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Abstract

We study recursive techniques for efficient computation of perturbative scattering amplitudes in
gauge theory, in particular tree and one-loop processes in QCD theory.
By using the spinor-helicity formalism, we discuss BCFW recursion to get amplitudes at tree-level
and the unitarity of the S-matrix to get the cut-constructible and rational parts at one-loop.
We propose a new formalism to compute one loop scattering amplitudes in dimensional regularized
quantum chromodynamics (QCD). Our proposal combines the generalized D-dimensional unitarity
together with an extension of the Dirac equation with mass m+iuys. We prove that, by this proce-
dure, is possible to reconstruct the full scattering amplitudes by performing only four dimensional
unitarity cuts in a formalism based on helicity spinors. The calculation of tree level scattering am-
plitude, in this framework, allows for an automatized computation of cut-constructible and rational
parts of one loop scattering amplitudes. The method is checked by computing the QCD one loop
correction to the scattering amplitude of two gluons production by quark anti-quark annihilation
and the processes at two-loop of three gluons fusion in a Higgs.

Keywords: QCD, Color decomposition, Spinor-Helicity formalism, On Shell, BCFW, Rational

contribution, Cut-constuctible amplitude, Unitarity, Generalized Unitarity.



Resumen

Se estudian técnicas recursivas para calcular de forma eficiente amplitudes de scattering a nivel
perturbativo en teorias gauge, en particular procesos a tree-level y one-loop en la teoria QCD.
Usando el formalismo de los espinores de helicidad, se discute la férmula de recursion BCFW
para obtener amplitudes de tree-level y la unitariedad de la matriz-S para obtener las partes cut-
constructible y racional a one-loop.

Se propone un nuevo formalismo para calcular amplitudes a one-loop en regularizacién dimensional
en cromodinamica cudntica (QCD). Nuestro propésito combina la unitariedad generalizada junto
con una extensiéon de la ecuacion de Dirac con masa m + iu7ys. Se prueba que por este método,
es posible reconstruir la amplitud de scattering con el uso de cortes unitarios en un formalismo
basado en los espinores de helicidad. El cdlculo de las amplitudes a tree-level en este escenario
permite la automatizacion del cdlculo de la partes cut-constructible y racional de una amplitud a
one-loop. Este formalismo es verificado al calcular la correccion a one-loop en QCD a la amplitud
de scattering de la produccion de dos gluones por la aniquilacién de quark anti-quark y el proceso
a two-loop de la fusion de tres gluones en un Higgs.

Palabras Claves: QCD, Descomposién del color, formalismo de los espinores de helicidad, On
Shell, BCFW, contribucién Rational, Amplitud Cut-constuctible, Unitariedad, Unitariedad

Generalizada.
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1. Introduction

The experimental program at CERN Large Hadron Collider demands that we refine our under-
standing of events originating in known physics. High precision predictions in such background
processes are necessary in order to find and understand new physics at the TeV scale. An impor-
tant class of such computations is the ones in Quantum Chromodynamics (QCD), the quantum
theory that describes the strong interactions. QCD is asymptotically free, so the strong coupling
constant g becomes weak at large momentum transfers[l] 2], justifying a perturbative expansion.
However, perturbative QCD amplitudes are notoriously difficult to calculate even at tree level,
because of the proliferation of Feynman diagrams as the number of external legs or the order of
perturbation grow.

In the present thesis, we study recursive techniques for efficient computation of perturbative
scattering amplitudes in Yang-Mills theory, the general non-Abelian gauge theory that includes
QCD. In particular, we study tree and one-loop scattering amplitudes involving gauge bosons
(gluons) but also matter states (quarks). The main goal of the thesis is to discuss the modern
methods for computation of multi-partons scattering amplitudes in QCD, the so called on-shell
methods. The well known analytic properties of the one-loop amplitudes [3] lie at the heart of
these techniques. Scattering amplitudes, in fact, can be constructed in terms of their singularities.
For tree amplitudes, these are complex poles. In loop amplitudes, there are branch cuts, as well as
other singularities associated with generalized cuts. All of these singularities probe factorization
limits of the amplitude: they select kinematics where some propagators are put on shell. Thus,
the calculation can be packaged in terms of lower-order amplitudes instead of the complete sum of
Feynman diagrams[4], 5] [@].

This framework define the so called unitarity methods, nowadays developed in a consistent way
just to perform one-loop calculations. Instead of the explicit set of loop Feynman diagrams, the
basic reference point is the linear expansion of the amplitude function in a basis of master integrals,
multiplied by coefficients that are rational functions of the kinematic variables, already known as
Passarino Veltman reduction theorem[7]. The point is that the most difficult part of the calculation,
namely integration over the loop momentum, can be done once and for all, with explicit evaluations
of the master integrals. The master integrals contain all the logarithmic functions. It then remains
to find their coefficients|§].

If an amplitude is uniquely determined by its branch cuts, it is said to be cut-constructible.
All one-loop amplitudes are cut-constructible in dimensional regularization, provided that the full
dimensional dependence is kept in evaluating the branch cut. Each master integral has a distinct
branch cut, uniquely identified by its logarithmic and di-logarithm’s arguments. Therefore, the
decomposition in master integrals can be used to solve for their coefficients separately using analytic
properties[6]. Also, D- dimensional unitarity cuts of higher-loop amplitudes involve lower-order
amplitudes which still contain loops and yet have D-dimensional momenta on some external legs



4 1 Introduction

(the cut lines). Analytic calculations are simplest in massless theories, where formulas can be
written compactly in the spinor-helicity formalism[9, [10]. Spinor variables are helpful inside the
loop as well, when propagators associated to massless field are placed on shell in an unitarity cut.
For this reason as well, we work mostly in four-dimensional Minkowski space and its D-dimensional
analytic continuations.

