showed that the homogenized enveloping algebra
A(G) is Koszul.

(ii) The converse of Corollary 3.2.7 is false. Indeed, the algebra
R=K(z,y,2)/(a® +yz,2° + azy | a £ 0,1)

with K an algebraically closed field, is Koszul (see [62], Example of page 84). So, an
associated graded Ore extension A := R[u| is a Koszul algebra (Proposition 3.2.2). Now,
forz <y <z SU =1{1,2,3}, S = {(1,1),(1,2),(1,3),(2,1),(2,2),(3,1),(3,3)} = 5@,
Note that (1,1,2), (2,1,1) € S® and therefore the classes (nonzero) of z%y, yz? € (R, S),
but az?y + yz? = ayzy + y(—a)zy = ayzy — ayzy = 0. Thus, (R, S) is not a K-basis for
R, i.e., R is not a PBW algebra.

(iii) Let R be as in the part (ii) above. Note that A = R[u] = K(z,y, z,u)/(z? +
yz, o2 + azy,ux — ru,uy — yu,uz — zu), with a # 0,1. So, z < y < z < u and
S = {(1,1),(1,2),(1,3),(1,4),(2,1),(2,2),(2,4)}. Therefore (1,1,2), (2,1,1) € S® and
22y, yo? are nonzero monomials in A, but a=lyx? + 2%y = yzy — yzy = 0. Then (4, 9) is
not a PBW basis, i.e., A is not a PBW algebra. So, the condition that A is a graded skew
PBW extension of the Koszul algebra R does not imply that A is PBW algebra.

(iv) With the above reasoning we have that not any graded skew PBW extension is a
PBW algebra.
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(v) We have also that not every graded skew PBW extension are Koszul. Indeed, let
R = K(z,y)/{y*> — zy,y*) be a quadratic non-Koszul algebra ([19], page 10), then R[u]
is a non-Koszul associate graded Ore extension of R, which is also a graded skew PBW
extension.

3.2.2 Lattices

A lattice is a discrete set Q endowed with two idempotent (i.e., a - a = a) commutative,
and associative binary operations A,V :  x Q — € satisfying the following absorption
identities: a A (aV'b) = a, (a Ab) Vb= b A lattice is called distributive if it satisfies
the following distributivity identity: a A (bV ¢) = (a Ab) V (a A ¢). We write a < b, if
the equivalent conditions a Ab = a or a Vb = b hold. A sublattice of a lattice 2 is a
subset closed under both operations A and V. The sublattice generated by a subset X C €,
[X], consists of all elements of 2 that can be obtained from the elements of X using these
operations. Note that a finitely generated distributive lattice is finite. A lattice is called
modular, if the absorption identities hold for any triple of its elements a, b, ¢ such that
a > c. Equivalently, one should have a > ¢ = aA (bV¢c) = (aAb) Ve Let [1, 2] be the set
{1,...,z} ordered in increasing form, I C [1, z] means that I C {1,...,z} is also ordered
in increasing form.

Proposition 3.2.10. Let u,xq,...,x, be elements of a modular lattice 2. Then the set
U, L1, ..., T, 08 distributive if and only if both sets x;,...,x, and uV x1,...,uV X, are
distributive and the equation uN ( N;c; i) = Ny (wV ;) holds for any subset I C [1, z].

Proof. See [62], Chapter 1, Corollary 6.5. O

Let W be a vector space. The set Qy of all its linear subspaces is a lattice with respect
to the operations of sum and intersection. This lattice is modular but not distributive: the
equation (X+Y)NZ = XNZ+YNZ does not hold in general. Given X1, ..., X, subspaces
of a vector space W, we may consider the sublattice of subspaces of W generated by

X1,..., X, by the operations of intersection and summation. We will say that a collection
of subspaces X1, ..., X, C W is distributive if it generates a distributive lattice of subspaces
of W.

Proposition 3.2.11 ([62], Proposition 1-7.1). Let W be a vector space and X1,...,X, C
W be a collection of its subspaces. Then the following conditions are equivalent:

(i) The collection Xy,...,X, is distributive.

(ii) There exists a direct sum decomposition W = @jeJ W; of the vector space W such
that each of the subspaces X; is the sum of a set of subspaces W;.

(i) There exists a basis B = {w; | i € I} of the vector space W such that each of the
subspaces X; is the linear span of a set of vectors wj.

(iv) There exists a basis B of the vector space W such that BNX; is a basis of the subspace
X, for each 1 < i<z ([6], Lemma 1.2).
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Proof. (ii)= (i), (ii) < (iii) and (iii) < (iv) are clear. Let us prove (i) = (ii). Let [1, z] be
the set {1,2,..., 2z} ordered in increasing form. For every subset T' C [1, z] let us choose a
subspace Wr C (),cp X; such that

Nxi=wrP (N x)n X)),

€T €T j¢T

Then we claim that X; = > ;.- Wr. More generally, we can prove by descending
induction in a subset S C [1,2] that > g-p Wr = [);cg Xi. Indeed, suppose this is true
for all strictly larger sets S’ D S. Then using the definition of W and the distributivity
identity one can easily derive the above equation for S. Note that in the case S = () this
equation states that the subspaces W generate W. It remains to prove that the subspaces
(Wr), T C [1,z], are linearly independent. Assume that ) wz, = 0 for a set of nonzero
vectors wr, € Wr,, where all subsets T are distinct. Choose sy such that the subset
Ts, C [1, z] does not contain any other subsets Ts. Then we have

D Wrc) [1X< ) X

57é50 s#s0 j€Ts j¢T50

This is a contradiction since Wy, , does not intersect > i¢Ts, X by the definition. [

Proposition 3.2.12 ([62|, Proposition 1-7.2). Let W be a vector space and X1,...,X, C
W be a collection of subspaces such that any proper subset X1, . .. ,X’k, ..., X, is distributive
()?k means delete). Then the collection X1, ..., X, is distributive if and only if the following
complez of vector spaces B,(W; Xq,...,X.)