The purpose of this thesis is to reach two main goals, the first consisting in a full review of the
framework developed over the last two decades for studying perturbative amplitudes efficiently, the
second is to perform an orginal calculation where such methods are applied to the physics of the
gluon fusion Higgs production. In doing so in this master thesis will be reached an unified four-
dimensional formalism, still not present in literature [11], where in the framework of the dimensional
regularization and by an appropriate extension of the spinor helicity formalism, the calculation of
the four-dimensional cut-constructible part of a scattering amplitude as well the reconstruction of
the so-called rational part of the amplitude will be provided at once. The rational part of the
scattering amplitude are all those contributions to the scattering amplitude not related to the
position and features of the branch cuts in the complex plane.

For the one-loop analysis we will start by reviewing the master integrals and the Passarino-
Veltman reduction[12].We will use the unitarity methods by evaluating the cuts of master integrals
and therefore general cut amplitudes by using the list of formulas for the coefficients of master
integrals, given a general one-loop integrand. We will discuss generalized unitarity cuts for one-loop
amplitudes, from quadruple, triple and double cut, this is because only the massless gauge theories
will be considered. We will address D-dimensional unitarity methods, which are a very efficient
way for solving the problem of the calculation of the rational terms, which, by definition, are not
affected by branch-cut and therefore in this framework could be ambigously defined. The extension
to a massive theory, is in principle easy in formalism proposed in this dissertation, however we will
not fully develop the massive cases in the presented examples. Our study will be a journey in the
huge literature devoted in the last 20 years to the formulation of the computational framework of
the on-shell methods. We benefited a lot of the recent and very comphensive reviews on the subject
[14], [15].

The thesis is organized as follows.

The first chapter introduces the subject. In the second chapter the non Abelian gauge theories are
discussed and an alternative expansion to the standard Feynman diagram is introduced, namely
the reduction to the color ordered amplitudes and their gauge invariant color stripped factors called
primitive amplitudes[8, 20} 2I]. Colour information is lacking in primitive, which will be decom-
posed into helicity partial amplitudes. Studying these objects for different helicity configurations
of the external gluons, is more convenient because certain helicity configurations vanish, while
very compact formulas are reached, namely the so called Maximally-helicity-violating amplitudes
(MHYV). The simplicity and efficiency of such amplitudes will be strongly enhanced by the use of
the helicity spinor formalism. The MHV amplitude will be the building blocks for building more
complicated amplitudes in a recursive fashion. Finally, we discuss factorization properties which
are powerful tools for checking the correctness of the results and constructing recursion relations.
Important property of tree-level amplitudes is that the singularities they possess are always poles
and never branch cuts[9]. Based on this, we will introduce the BCFW (Britto, Cachazo, Feng and
Witten) recursion relations, a powerful method in gauge field theory that here we will exploit for



what concerns recursive calculations of multi-gluon tree-level scattering amplitudes. The main in-
gredient of the proof of the recursion relations is the factorisability of amplitudes on multi-particle
poles[8, 9, 20]. The recursion is performed on-shell in the number of legs and it gives very compact
formulas. Any tree-level amplitude of gluons is expressed as a sum over terms constructed from the
product of two analytically continued subamplitudes with fewer gluons times a Feynman propaga-
tor. The two subamplitudes in each term have momenta shifted in such a way that all the particles
are on-shell and the momentum conservation is preserved. Applying the recursion relations one or
more times, we can calculate any amplitude by just using the information contained in the MHV
amplitudes[21], 22].

In the third chapter we will manage with the unitarity framework for calculations of one-loop
gluon scattering amplitudes. Similarly to tree-level amplitudes, we perform a colour decomposi-
tion to obtain purely kinematic objects. Unitarity of the S-matrix and factorization properties
put constraints on the amplitudes and, in some cases, they fully determine them. Dimensionally
regularised amplitudes are expressed in a basis of integrals with unknown coefficients that are fixed
by means of unitarity. After revising the Cutkosky method[24] in which just two legs are cutted, we
will introduce the generalized unitarity involving quadrupole, triple and double cut associated to
log-like branch cut [4], 5 [6] and provide a well defined prescription to fix uniquely the coefficient of
the cut-constructible contribution to the Passarino Veltman decomposition. In general, one is also
interested in massive theories such as QCD with heavy quarks. The amplitudes of such theories
contain logarithms that depend only on masses; such functions do not have cuts in any kinematic
variable. This might seem to imply that one cannot obtain all of the terms in massive amplitudes
via unitarity, however we will review the methods, that using the generalized unitarity in D dimen-
sions and knowing the ultraviolet and infrared behaviour of renormalizable gauge theories, allows
to determine uniquely the rational part of scattering amplitudes involving massive particles[6].

In the fourth chapter we will study the formalism that allows for the calculation of the cut-
constructible and rational parts at once, providing an explicit prescription for the unitarity cuts in
D = 4 —2¢. By that prescription any full one-loop amplitude can be obtained from tree amplitudes
in four dimensions, where the particles across the cuts are treated as massive, such a mass (u) [17]
encodes the extra-dimensional dpendence. To achieve this objective we will review regularization
schemes and in the rest of this thesis the FDH(Four Dimensional Helicity) scheme will be used.
Because the FDH scheme is used where To treat the internal particles a first useful tool to be
studied will be the Quigley-Rozali brackets [23], later a generalization of the Dirac spinors obeying
to a generalized form of the Dirac equation with a mass term m + iuys (m is the physical mass)
will allow to treat properly the internal fermionic legs in the unitarity cuts. The internal gluons
will just require a generalization of the polarization vectors to include the mass u from the extra
dimensions, we found that it is enough to replace the two massless 4D polarization vectors with
the three massive 4D polarization vectors. This formalism is checked against the previous results
obtained by OPP method [26], where we compute rational contributions to the amplitude of QED
processes like veTe™ and vy — 7 at one loop.

In the fifth chapter we will do applications of how our formalism works by computing the QCD one
loop correction to the scattering amplitude of two gluons production by quark anti-quark annihila-
tion. The reached result is checked with the one obtained by Feynman diagrams by Kunszt et all.

[18]. The studied primitive amplitudes are Ai_lo"p (1;’, 255355 4F) and Ai_lo"p (1;, 24,37, 4F), in



6 1 Introduction

which we will find the box, triangle and bubble coefficients for the cut-constructible part, likewise
these contributions to the rational part.

In the sixth chapter we derive the effective vertex of two gluons fusion in a Higgs, to calculate
it we take into account certain approaches like the top mass goes to infinity (m; — oo) and the
fermionic loop momentum is much greater than Higgs momentum. With this effective vertex we
do the process at two-loop of three gluons fusion in a Higgs where the reached result is checked
with previous results of Schmidt [19].

In the last chapter we will comment on our results and draw our conclusions.



2. Tree Level Amplitudes

2.1. Color-ordered Amplitudes

In perturbative QCD the calculation of multi-gluon scattering amplitudes, even at tree level, is
very challenging. The number of diagrams describing a given process grows very quickly, and the
redundancy due to the gauge invariance leads to a rapid proliferation of terms. One way to simplify
these calculations is to divide all of the diagrams contributing to a given matrix element into subsets
of diagrams which are independently gauge invariant, meaning invariant under redefinition of the
polarization:

el (pi) = ' (i) + i (pi) I, (2-1)
with the «; (p;)’s being arbitrary functions. It might then be possible to choose different gauges
for these different subsets in such a way as to simplify the calculation as much as possible[22]. It
is remarkable as this point of view is based on the S- matrix scattering amplitudes more than the
Lagrangian approach. In fact having written the terms contributing to the S matrix as the sum of
gauge invariant pieces, we may choose the appropriate functions «; without changing the relative
phase between the different gauge invariant terms. The solution of the issue of dividing in gauge
invariant pieces a general scattering amplitude will be done in this chapter, without loosing any
generality, for a SU(N,) gauge field theory. Here N, denotes the number of colors.

A general scattering amplitude in a non-Abelian gauge theory can be decomposed in an orthog-
onal basis in the color space, which brings to gauge invariant pieces because of the orthogonal
character of the decomposition. Here we identify such orthogonal linear indipendent color struc-
tures by the traces of the Lie goup generators and we define the color-ordered amplitudes as the
terms emerging from such a “trace-based” color decomposition.

The external asymptotic states fill two SU (N,) representations: the adjoint representation for the
gluon, where the adjoint color indices are denoted by a, b, c, a;, ... € {1, 2,...,N2 — 1}, and the fun-
damental representation N, with its conjugate representation N, for quarks and antiquarks respec-
tively. Fundamental color indices are denoted by i1,19,... € {1,2,..., N.}, and anti-fundamental
N. indices by j1,j2,... € {1,2,..., N.} (see appendix [Al). )

We represent the generators of SU (N.) by the Hermitean traceless matrices (7' a)g, with the
convention about the normalization [9] 27],

Tr <T“Tb> = g, (2-2)
which differs by the usually used in the textbooks, see for instance [I], by a factor % The group

theory factors of QCD Feynman rules, relevant in this analysis, are (T’ a)z for the gluon-quark-
antiquark vertex but a trilinear gluon vertex is proportional to the SU (N.) structure constants

febe = (|70, 10| 7) (2-3)
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In the present convention the structure constants differ by a factor of iv/2 factor with respect to
those of the textbooks[l], such a convention avoids a proliferation of v/2 factors in the adopted
calculation procedures. Another useful property is the color Fierz identity

(Ta)]l (Ta)]2 — 5]25)1 _ 5)25]1 (2_4)

71 712 21 127

which will be put at work in the next section and proved in the appendix (Al), together with other
results of the color algebra.

2.1.1. Trace-based color decomposition

Having introduced the color ordered amplitudes, we are going to provide a prescription about how
to extract them in a given tree level amplitude of a SU(N,) gauge theory. Consider a tree level
n-gluon scattering amplitude, let’s prove that it can be decomposed into tree graphs color factors
represented by the sum of traces of generators T in the fundamental representation of SU(N,):

Tr(T*T%....T%) + all non cyclic permutations.

By the explicit form of ([2=3]),

g %3 7J3 g %3 7J3

fabc _ (Ta)Jl 522 ( )Z 523 (TC)JS 521 _ ( >Z 521 (Ta)]l 523 (TC)JS 522 (2_5)

the color factors of the vertex of three gluons and of the gluon propagator, using Fierz identity
[2-4), amounts diagrammatically to

5iJ:i+j_

ab _ . — _1

S = awmvosooo b = N N:DC
a

o= B

7= A
a

TI‘([T?Tb]TC) = &&% - s@é@\
c b ¢ b

Figure 2-1.: Diagrammatic equations for simplifying SU(N,.) color algebra.