W @Pwx, - P W/Zz_ths—)'u—)W/ZXs—)O (3.2.8)

b1 <o <tz—t s=1

1s exact everywhere except for the leftmost term.

Proof. There is a natural exact sequence of complexes

0— B(W/X1;(Xo+ X1)/X1,..., (X + X1)/X1) = B(W; Xq,...,X,)
— B.(W;Xs,...,X,)[-1] — 0,

where [—1] denotes the shift of homological degree. Since we assume that any proper
subcollection is distributive, the third complex is exact in homological degree # z. Note
that H,B,(W;X1,...,X;) = X;yNn---NX,. It follows easily that the second complex is
exact at the desired terms if and only if the first complex is exact in degree # z — 1 and
the connecting map

is surjective. Using induction in z we conclude that exactness of the first complex is
equivalent to distributivity of the collection X7 + Xo,..., X7 + X,. It remains to apply
Proposition 3.2.10, with w corresponding to Xj. O
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Let B = K(z1,...,2,)/I = L/I, where I is a two-sided ideal generated by homo-
geneous elements of Lo and let L, = @p>0 L,. The lattice associated to B, Q(B) is

the lattice generated by {L}I*L% | A\, u,v > 0} C { Subspaces of K(z1,...,x,)}, where
IO = K<x17"'7$n>7 Il = Ia I2 = {Z:Ey | T,y € I}? (See [6])

Lemma 3.2.13 ([62|, Theorem 2-4.1). A quadratic algebra B = K{x1,...,x,)/(P) is
Koszul if and only if for all k > 0, the collection of subspaces of K{x1,...,x,),

X, =L; \PLy_; 1 CLy, i=1,...,k—1 (329)

is distributive. More precisely, Ea:tjéj(K, K) = 0 for all i < j < n, if and only if the
collection { Xy, ..., Xx_1} in Ly is distributive.

Proof. This follows from Proposition 3.2.12 by observing that the complex
B.(Li; X1, ..., Xp—1)
can be identified with the degree-k component of the bar-complex Bar,(B). O

Lemma 3.2.14 ([6], Lemma 2.3). Let R = K(t1,...,t,)/I be a quadratic algebra, let Q(R)
the lattice associated to R and let

B:K(tl,...,tm,ﬂj‘l,...,ﬂj‘n>/<1>,

where (I) is the two-sided ideal of K(t1,...,tm,21,...,2Tyn) generated by I. Then Q(R) is
distributive if and only if Q(B) is distributive.

Proof. We put Ly := K(tq,...,tn), L :=K{t1,...,tm,21,...,2n) and L, := K(z1,...,zy).
Let (L;)4+ the two-sided ideal of L; generated by {t1,...,tm}, L+ the two-sided ideal of
L generated by {t1,...,tm,x1,...,2,} and (L;)+ the two-sided ideal of L, generated by
{z1,..., 2y} Let A\, pu,v > 0. If A+ pu+ v >0 then

(LRI (L)Y C (L) C Kty tn) = (L) L I0(Ly) S
Thus Q(R) is distributive if and only if
O (R) = [{(L)A (L)Y | A v > 0 and A+ p+ v > 0}]
is distributive. Similarly,
QY (B) = {L2I)*LY | A\ v > 0 and + g+ v > 0}]

is distributive.

We identify Ly, (L¢)+, I and (L;)+ with their images in L = K(ty,... tm, 21, ..., 2y,). We
may give K(t1,...,tm,x1,...,2,) a vector space graduation (which is not compatible with
the product) by letting

Lo:= Ly, Li:=LiLyLy, Lo:= Lt(Lx)—i-(Lt)-‘r(L:c)-‘,—Lta
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etcetera. Then (L )M((I))*(Ly)" is a graded subspace of L, for any A, j1, v > 0; thus so is
any W € Q1 (B). Furthermore, for W € Q1 (B) and | > 0 we have W N (L), € Q;, where

I+1

O o= [U1(La) 4 Ua(Le) 4 Us - - LyUp € QF(R)Y S T QF(R),
m=1

isomorphism of lattices, Hlni':ll QT (R) the cartesian product, with sum and intersection

operating component-wise. Thus

ot (8) C [T > [[2* ().

>0 lym

whence Q7 (B) is distributive if Q1 (R) is.
On the other hand there is a surjective lattice homomorphism my : Q7 (B) — QT (R)
defined by mo(W) = W N (L¢)o, whence QT (R) is distributive if QT (B) is. O

Proposition 3.2.15. Let B = K(xy,...,x,)/I be a quadratic algebra. Q(B) is distributive
if and only if for all 1,5 >0, if i # j then Torfj(K,K) = 0.

Proof. See [6], Theorem 3.3. O
Lemma 3.2.16. A quadratic algebra R = K(t1, ..., t,) /1 is Koszul if and only if
A= K(tl,... ,tm,xl,... ,xn>/<I>

is Koszul, where (I) is the two-sided ideal of K{(t1,... tm,x1,...,2,) generated by I.

Proof. Note that R is quadratic if and only if A is quadratic. Also, by Lemma 3.2.14,
Q(R) is distributive if and only if Q(A) is distributive. Therefore, by Proposition 3.2.15,
if i # 7, Torfj(K, K) = 0 if and only if Torf}j(]K, K) =0, for all ¢,7 > 0. Then by Remark
3.1.7-(iv), Extz’%j(K, K) = 0 if and only if Extf;‘j(K,K) = 0, for i # j. Therefore, R is a
Koszul algebra if and only if A is a Koszul algebra. O

Related to Proposition 3.2.3 we have the following theorem.

Theorem 3.2.17. If A = o(R)(z1,...,x,) is a graded skew PBW extension of a finitely
presented Koszul algebra R, then A is Koszul.

Proof. Let R be a finitely presented algebra; by Proposition 2.3.1,
R=K(t1,...,tm)/(P) (3.2.10)
where P is the vector space generated by homogeneous polynomials
T1y...,7s € Ly = K(ty, ..., tm). (3.2.11)

Let A =o0(R)(z1,...,z,) be a graded skew PBW extension. Then by Remark 2.3.2, A is
a finitely presented algebra. So, by Proposition 2.3.1,

A=K{t1, ...ty @1, . 20) (W), (3.2.12)
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where W is the vector space generated by the polynomials

1o sy Tty = 0j(tk)xi = 0j(8), @jws — cijaicy — (roj, + 715,20 4 -+ Ty T0)
EL:: K<t17---7tmaxl7"'7wn>7 (3213)

with 1 <4, <n,1<k<m.

Since R is a Koszul algebra then:

(i) R is a quadratic algebra, and by Remark 2.3.2, A is a quadratic algebra.

(ii) By Lemma 3.2.16, we have that Ap := K(t1,...,tm,21,...,2,)/(P)x is Koszul,
where (P)x is the two-sided ideal of K(t1,... ¢y, 21,...,x,) generated by the poly-
nomials as in (3.2.11). So, by Lemma 3.2.13, we have that for all £ > 0, the collection
of subspaces

XP =L, \PLy_; 1 CLy, i=1,....,k—1 (3.2.14)

is distributive. Therefore, by Proposition 3.2.11, there exists a base By, of the space Ly,
such that BkﬂXZ-P is a basis of XZ-P foreach1 <i<k—1. Let X; :=L,_{WLi_;_1C
Li,i=1,...,k—1, where W is the space generated by the polynomials as in (3.2.13).

Let Y := (X; \ X) N By. Since X/ is a subspace of X; we claim that Y := {y + X7 |
y €Y} ={y € X;/X | ye€Y}isabasis of X;/XF. Indeed, if 0 # 7 € X;/X7,
then z = $—|—XZ-P, with € X; \ XZ-P. Note that = = k1by + --- + k,b,, where by,...,b,
are different nonzero elements in By, and kq,...,k, € K. Then & = kiby +---+k,b, =
klb_l—l—---+k:pb_p. If b, € XZ-P for some 1 < v < p then b, = 0. So T = 5101 + -+ + 5,0,
with s1,...,s, € K and vy,...,v, € Y. Now suppose that kiy; + -+ + kg = 0 with
ki,....,ky € Kand 0 £ 1, ..., 0 £y, € Y. Then y1,...,yy ¢ XF, kay1 + - + kyyy =0
and so k1y1+- -+ kyyy € XZ-P. As XZ-PﬂBk is a basis of XZ-P then there are different nonzero
elements wy41, ..., Wyyy, € XZ-PﬂBk such that b1y +- - -+kyYo = kpp1Wop1+- - FEoq yWopp,
with ki1, korpy €K AsS y1, .. 00 € XZ-P then y1,..., %y, Wyt1, ..., Wyt are nonzero
different elements in By, such that kiy1 +- - - +koyo + (—Kkop1 ) Wog1 +- - -+ (ko) Worp = 0.
Then k1 =--- =k, = kpp1 = = kyy, = 0.

Therefore, by Theorem 3.33 in [81], we have that (B, N X )UY = B, N X, is a basis of
X;. So, by Proposition 3.2.11 the collection of subspaces X1i,..., X;_1 is distributive for
each k > 0. Thus, by Lemma 3.2.13 we have that A is Koszul. O

Remark 3.2.18. Phan in [59] and [60] defined Koszul algebras for augmented algebras
and R-augmented algebras. In [87] was studied a generalized Koszul property for skew
PBW extensions, according to [59] and [60].

Remark 3.2.19. Generalized Koszul algebras or N-Koszul algebras are generated in de-
gree one and all their relations are homogeneous of the same degree N (see [12], page 1).
N-Koszul algebras are graded algebras

B=K&B @®By®---
such that there is a graded projective resolution of K

o= PPy = = F—->K=0,
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such that for any i > 0, P; is generated in degree §(i), where

IN if 7 is even;
N 2 ) )
o) = { EIN 41, ifiis odd,

for some N > 2.
Since graded skew PBW extensions are quadratic algebras (2-homogeneous), then:

(i) If N =2,
12=4 if i is even;
N )3 , :
o0 = { Slop1 =4, ifiisodd.
Thus for N = 2, Koszul algebras and N-Koszul algebras are the same. Therefore, for
graded skew PBW extensions IN-Koszul property and Koszul property are equivalent.

(ii) The connected algebra B is said to be g if the Yoneda algebra E(B) is generated as
an algebra by F'(B) and E?(B). As an algebra is Koszul if and only if it is quadratic
and Ko (see [19], Corollary 4.6), then Koszul algebras and Ko algebras are the same
for skew PBW extensions.



CHAPTER 4

The Calabi-Yau condition for skew PBW extensions

Regular algebras were defined by Artin and Schelter in [3] and they are now known in the
literature as Artin-Schelter regular algebras; Calabi-Yau algebras were defined by Ginzburg
in |26], and as a generalization of them, were defined the skew (also named twisted) Calabi-
Yau algebras. Reyes, Rogalski and Zhang in [75] proved that for connected algebras, skew
Calabi-Yau property is equivalent to Artin-Schelter-regular property. Moreover, it is clear
that Calabi-Yau algebras are skew Calabi-Yau, but we will exhibit examples of graded
skew PBW extensions which are skew Calabi-Yau, but not Calabi-Yau (one of them is
the Jordan Plane). Since graded quasi-commutative skew PBW extensions are isomorphic
to graded iterated Ore extensions of endomorphism type (Proposition 2.3.5-(ii)), in this
chapter we prove that graded quasi-commutative skew PBW extensions with coefficients in
Artin-Schelter regular algebras are Artin-Schelter regular algebras, and graded skew PBW
extensions of a finitely presented Auslander-regular algebras are Artin-Schelter regular. As
a consequence of this, we prove that graded quasi-commutative skew PBW extensions of
finitely presented skew Calabi-Yau algebras are skew Calabi-Yau, and graded skew PBW
extensions of a finitely presented Auslander-regular algebras are skew Calabi-Yau. We also
give a description of Nakayama automorphism for graded quasi-commutative skew PBW
extensions of Artin-Schelter regular algebras, using the Nakayama automorphism of the
ring of the coefficients. The main results of this chapter are Theorem 4.1.2, Theorem
4.1.3, Theorem 4.2.8, Example 4.2.9, Example 4.2.10, Theorem 4.3.3, Example 4.3.4 and
Example 4.3.5.