_..,
Y
g
o
]
o
o
I

Adopting the rules of the fig. and the eq. (2=3)) in the Feynman diagrams, we get the
decomposition into single trace terms for planar diagrams, with its own cyclic ordering, the color
ordering. Non-planar diagrams will allow also multitrace factors. Moreover, if the amplitude has
external quarks legs, there will be also the strings of T%’s terminated by fundamental indices of the

form (7% .. T“m)g, one for each external quark-antiquark pair.
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+ permutations

Figure 2-2.: Reduction of color factors for m-gluons tree amplitudes to a singlet trace of T
generators[27]

Therefore an n-gluon tree amplitude can be reduced by a trace-based color decomposition to
sum of color-ordered amplitudes|27, 28],

A (s ivaid) =g 30 Te(T00 ) AT (7 (11) o (a))(26)

O'ESn/Zn

Here A%®® is the full amplitude, with dependence on the external gluon momentum k;,i = 1,2,...,n,
helicities h; = £1, and adjoint indices a;. A are the primitive amplitudes stripped by the color
factors but with all the kinematic informations. Cyclic permutation of the arguments of a primitive
amplitude, denoted by Z,,, leave this invariant, because the associated trace is invariant under these
operations. All (n — 1)! non-cyclic permutations, or orderings of the primitive amplitude appear in
eq. (2=6]). These permutations are denoted by o € S,,/Z, = Sp—1.

Similarly, tree amplitudes with two external quarks and (n — 2) gluons can be reduced to single
strings of T'* matrices,

AT (1 g g1 B) = g2 3T (T Tt AT (1 6(2) . (n— 1))
0ESn/Zn
(2-7)

in (2-7)), we have omitted the helicity labels, and numbers without subscripts in the argument of
Atree refer to gluons. There are (n — 2)! terms corresponding to all possible gluon orderings between
quarks.

The primitive amplitudes, denoted here generically by A(1,2,...,n), are by construction color
independent and satisfy a number of important properties and relationships[22] [28]:

1. A(1,2,...,n) is gauge invariant.

The proof follows the same lines of the QED Ward Identity, since after stripping the color
factor, primitive amplitudes behave like in an Abelian theory. For a given color ordering a
gluon field couples to a gauge invariant conserved current, because of the linear independence
of the basis in the decomposition of [2-6) and ([2-7]) which does not allow any mixing of the
given traces. Therefore the amplitude with at least one gluon has the form,

A(k) = A, (k)" (k) (2-8)
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where gluons are created by the interaction term,
j/d%zJWiAg (2-9)

here J% is the conserved color vector current [1],[2] which becomes gauge invariant by impos-
ing the limitation of calculation of color ordered amplitudes. A;L (k) amounts to the matrix
element of the Heisenberg field J*:

4,0 = [ateet (7 iy @) ) (2-10)

where the initial () and final (f) states include all particles except the given gluon. Dotting
by k, into eq. (2=10),

KA (k) = / dha R (|, (2)]d) = i / dha e* (£10%5, (2)] ) = 0 (2-11)

we show the requested gauge invariance.

2. A(1,2,...,n) is invariant under cyclic permutations of 1,2,...,n.

Since the traces of generators are invariant of cyclic permutation we obtain the same physical
result if we do a cyclic permutation in the primitive amplitude.

3. A(n,n—1,...,2,1) = (-1)"A(1,2,...,n)
4. The dual Ward identity,
A(1,2,3,...,0)+A(2,1,3,...,n)+A(2,3,1,....0)+...+ A(2,3,....,1,n) =0

The properties 3 and 4 will be verified once in the section [2.3] a specific form of the primitive
amplitudes will be provided.

5. Factorization of A (1,2,3,...,n) on multi-gluon poles.

This property can be seen by studying for instance the amplitude of five gluons (ver fig[2-2]).
In the corresponding Feynman diagrams, which are planar we have three consecutive propa-
gators, bringing to the factorization of multi-gluons poles of the form: sy 9,523,534, 54,5 and

8571.

With the previous prescriptions we can write (see figl2=3] ) the color-ordered Feynman rules for
QCD, they are readily obtained by the usual Feynman rules just by imposing a given ordering.
Even the four-gluon color ordered vertex is a trivial consequence of the quadrilinear non Abelian
gluon interaction, after the ordering (1,2, 3,4) which extracts the color factor %Tr [T a2 T3]
time the kinematical factor written in the figure [2=31
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a, fi
| oo = —ily
= 10 u
V2
— =
. p
? i

2
— 97 (\QQM)\QVU _ g;u/g)\cr _ g;wgu)\)

Figure 2-3.: Color-ordered Feynman rules in 't Hooft-Feynman gauge. All momenta are taken
outgoing.

Color decomposition for the process of four gluons

To get a better understanding about the color decomposition, the color factor of the treel level
four-gluon amplitude is computed. The process depicted in the figure 2=4] at tree level in terms of
the usual Feynman diagrams is given by,

0— g (/" a) g (V’ b) g (O-’ C) g (7—7 d) (2'12)

here a, b, ¢ and d are the color indices and the convention of all outgoing momenta has been made.
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2
3 2\/\’ 3 4 3, 3
N o
1 4 4 2 1 4

Figure 2-4.: Feynman diagrams for gg — gg.