4.1 Artin-Schelter regular algebras

In this section we will prove that graded quasi-commutative skew PBW extensions of
an Artin-Schelter regular algebra are Artin-Schelter regular and that graded skew PBW
extensions of a finitely presented Auslander-regular algebras are Artin-Schelter regular.
These results will be appear in [85].

Definition 4.1.1. Let B=K& B1® By@® - -+ be a finitely presented algebra over K. The
algebra B will be called Artin-Schelter regular if it has the following properties:

60



CHAPTER 4. THE CALABI-YAU CONDITION FOR SKEW PBW EXTENSIONS 61

(i) B has finite global dimension d.
(ii) B has finite GK-dimension.

(iii) B is Gorenstein, meaning that Extly (K, B) = 0 if i # d, and Ext%(K, B) 2 K(l), for
some integer [.

Theorem 4.1.2. Every graded skew PBW extension A = o(R){(x1,...,xy,) of a finitely
presented Auslander-regqular algebra R is Artin-Schelter regular.

Proof. By Proposition 2.3.1, we know that R = K(ti,...,t,)/I, where I is a proper
two-sided ideal of K(t1,...,t,,) generated by finite homogeneous polynomials 71, ...,7s in
K(ti,...,tm) (it is assumed that ¢; has grade 1, 1 < j <m). Then

A:K<t1,...,tm,$1,...,xn>/J,

where J is a two-sided ideal of K(t1,...,tm,21,...,2,), generated by a finite set of ho-
mogeneous polynomials ry,...,7s, fpr and gj;, where the polynomials fp, are as in (2.3.4)
and g;; are as in (2.3.5). Now, by Remark 2.3.2-(ii), we have that A is connected. So,
by Theorem 2.2.1 and Remark 2.3.2-(ix), we know that A = KA PAP--- is a
finitely presented algebra. Since A is bijective, then by Proposition 2.3.12, we have that
A is Auslander-regular. Now, since R is a noetherian, then by Proposition 2.3.5-(i) we
have that A is noetherian. Therefore, from Proposition 2.3.13 we have that A is graded
Auslander-regular. From Corollary 2.3.16 we have that A has graded finite global dimen-
sion, say d. By Proposition 2.3.18-(ii), A has finite GK-dimension. Now, we have that A
is Gorenstein (see [41], Theorem 6.3). Therefore A Artin-Schelter regular. O

Theorem 4.1.3. Let R be an Artin-Schelter reqular algebra and let A = o(R){(x1, ..., xp)
be a graded quasi-commutative skew PBW extension. Then A is Artin-Schelter regular.

Proof. From Remark 2.3.2-(ii), we have that A is connected. So, by Theorem 2.2.1 and
Remark 2.3.2-(ix), we know that A =KP A1 P A2 P --- is a finitely presented algebra.

(i) Since R has finite global dimension, say e, then by Proposition 2.1.8 we know that
gld(A) = e+ n =d, i.e., A has finite global dimension.

(ii) Let V be a subspace of R generated by {t1,...,¢mn}. Note that V' is a finite dimen-
sional generating subspace of R. As o; is graded for all 4, then o,(V) C V. Now,

as A is bijective and R has finite GK-dimension then by Proposition 2.1.11 we have
that GKdim(A) =GKdim(R) + n, i.e., A has finite GK-dimension.

(iii) From Proposition 2.3.5-(ii) and his proof, we know that A is isomorphic to a graded
iterated Ore extension of endomorphism type R[z1;601]---[2zp;0,], where 6; is bi-
jective, for each i, 01 = o1, 0; : R[z1;6h] - [2j—1;0j-1] = Rlz1;61] - [2j—-1;0-1]
is such that 0;(z) = ¢ jz, ¢i; € K\ {0} and 0;(r) = o4(r), for r € R. Then
zir = 01(r)z1 = o1(r)z1 € Rz and 1z = 2191_1(7*) = zlal_l(r) € z1R. Hence
21 € Ay is a nonzero normal element of A1) := R[z;6;] and A /(z) = R. From
the Rees lemma (see [41], Proposition 3.4-(b)) we have that

Eat’

Lo (K, AD) = Bl (K, AW /(1)) = Eatly (K, R).

AM /{z1)
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By Proposition 2.1.8 we have that d; :=gld(A®")) = e + 1. Since R is Gorenstein
then Exth(K,R) = 0 if i # e, and Ext4(K, R) = K(I1), for some integer [y, i.e.,
Ext:';}) (K, AD) =0if i+ 1 #e+1=d; and Extil(l)(K, AM)Y = K(1y), for some
integer [y, . Then AN = R[z1;61] is Gorenstein. Now, 2o € Ay is a nonzero normal
clement of A®) := AW [zy:05] = R[21;601][20;05] and AP /(z5) = AD. Thus, with
the above procedure we have that R[z1;01][z2;62] is Gorenstein. Now, z, € A is a
nonzero normal element of A™ = A(”_l)[zn; 0,) = R[z1;01] -+ [2n—1;0n—1][2n; 0n] =
A, Af{zp) = A=Y old(APD) = e 4n —1:=d, 1 and gld(A) = gld(A™) = e +
n :=d, = d. Assuming that A"~ is Gorenstein, we have that Ext:(}kl) (K, A=1)) =

0if i —1 # e+n—1 and Fxt®I" (K, A" D) = K(l, 1), for some integer

A(n—1)
lp—1. From the Rees lemma, we have that E$tf4(n) (K, AM) = Bzt (K, A) = 0 if
i #e+n =dand Extd(K, A) = K(l,_1), for some integer I, ;. Thus A .=
R[z1;01] - - - [2n; 0n] = A is Gorenstein.
Therefore, A is an Artin-Schelter regular algebra. O

4.2 Skew Calabi-Yau algebras

In this section we will prove that graded quasi-commutative skew PBW extensions of a
finitely presented skew calabi-Yau algebra are skew Calabi-Yau algebras, and that graded
skew PBW extensions of a finitely presented Auslander-regular algebra are skew Calabi-
Yau. These results will be appear in [85].