By studying each diagram

Al — leabefecd7 ( )
A2 — C2facefebd7 (2_14)
A3 — C«3fadefebc’ ( )
A4 — 04;1fabefecd + C4;2facefebd + C4;3fadef6bc ( )

Here C;,i = 1,2, 3,4 contains all kinematic information from Feynman diagrams. However, we are
interested in the color factor, then by replacing f®¢ = Tr { [T“,Tb] TC}, we obtain the explicit
form of fabefecd

i pabe pecd — iy, { [Ta,Tb] Te} peed — y { [Ta,Tb] fcdeTe} — Ty { |:Ta’Tb:| [Tc’Td}} (2-17)
~ Ty [T“TbTCTd _ qarbpdpe _ phpareqd 4 TbT“TdTC] (2-18)
- [T“TchTd} Tr [T“TdeTc} Tr [TbT“TCTd} +Tr [TbT“TdTC} (2-19)
Doing the same procedure for all A; contributions and summing these results, we find
A=Ay + Ay + Ay + Ay (2-20)
= (Cy — C5 + Cyq — Cy)Tr (T“TbTCTd) — (Cy + Cy + Clgy + Cua)Tr (T“TdeTC)
— (C1 + Ca+ Cat + Ci) Tr (TUTTTY) + (Co + Cy + Cip + Cag) Tr (TTT*T)
+(Cy — O3+ Cy — Cpig)Tr (T“TchTb) +(Cy + O + Cya + Cpig) Tr (T“TdTch> (2-21)
— A(1,2,3,4) Tr (T“TbTCTd) +A(1,2,3,4) Tr (T“TdeTC>
+A(1,3,4,2) Tr <T“TCTdTb> +A(1,3,2,4) Tr (T“TCTde)

+A(1,4,3,2) T (T“TdTCTb> +A(1,4,2,3) T (T“TdTbTC) (2-22)

confirming the general statement ([2=6). Only the primitive amplitude A (1,2,3,4) is needed, the
other amplitudes can be found by non-cyclic permutations of the external legs.
2.1.2. Color and strings

The color ordered decomposition introduced in the previous paragraph is very natural in the calcu-
lation of string theoretical amplitudes and actually it was previously derived from string theory[28].
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In a basic course of String Theory, like the one taken by the author at Universidad Nacional de
Colombia, it is possible to see that an open string state is described by

|oscillator state, k; I, .J) ,

where, in particular, I, J € {1,2,...N} denote the Chan-Paton internal degrees of freedom of the
extrema of the open string[29]. In an interaction process of n string states each string is then
characterized by the Chan-Paton wave functions Ar;. In order for an interaction to happen the
right endpoint of each string must be in the same state as the left endpoint of the next one.

T2 T

Figure 2-5.: Color decomposition derived from string theory.

For instance for the case of a tree level open string three tachyons amplitude the Chan-Paton
factor would be

AN AT+ A AT AL = Tr(AIA2N3 + AIA30?) (2-23)
if the cyclic order is 123 and so on. By introducing a complete basis of Hermitean matrices T% the
Chan-Paton factor can be expressed as

Te(T“ T T%).

The Chan-Paton factors have been therefore expressed in terms of the generators of the U(N)
algebra and all open string states transform in the adjoint representation of such a non-simple Lie
Algebra: U(N) = SU(N) ® U(1) which for gauge interactions always reduces to SU(N) because
of the photon decoupling from the amplitudes. In open string theory a four-tachyon amplitude is
written as

i 2
Sp, (k1,a1; ko, az; ks, as; ks, aq) = % (27)%0 §26 (Z k:2>

X [Tr (TT2TNUTS + TUTSTUT2?) B (—ap (s), —ag (1))
+ Tr (THTOT2TY + TUTUT2T®) B (—aq (s), —ag (u))
+ Tr (TUT2TBT + TTUTSTY?) B (—ag (1), —ap (u))]  (2-24)
with the same color structure as in (2-22)), B is the Euler Beta-function characteristic of the

Veneziano amplitude and ag(x) represents the linear Regge trajectories proper of the flat space
string theory. From the previous arguments it is easy to extrapolate that an n-point tree level



14 2 Tree Level Amplitudes

string amplitude will have the general structure of 2= 6] however we do not reach the structure
[2-1), even if matter is included by superstring theory because there are no states transforming in
the fundamental representation of U(N). Moreover the color stripped primitive amplitudes still
satisfy the properties the gauge invariance, the cyclic, the reverse permutation, the dual Ward
identities and of course they have pole singularites in single adiacent channels.

To conclude this brief connection to the string theoretical color ordered amplitudes it is worth
to remark that with respect to the original paper of Chan-Paton in 1969[30], nowadays the U(N)
gauge symmetry in string theory is related to a stack of N D-branes and the generators T are
seen as transition factors for gauge vectors which have ends on different branes.

Figure 2-6.: Color decomposition derived from string theory.

2.2. Spinor-Helicity Formalism

The spinor-helicity formalism [9], 10, B2, B3, [34] for scattering amplitudes has proven an invalu-
able tool in perturbative computation since its development in the eighties, being responsible for
the discovery of compact representations of tree and loop amplitudes. Instead of Lorentz inner
products of momenta, it relies on the more fundamental spinor products. These neatly capture
the analytic properties of on-shell scattering amplitudes, like the factorization behavior on multi-
particle-channels. The recent boost in the progress of evaluating on-shell scattering amplitudes
is due to turning qualitative information on their analytic properties into quantitative tools for
computing them.

2.2.1. Fermion Wave Functions for Real Massless Momenta

Consider a massless fermion of momentum p, the helicity spinor for this fermion satisfy the Dirac
equation [9, [35]

pu(p) =0 (2-25)

We can construct general helicity spinors of momentum p, u4 (p) and u_ (p) if we choose a simple
set of momenta kjy, k)’ that are fixed and satisy k3 = 0,k = —1,kq - k1 = 0 and,

ux (ko) @x (ko) = (14 X9°) Ky (2-26)

with A = +1. From these spinors we define basic spinors in the follow way: let u_ (ko) be the
left-handed spinor for a fermion with a momentum kg and ug (ko) = Fyu— (ko). Then, for any p
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such that p is lightlike (p? = 0), define[10, [32]:
u-(p) = ———pis (k0) N E———
-p) = 2p-k:0]'7j+ 0); +p) = TR

with uy (ko) = Fyu— (ko). This set of conventions defines the phases of spinors unambiguously,

pu_ (ko) (2:27)

except when p is parallel to ko. Writing explicitly the 4-momentum for £, k| as,
ki = (E,0,0,—E), k' =(0,1,0,0) (2-28)

we can construct u_(ko), u+(ko), u—(p), and uy(p) explicitly.
From Dirac equation and chirality, we get

Fou_ (ko) = 0, u (ko) = 2 (ko) (2-29)

writing u_ (ko) as

u_tho)= || (2-30)

QL O o

With the normalization of ¢ = v2F, we obtain

1 0
0 0
u_ (ko) = V2F ol ut (ko) = V2E 0 (2-31)
0 1
—pl +ip? 0
1 p° + p? 1 0
u-(p) = ———= ; ur(p) = —F—— (2-32)
P+ p? 0 ! P+t | PP
0 pl + ip?.
The components of the momentum p can be expressed in terms of the p+ and p
pr =p° +p°, (2-33)
pL=p" +ip® = |pL|e¥r = /pip_er, (2-34)
where
14,2 14,2
e:l:i(pp — p j: Zp — p :]: Zp ) (2_35)
V)2 + (p?)? VPP
By this choice
/p_e ter 0
u—(p) = 0 ; ui(p) = ip (2-36)
Vp—eter

0 \/P+-
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For the four-components spinors uy (p) it is possible to deduce the two-components spinors up and
ur, related each other by

ug (p) = io*uj (p) (2-37)

as it will be proven in the appendix [B.1l
A bra and ket notation spinors is introduced corresponding to the massless momentum p; and
labelled by the index ¢, with the phase convention for physical particles and antiparticles given as

vt (pi) = - (pi) = (il v (pi) =ty (pi) = [il, (2-38)

Uy (pi) = u— (pi) =], U (pi) = us (pi) = i) - (2-39)
Lorentz-invariant spinor products can the be constructed as,

- (pi) us (ps) = (i) , 4 (pi) u— (p;) = [ij] (2-40)

with the explicit form of left and right -handed spinors (see eq. 2-36]), these spinor products become,
(ij) = /Pimpj=e' i — /Piabj_e Pri = \/|sij|e’ (2-41)
[if] = \/Pirbj—e " — \PiDire i = —[|sijle 0 (2-42)
where s;; = (p; + pj)2 = 2p; - p; and

1, + 1, + 2, + 2, +
bip; —D;Pp; . pip; —DPip;
V4 ’3ij’pi+pj+ \V \Sz'j\ Pi+Pj+

These products appear to be antisymmetric explicitly and are related to their 4-vectors by the

(2-43)

identities,

5
19) o] = ur () Tr (p) = (1 k] )p, (2-44)

1p] (p| = ur (p) ur, (p) = <1 _275> P (2-45)
eqs. (D) and (Z22) show,
(ij) = — (1), [ij] = = [jd], (i) =[] (2-46)
so that,
|(pa)[* = [[pa]l® = (i) [ji] = 5pg = 2P~ q (2-47)
The phase convention

1) =], “ (il = [il (2-48)
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where ¢ indicates charge conjugation, is adopted in the following. For vector currents built by
spinors, the following identities, to be proven in the appendix [B.1l are very useful

ul, (p) a"ur (q) = uf (q) our (p) (2-49)
Pyl = la|""p) (2-50)
The Fierz identity, the identity of sigma matrices (see appendix [B.])

(6")ap (Fu)eq = 2 (i07) . (i0%), (2-51)

allows the simplification of contractions of spinor expressions, for instance
(P q) (K |vull] = 2 (pk) [lq], (P v a] [k Iyl 1) = 2 (pl) [kq] (2-52)

Finally the spinor products obey the Schouten identity (see appendix
(i) (kl) + (ik) (Lj) + (il) (jk) = O (2-53)
[i7] [kI] + [ik] [L5] + [il] [jk] = O. (2-54)

2.2.2. Massless Vector Boson Wave-functions for Real Momenta

We construct the massless polarization vectors by considering k to be the momentum of a photon
(gluon), and p be another lightlike vector, chosen so that p-k # 0. u—_(p),u—(p) are the spinors of
definite helicity for fermions with the light-like momentum p, defined according to the conventions
of eq. ([2=27). The helicity one photon polarization vectors are

\/4]19—.kﬁ+(k)7u?i+(p)a el (k) = 4]19 ' kﬂ—(k‘)Vuu— (») (2-55)

In the shorthand notation,

o (k) =

v (kN"d] B9 i
Ei (ka Q) = \/i[qk:] ) et (k7Q) = \/§<qk7> (2 56)
P (ki) = (q|"| k] e (ks q) = "R (2-57)

V2 (k) V2 [gk]

these polarization vectors are defined in terms of both the momentum vector k and a reference
vector q. The gauge invariance of the scattering amplitudes of the spin-1 field manifests itself in
the arbitrariness of the reference momentum gq.