The enveloping algebra of an algebra B is the tensor product B¢ = B ® B, where
B°P is the opposite algebra of B. Bimodules over B are essentially the same as mod-
ules over the enveloping algebra of B, so in particular, B and M can be considered
as B®modules. Suppose that M and N are both B®modules. Then there are two
Bfmodule structures on M ® N, one of them is called the outer structure defined by
(a®b)-(m®n) =" am ®@nb, and the another one is called the inner structure defined by
(a®b)-(m®n) =" ma®bn, for any a,b € B, m € M, n € N. Since B¢ is identified with
B ® B as a K-module (x B¢ = x(B ® B?) = x(B® B)), B® B endowed with the outer
structure is nothing but the left B¢-module B¢. pe(B ® B) =% geB® In ge(B ® B),
(a®b) - (r®@y) =a (z®y) b= ar® yb, whereas that in geB® (a ®b) - (z @ y) =
ar®@boy =ar®yb. B® B endowed with the inner structure is nothing but the right B¢-
module B¢. pe(B ® B) =" B%.: In pe(B ® B), (a®b)-(z®y) = a-(x®y)-b =" xa®by,
whereas that in B, (x®y) - (a®b) =xa®yob=xa® by. Hence, we often say B¢ has
the outer (left) and inner (right) B¢-module structures. We characterize the enveloping
algebra of a skew PBW extension in |71].

An algebra B is said to be homologically smooth if as an B¢-module, B has a projective
resolution that has finite length and such that each term in the projective resolution is
finitely generated. The length of this resolution is known as the Hochschild dimension of
B. In the next definition, the outer structure on B¢ is used when computing the homology
Extye (B, B¢). Thus, Exthe (B, B€) admits an B®module structure induced by the inner
one on B°.
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Let M be a B-bimodule, v, u : B — B be two automorphisms, the skew B-bimodule
YM*" is equal to M as a vector space with a - m -b := v(a) - m - u(b). Thus, M is a left
B¢-module with product given by

(a®@b)-m=a-m-b=wv(a) -m-ub).
In particular, for B and B¢ we have the structure of left B¢-modules given by

(a9 b) -z = vla)zp(b)
(@@b)-(z@y)=a-(z@y) b=via)- (x@y)- ub)=v(a)z e yub).
Proposition 4.2.1. ([28], Lemma 2.1) Let v, o and ¢ be automorphisms of B.Then
(i) The map
YB® — "B, aw ¢(a)

s an isomorphism of B¢-modules. In particular,

1

VBP = BY 9= B and B =7 'B
(ii) B = B? as B®-modules if and only if o is an inner automorphism.

Proof. (i) Is verified by straightforward computation.

(7i) Note that the left B-linear maps 7 : B — B on a ring B are those of the form a — az
for some z € B (namely x = 7(1)). Such a map is a B°module morphism B — B“
precisely when we have abr = abr(1) = 7(ab) = 7(a)o(b) = axo(b) for all a,b € B, that
is, bx = xo(b) for all b € B. Suppose that x is invertible; if 7(a) = 7(b) then ax = bzr and
therefore a = b, 7(yz~!) = y, so 7 is bijective. Now, if 7 is biyective, then is x is invertible.
So o(b) = 7 tbx for all b € B. O

Remark 4.2.2. If ¢ is an inner automorphism of B, given by conjugation z +— uzu~" by
the unit v of B, then the map on B given by left multiplication by u shows that

VBBgJVBBgVBBJ

for all automorphisms v and 3 of B.

Definition 4.2.3. A graded algebra B is called skew Calabi- Yau of dimension d if

(i) B is homologically smooth.

(ii) There exists an algebra automorphism v of B such that

0, 1 #d;

E’“’tie(B’Be)g{ BY(l), i—d.

as B¢ -modules, for some integer [. If v is the identity, then B is said to be Calabi- Yau.
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Ungraded Calabi-Yau algebras are defined similarly but without degree shift. Some-
times condition (i7) is called the skew (twisted) Calabi-Yau condition. The skew Calabi-Yau
condition appears to have first been explicitly defined in [18] where the authors used the
term rigid Gorenstein. The automorphism v is called the Nakayama automorphism of B.

Proposition 4.2.4. Let B be a skew Calabi-Yau algebra with Nakayama automorphism
v. Then v is unique up to an inner automorphism, i.e, the Nakayama automorphism is
determined up to multiplication by an inner automorphism of B.

Proof. Let B be a skew Calabi-Yau algebra with Nakayama automorphism v and let pu
another Nakayama automorphism, i.e., Ext4. (B, B¢) & B, then Ext%.(B, B¢) = BY =
B# as B¢ -modules. By Proposition 4.2.1-(i), B = B’fl“; by Proposition 4.2.1-(ii), v~ 1u
is an inner automorphism of B. Let v~'y = ¢ where ¢ is an inner automorphism of B, so
1 = vo for some inner automorphism o of B. O

Proposition 4.2.5. A skew Calabi-Yau algebra B is Calabi- Yau if and only if v is an
mmner automorphism of B.

Proof. Let B be a skew Calabi-Yau algebra of dimension d.

=) If B is Calabi-Yau then Ext%.(B, B¢) & B = B”. By Propositiona 4.2.1-(ii) v is an
inner automorphism of B.

<) If v is an inner automorphism of B then by Proposition 4.2.1-(ii), B = B”. Therefore
Extk. (B, B) = B, and so B is Calabi-Yau algebra. O

Proposition 4.2.6 ([75], Lemma 1.2). Let B be a connected graded algebra. Then B is
skew Calabi-Yau if and only if it is Artin-Schelter reqular.