Now, we consider an azimuthal rotation about p; axis, spinors left and right -handed transform as,

i) — |¢') = /2 i) (2-58)
ji] — [i'] = e7'%/% }4] (2-59)

and the polarization vectors with helicity =+,

el (i) — %{;Li} = e%eh (i) (2-60)
e’ (i) — h'la) _ et (4) (2-61)

V2 [qi]
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egs. (2-60) and ([2=61)) as required for helicity +1 and —1 respectively[2]
The polarization vectors have the usual properties

(e5)" =7, (2-62)
et . et =0, (2-63)
et eF =1, (2-64)
o %%
ehel +ele” = —g" + qq% (2-65)

these properties can be obtained easily by using the Fierz identity and for the last one see appendix
Bl The arbitrariness of the choice of ¢ can be seen by examining the difference between two choices
of ¢:

ey o ey L (P (s ]
<t in) - o) = 75 (St - i)

1

2 (rk) (sk)
1

2 (k) (sk)
1 i i
W(@Vﬂ |7) + (s|v"k[ 7))

(= {r ™| k] (ks) + (s [v"| k] (k7))

(= (r [kl s) + (s 7"kl 7))

(s [ky* + "k )

S Sl sl- sl s

1
2 (rk) (sk)

=2 vk <> <>Sk> (2-66)

the last line follows from the anticommutator of Dirac matrices. The final result of this calculation
is that

el (ksr) — el (kys) = f(r,s) k" (2-67)

where f (7, s) is a function of the reference vectors. This expression will not give any contribution to
the amplitudes because of the Ward identity at work (see figure [2=7]). Thus, the difference between
the polarization vectors generated by two choices of ¢ is proportional to k* and it is therefore a
pure gauge term[9, 35].

k“.;&

Figure 2-7.: Ward identity obeyed by a gauge-invariant sum of diagrams with all external particles
on shell[9].
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2.2.3. Parity and Charge Conjugation

We might worry that the color and helicity decompositions will lead to a huge proliferation in
the number of primitive amplitudes that have to be computed. This does not happen, thanks to
the group theory relations and the discrete symmetries of parity and charge conjugation. Parity
simultaneously reverses all helicities in an amplitude; for example eqs. ([2-56) and (2-57) show
that it is implemented by the exchange (gk) +— [kq]. Charge conjugation is related to the anti-
symmetry of the color-ordered rules; for pure gluon primitive amplitudes it takes the form of a
reflected identity[36],

Al (1,2,...,n) = (=1)" A" (n,...,2,1)

For amplitudes with external quarks, it allows us to exchange a quark and anti-quark.
As an example, with the use of parity and charge conjugation symmetry, we can reduce the
five-gluon amplitude at tree level to a combination of just four independent partial amplitudes:

AEYOO (1-1-, 2+’ 3+’4+’ 5+) ’ Agroe (1—’ 2+’3+’4+, 5+) ,
A (17,27,3%,4%,51) . Apee (17,2%,37,4%,5%) . (2-68)

Furthemore, as it will be seen later in section 2.3 the first two primitive tree-level amplitudes vanish
and there is a group theory (U (1) decoupling) relation between the last two, so there is only one
independent non-vanishing object to calculate. In the next chapter it will be discovered that at
one-loop of the four previuosly listed independent primitive amplitudes only the last two contribute
to the NLO cross-section, due to the tree level vanishings.

2.2.4. Examples
ete” — q9q

As a warming up exercise consider the gluonsstralhung process

PO S

Figure 2-8.: Feynman diagram for the process e e~ — qgq.

The amplitude can be written by using Feynman diagrams as,

ige?
As = —% {8121834 Uy (p1) Yug (p2) @y (p3) ¢ (Pa) (K3 + Ka) vuus (p5)

1

512545

Uy (p1) Yous (p2) Gy (3) 7" (Fg + K5) £ (pa) us (ps)} T (2-69)
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The color indices of the quark and anti-quark are implicitly included in the generator T%.
In the following calculations we will write the polarization vectors ¢ (4) = €'y (4) 7, = e (4), then
the amplitude with the shorthand notation previously studied takes the form,

ige?

A pr—
T2

{ L1110 2) [3 14 (4) (ks + Ky) 70l 5) — — [1|w|2>[3m<;é4+;65>e+<4>|5>}T“
812534 512545
(2-70)

Using Fierz identity and writting explicitly e (4),

A _22’962{ 1 (25) [1] (K3 + Ky) e (4)]3] + 1 [13] (2| (F, + Fs) € (4)|5>}Ta (2.71)
"7 V2 Usisu 8Tl 19545 4t Fs)et
_ g2 L (25) 1 [13] . ]
= 2ig {312334 ) [L1(Ks + K4)l @) [43] + oo (d0) (2|(Ky + K5)| 4] (q5>} T (2-72)

From the Ward identity our result is independent of the reference vector, for simplicity we choose
q = 5 to remove the second diagram,
 2ige* (25)

As = 0 LK )| 5) 3] T (2-73)

using momentum conservation i.e. ks + f, = —F; — Ko,

 2ige® (25) [1]2]5) [43]

As — T0 974
b 512534 (45> ( )
for compactness we write [1|§,]5) = [1]2|5)
25)
As = 22‘962#T“ (2-75)

(12) (34) (45)
separating the kinematics and the color factors, we get the primitive amplitude,

(25)°

As = (12) (34) (45)

(2-76)

aq — g9

Now, we consider a process in QCD. The Feynman diagrams are given by

The amplitude for this process is,

S

- 2
19 _ + + B
A= —Z-u(p)e" (p2) " (ps) {%me 20, TOT® + %”—1 J 3 meT“} v (pa)

B Z'g2fabcTc
2514
+ € (p3) (2p3 +p2) - € (p2) + (P2 — p3)’ € (p2) - € (p3)} (2-77)