Proposition 4.2.7. Let R be a Koszul Artin-Schelter reqular algebra of global dimension
d with Nakayama automorphism o.

(i) ([33], Theorem 3.3) The skew polynomial algebra B = Rx; o] is a Calabi- Yau algebra
of dimension d + 1.

(i1) ([95], Remark 3.13) There exists a unique skew polynomial extension B such that B
is Calabi-Yau.

(i) (/95], Theorem 3.16) If v is a graded algebra automorphism of R, then B = R[x; V]
1s Calabi-Yau if and only if o0 = v.

The Calabi-Yau and skew Calabi-Yau properties for graded skew PBW extensions will
be next proved using the cited results presented in the literature and from our previous
results.

Theorem 4.2.8. Let A = o(R)(x1,...,x,) be a graded skew PBW extension of an algebra
R.

(i) If A is quasi-commutative and R is a finitely presented skew Calabi-Yau algebra of
global dimension d, then A is skew Calabi-Yau of global dimension d+n. Moreover,
if R is Koszul and 0; is the Nakayama automorphism of R[x1;01]---[xi—1;0;—1] for
1 <i<mn, then A is Calabi-Yau of dimension d+n (0; as in Proposition 2.3.5-(ii),
g = 1).
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(ii) If R is finitely presented and Auslander-regular, then A is skew Calabi-Yau.

Proof. (i) Since R is connected and skew Calabi-Yau, then by Proposition 4.2.6 we know
that R is Artin-Schelter regular. From Theorem 4.1.3 we have that A is Artin-Schelter
regular and, in particular, connected. Thus, using again Proposition 4.2.6, we have
that A is a skew Calabi-Yau algebra. By the proof of Theorem 4.1.3 we have that
the global dimension of A is d + n.

For the second part, we know that graded Ore extensions of Koszul algebras are
Koszul algebras and, as a particular case of Theorem 4.1.3, we have that a graded Ore
extension of an Artin-Schelter regular algebra is an Artin-Schelter regular algebra.
Now, by Proposition 2.3.5-(ii) we have that A is isomorphic to a graded iterated
Ore extension R[x1;61] -+ [2n;0,]. It is known that if A is a Calabi-Yau algebra of
dimension d, then the global dimension of A is d (see for example [14], Remark 2.8).
Then, using Proposition 4.2.7-(i) and applying induction on n we obtain that A is a
Calabi-Yau algebra of dimension d + n.

(ii) From Theorem 4.1.2 we have that A is Artin-Schelter regular. Since R is connected,
then by Remark 2.3.2-(ii) we have that A is connected. Then from Proposition 4.2.6
we get that A is skew Calabi-Yau.

O

Using the previous results we have the following examples of graded skew PBW exten-
sions which are skew Calabi-Yau algebras and Artin-Schelter regular algebras.

Example 4.2.9. From Example 2.2.5 and Theorem 4.1.3 we obtain that the algebra of
linear partial ¢-dilation operators K[ty, ..., t,] [HS]), ce Hf(,if)] (Example 1.2.16), the multi-
plicative analogue of the Weyl algebra O, ()j;) (Example 1.2.20) and the multi-parameter
quantum affine n-space Oq(K") (Example 1.2.31), are Artin-Schelter regular algebras. By
Theorem 4.2.8-(i), we have that the above examples are also skew Calabi-Yau algebras.

Example 4.2.10. The following examples are graded skew PBW extensions of the classical
polynomial ring R with coefficients in K, which are not quasi-commutative and where R
has the usual graduation (see Example 2.2.7). By Theorem 4.2.8-(ii), these extensions are
skew Calabi-Yau algebras, since R is a finitely presented Auslander-regular algebra. By
proof of Theorem 4.2.8-(ii), we have that these extensions are also Artin-Schelter regular
algebras.

1. The Jordan plane. A = K{xz,y)/(yx — 2y — 22) = o(K[x])(y).

2. The homogenized enveloping algebra. A(G) = o(K[z]){x1, ..., 2n).
3. The Diffusion algebra. A = o(K[z1,...,2,]){(D1,...,Dy).

4. The algebra U = o(K[z1, ..., o)) Y1y s Yn; 215 -+ Zn)-

5. Manin algebra. O(M,(2)) = o(K[u])(z,y,v).

6. Algebra of quantum matrices. Og4(M,(K)) = o(K[zim, zji]) (@i, Tjm), for 1 < i <
gk <m<n.
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7. Quadratic algebras. If a; = a4 = 0 then the quadratic algebra is a graded skew PBW
extension of R = K[y, z], and if a5 = ag = 0 then quadratic algebras are graded skew
PBW extensions of R = K]z, z].

For some of the above algebras other authors had already studied the skew Calabi-Yau
property and the Artin-Schelter regularity, but using other techniques, the novelty here
consists in interpreting these algebras as skew PBW extensions and applying some its
algebraic properties studied previously. For example:

(i) The polynomial algebra B = K|xz,y] is a connected graded noetherian algebra of
global dimension 2. It follows that B is Artin-Schelter regular with GKdim(B) = 2
(see [82], Theorem 3.5). Moreover, B is Calabi-Yau of dimension 2 (see [56]). Let B =
K[z1,...,2,] be the polynomial algebra in n variables. B is Calabi-Yau of dimension n
(see [11], page 18) and Artin-Schelter regular (see [14], Proposition 4.3).

(ii) Let B = K{w,y,2)/(yz — 2y, 27 — z2,2y — yx + 2%) which is of type S} in the
classification of three-dimensional Artin-Schelter regular algebras given in [3|. According
to [12], B is 3-Calabi-Yau (see [92], Example 3.6).

(iii) The quantum plane B = K(x,y)/(yz —cxy) (c # 0) is an Artin-Schelter regular
algebra of global dimension 2 (see [3], page 172 or [76], Example 2.10).

(iv) The Jordan plane B = K(x,%)/(yz — zy — 2?) is an Artin-Schelter regular algebra
of global dimension 2 (see [3], page 172). The Jordan plane B is skew Calabi-Yau, but not
Calabi-Yau (see [51]).

(v) Stephenson and Zhang proved that if B is a connected graded noetherian algebra of
global dimension 2, then B is Artin-Schelter regular and GKdim(B) = 2. Moreover, B is
isomorphic to either K(z,y)/{az?+byz+cry+dy®) where ad—bc # 0, or K[z][yo, §] where o
is an automorphism of K[z| and 4 is a o-derivation (see [82], Theorem 3.5). We note that if
a=0,b=—1,c=1andd =0, then K(z,y)/{ax?® +byz+cry+dy*) = K(x,y)/(vy—yz) =
Klz,y]; if a = 0, b # 0, ¢ = 1 and d = 0, then K(z,y)/(ax? + byz + cxy + dy?) =
K{(z,y)/(xy + byzx) is the quantum plane and if a = —1, b = 1, ¢ = —1 and d = 0, then
K{z,y)/{az® + byx + cxy + dy?®) = K(z,y)/{yxr — vy — %) is the Jordan plane. This is
another way of seeing that K[z,y|, the quantum plane and the Jordan plane are Artin-
Schelter regular algebras. These examples had already been given by other authors, for
example in |76], Example 2.10.

(vi) The multiplicative analogue of the Weyl algebra O, (\;;) is Artin-Schelter (see [76],
Example 2.10).

(vii) Multi-parameter quantum affine n-spaces Oq(K") is skew Calabi-Yau (see [51],
Proposition 4.1).

(viii) He, Van Oystaeyen and Zhang showed that for the 3-dimensional Lie algebra G
with basis {z,y, 2z}, U(G) is a Calabi-Yau algebra if and only if the Lie bracket is given by
[z,y] = ax + by + wz, [z, z] = cx + vy — bz, [y, 2] = ux — cy + az, where a,b, c,u,v,w € K;
and if G is a finite dimensional Lie algebra, U(G) is Calabi-Yau of dimension 3 if and
only if G is isomorphic to one of the following Lie algebras (see [31], Proposition 4.5 and
Proposition 4.6 ):

(a) The 3-dimensional simple Lie algebra sl(2, K);
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(b) G has a basis {z,y, z} such that [z,y] =y, [z,2] = —z and [y, 2] = 0;

(c) The Heisenberg algebra, that is; G has a basis {z,y,z} such that [z,y] = z and
[z,2] = [y, 2] = 0;

(d) The 3—dimensional abelian Lie algebra.

(ix) Let Uy (G) be a Sridharan enveloping algebra of a finite dimensional Lie algebra G.
Then U (G) is Calabi-Yau of dimension 3 if and only if U;(G) is isomorphic to K(z, y, z) /(R)
with the commuting relations R listed in the following table (see [31], Theorem 5.5):

Case | {x,y} | {xz2} | {v2}
1 z —2z 2y
2 Y —z 0

3 z 0 0

4 0 0 0

) Y —z 1

6 z 1 0

7 1 0 0

where {z,y} = zy — yx.

Let G be a finite dimensional Lie algebra. Then the Sridharan enveloping algebra
Ur(G) is Calabi-Yau of dimension d if and only if the universal enveloping algebra U(G) is
Calabi-Yau of dimension d (see [31], Theorem 5.3).

Possibly for the algebra of linear partial g-dilation operators, the homogenized envelop-
ing algebra, the Diffusion algebra, the algebra U, Manin algebra and algebra of quantum
matrices, the Artin-Schelter regular and the skew Calabi-Yau properties had not yet been
studied.

Remark 4.2.11. Every skew Calabi-Yau algebra may be extended to a Calabi-Yau alge-
bra, i.e., if B is a skew Calabi-Yau algebra with Nakayama automorphism o, then Bz, o]
is Calabi-Yau (see [28], Theorem 1.1 and Remark 5.1).

Remark 4.2.12. Note that the Calabi-Yau property is not preserved by skew PBW ex-
tensions. The Jordan plane A = K{x,y)/(yz — 2y —2?) = o(K[z]){y) = K[z][y; 0, §], where
o(r) = x and d(x) = 22, is a graded skew PBW extension of a Calabi-Yau algebra K[z],
but A is not Calabi-Yau. Indeed, the Nakayama automorphism v of the Jordan plane is
given by v(z) = z and v(y) = 2z + y (see for example [51|, page 16) and it is not inner.

4.3 Nakayama automorphism

In final section we give a description of Nakayama automorphism of a graded quasi-
commutative skew PBW extensions over finitely presented skew Calabi-Yau algebras, using
the Nakayama automorphism of the ring of coefficients. We use the ideas of [51], Theorem
3.3 and Remark 3.4. The results of this section also appear in [86] and were submitted for
publication.
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Theorem 4.3.1 ([51], Theorem 3.3). Let R be a projective K -algebra and B = R[z; 0, 0] be
a graded Ore extension. Suppose that R is skew Calabi-Yau of dimension d, with Nakayama
automorphism v. Then the Nakayama automorphism p of B satisfies that p|gr = o~ 'v and
p(z) = ux + b with u, b € R and u invertible.

Recall that a projective algebra is an K-algebra B such that the K-module B is pro-
jective.

Remark 4.3.2 ([51], Remark 3.4). If in Theorem 4.3.1, o is the identical then p(z) = z+0.
If 6 =0 then p(z) = uz.

Theorem 4.3.3. Let R be a finitely presented skew Calabi-Yau algebra with Nakayama
automorphism v. Then the Nakayama automorphism p of a graded quasi-commutative
skew PBW extension A = o(R)(z1,...,x,) is given by

w(r) = (o1---0,) " w(r), forr € R, and

n
() = g Hci_jla:,', for each 1 <i <mn,
j=i

where o; is as in Proposition 1.1.4, u;,c;; € K\ {0}, and the elements c;; are as in
Definition 1.1.1.

Proof. Note that A is skew Calabi-Yau (Theorem 4.2.8-(i)) and therefore the Nakayama
automorphism of A exists. By Proposition 2.3.5-(ii) and its proof we have that A is isomor-
phic to a graded iterated Ore extension R[x1;01] - [z,;0,], where 0; is bijective; 1 = o71;

0j : Rlzi;6h] - [xj-130j-1] = Rlz1;61] -~ [2j-1;0-1]

is such that 0;(x;) = ¢; jz; (¢;; € Kas in Definition 1.1.1), 1 < < j < n and 0;(r) = o;(r),
for r € R. Note that

R
0, (zi) = ¢; j wi. (4.3.1)

Now, since R is connected then by Remark 2.3.2, A is connected. So, the multiplicative
group of R and also the multiplicative group of A is K\ {0}, therefore the identity map is the
only inner automorphism of A. Let p; the Nakayama automorphism of R[z1;604] - - - [z;; 6;].
By Theorem 4.3.1 and Remark 4.3.2 we have that the Nakayama automorphism p; of
R[xy1;601] is given by pi(r) = o7 v(r) for r € R, and py(x1) = wizy with u; € K\
{0}; the Nakayama automorphism pg of R[x1;61][ze; 2] is given by pa(r) = oy pi(r) =
oy tartu(r), for r € Ry pa(w1) = 05 tpi(xy) = 05 Nurzy) = w1y (v1) = ulcl_éznl and
pa(xa) = ugxa, for us € K\ {0}; the Nakayama automorphism pg of R[xy;01][z2; 02][x3; 03]
is given by us(r) = o3'ua(r) = o3toy oy v(r), for r € R; ps(z1) = 03 pa(z1) =
Hgl(ulcl_éxl) = ulciéegl(ajl) = ulci%ciéxl; us(xza) = 9§1u2(x2) = 93_1(ugx2) = u202_7§x2
and p3(x3) = uzxs, for uz € K\ {0}.

Continuing with the procedure we have that the Nakayama automorphism of A is given by

p(r) = pn(r) = oyt -o5 o7 w(r),

for r € R; p(zq) = ulcl_%cl_é . --01_711331; w(xe) = ugcgé e cgimg. In general, for 1 < i < n,

we have that pu(z;) = u,-cZ-_J-lJrltzl-_ﬂ-lJr2 e cl_nlxl = ui(Cip - Ciivaciiv1) my, for u; € K\ {0}.

Note that ¢;; = 1 (Remark 1.1.3-(ii)). O
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Example 4.3.4. Let A = Oq(K") be the quantum affine n-space from Example 1.2.31.
A = Oq(K"™) is a graded quasi-commutative skew PBW extension of K[zi] (see Exam-
ple 2.2.5), with oj(k) = k for k € K and oj(x1) = qijz1, j > 2. Therefore, according
to Proposition 2.3.5 and its proof, A is isomorphic to a graded iterated Ore extension
Klz1][xo; 02] - - - [xn; 0n], where 05(k) = k for k € K and 0(x;) = gijz;, for 1 < i < j <
n. Note that the Nakayama automorphism v of K[z;] is the identity map. Applying
Theorem 4.3.3 we have that the Nakayama automorphism p of A is given by u(k) = k
for k € K, p(z1) = (o1~ 00) " 'w(z1) = (g1, -+ 412 )21 = (gn1--- ga1)a1, and p(w;) =
uiql'_(i_l’_l)qi—(il_;’_Q) g = Wi(i41)id(i4+2)i " GniTi = Wiq(i+1)id(i+2)i * ** niTi, for each 2 <
i < n. Since p is unique up to an inner automorphism (see Proposition 4.2.4) and the
invertible elements in Oq(K™) are those nonzero scalars in K, the identity map is the only
inner automorphism of Oq(K"™). Therefore, using the same reasoning of [51] in the proof
of Proposition 4.1, we have that w; = q1iq2i -~ qi—1);- Then, u(x;) = (H;-L:1 gji)x;, for
2 <4 < n. This result is known and can be deduced in some other way (see for example
[51], Proposition 4.1).

Example 4.3.5. Let R be a Koszul Artin-Schelter regular algebra of global dimension d,
with Nakayama automorphism v. Let A = R[z1,...,2,;01,...,0,] be an iterated skew
polynomial ring, with o; graded. A is a skew PBW extension of R with relations x;r =
oi(r)z; and xjz; = zx5, forr € Rand 1 <4, <n. As Ris graded and ¢; j; = 1 € Ry, then
by Proposition 2.2.4 we have that A is a graded quasi-commutative skew PBW extension.
Therefore, A is a Koszul Artin-Schelter regular algebra (Proposition 3.2.3 and Theorem
4.1.3). Note that R is a finitely presented skew Calabi-Yau algebra, then A is a skew
Calabi-Yau algebra (Theorem 4.2.8). By Proposition 2.3.5, R[x1,...,2p;01,...,0,] =
Rlxy1;01] - - [xp;0,], where 0;(r) = oj(r) and 6;(x;) = x; for ¢ < j. Applying Theorem
4.3.3 we have that the Nakayama automorphism y of A is given by u(r) = (o1 - -~ o) v (r),
if r € Rand p(z;) = u; [[}; ci_’jla:,- = u;z;, u; € K\ {0}, 1 <4 <n. This automorphism
had already been calculated in Theorem 4.6 of [95], like this: u(r) = (o1 ---0,) " tv(r), if
r € R and p(x;) = (hdeto;)x;, 1 <i<n.



Future work

Lezama and Latorre in [44] introduce the semi-graded rings, which extend graded rings,
skew PBW extensions and graded skew PBW extensions. For this new type of non-
commutative rings they discussed some basic problems of noncommutative algebraic geo-
metry. In particular, they proved some elementary properties of the generalized Hilbert
series, Hilbert polynomial and Gelfand-Kirillov dimension. They extended the notion of
non-commutative projective scheme to the case of semi-graded rings and generalized the
Serre-Artin-Zhang-Verevkin theorem. A definition of Koszul, Artin-Schelter regular and
Calabi-Yau algebras could be given for semi-graded algebras, to study those properties and
their equivalent definitions.
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