 (p1) ¥ (pa) {€” (p2) (—2p2 — p3) - € (p3) +
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D2 D3

D2 D3 D2 D3

b1 P4 b1 P4 b1 P4

Figure 2-9.: Feynman diagrams for the process ¢¢ — gg

First we study the channel q;.gr — gr91, the (2=77)) takes the form

A= —%(He‘i (2)e” (3){ ]/jls ]/j?y ToT? + v, h pi’w TbT“} 4]
Z‘2 abere
LT 1, e ) (-2 1) -2 3)

+e”(3) (2ps +p2) -€(2) 4+ (p2 —p3)’e(2)-£(3)} (2-78)

studying only the contribution to the amplitude that comes from the interaction vertex for the
quarks with gluons,

1 ) ) [P P 0, e e g

PP (b b no
2 V2[02] V23 "osi
2'2
bt e k13 1 P "’”Q%TGTMM o
(Nl ol o, 31 0L+ 1)
[(]22] [Q23] 512 S13

v TOT + ~, WWW}M

TbT“} (2-79)

if we take the reference vectors ga = g3 = 4 this contribution vanishes.

Given the choice of the reference vectors the last diagram amounts to

- 2 pabepc
ig° f*¢1
- {1 4| x
2514 <|7ﬁ|]

x {e” (p2) (—2p2 — p3) - e— (p3) + €’ (p3) (2p3 + p2) - e~ (p2) + (p2 — p3)’ e~ (p2) - e— (p3)} (2-80)



22 2 Tree Level Amplitudes

where due to

B e21?12) - (12)[ed] _
(U 412 (p2) = {11 W) 50 58 = VR T2 =0, (2:81)
_ [g3[7713) _ 5(13) [as4] _ i
(1o 14] €2 (p3) = (1] 7, |4] Rl 2 w3 (2-82)
‘ _ 21712 [9317*13) _ (23) lasqe] _ i
e ) =) Vals) a2 3] (53
this contribution also vanishes.
In conclusion for this channel
A(qr (1) qr(4) — 9. (2) gz (3)) =0 (2-84)
and using parity and charge conjugation,
Aqr (1) qr(4) = 90 (2) gL (3)) =0 (2-85)
A(gr (1) qr (4) = g0 (2) g2 (3)) =0 (2-86)
A(qr (1) qr (4) = 9r(2)gr (3)) =0 (2-87)
A(qr (1) qr (4) — gr (2) gr (3)) = 0. (2-88)
Now We compute this process in another channel q;.Gr — grgr.
The Feynman diagrams which have only the interaction vertex of quarks and gluons give
- @mei (2)e” (3){ ht %7 T°T" + ~, h ]/j?w TbT“} 4]
2 812 513
9° {a27*12] la3 [7"]3) Prt Py rab ? TPs bra
T Va2 V2l {’Y PR T o By T }!4]
_ 2 {ael) B +2(2] [4gs] pars , (3 >(qzll+3I(J3] [42] e
B { @S @D @2l }
_ 2 [ 8D BI2[[42] o, (3D (31U 2][42] e i
=i e T e, T @

putting the reference vectors as ¢o = 3 and g3 = 2

3 3
Aqr (1) qr (4) = gr (2) g1 (3)) = _1'92{<1 ><13> (43)  pagn _ (12)°142)

2)(23)(34) (41) (13)(32) (24) (41) TbT“} (2-90)

Here, the self interactions of gluons also vanishes. However, eq.(2=90) can be studied as

Alqr (1) Gr (4) = gr(2) g1 (3)) = A (1234) T°T" + A (1324) T°T* (2-91)
o (13)3(43)
A (1234) = —ig? 712 (23) (34) (A1) (2-92)

the second term in (2=91), is given by the same expression with (2,¢(2)) exchanged with (3, (3)).
Here A is the color-ordered primitive amplitude and A (qr, (1) gr (4) = gr (2) gz (3)) is the full
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amplitude.
Using parity and charge conjugation

3
Alar (1) an (4) = 9 (2) g1 192{ S <13><<1322>><<2442>><41>TbTa},
(2-93)
3
Alan (130 (4) = 92.(2) 95 (3)) = —ig { 1]TaTb+ ) [[24412]1[41]171,@}7 o
3
Aldn (D)= on @90 g { 14> T <12><€122?>>> <<3142>><41> TbTa} ’
(2-95)
3
Alqr (1) @r (4) = g2 (2) 9r (3)) = —ig { mmu [12]%2?}] [gj][41]TbT“}. (2-96)

2.3. MHV amplitudes

If the color-ordered primitive amplitude for gluons 1,...,n, of momenta pq,...,p, and helicities
hi,...,hy, is A, (1h1, . ,nh”), where the momenta and helicities are labeled for all outgoing
particles, then the three primitive amplitudes of interest are [9, 21, 22} 37]

o » ()"
A (1, i, ) ”"n+)_Z<12>(23>---((n—1)n><n1> (2-97)
- . N [ig]*
A, (17,0t T nT) = (-1) 1[12][23]“'[(71_1)”””1] (2-98)
A, (15, it it et =0 (2-99)

The “maximally helicity violating” or MHV amplitudes are those with two negative and the
rest positive helicity, the other non-zero amplitude is usually called anti-MHV. The origin of these
names is due to the fact that at tree level the violation of the helicity conservation to the maximal
possible extent, of course no Lorentz symmetry violation is involved. They are also known as
Parke-Taylor amplitudes.

A proof of some of the Parke-Taylor amplitudes will be given in the subsection (2.4.2]) in the
context of the so called BCFW recursive relations.

We can derive the MHV amplitudes for processes with a pair of massless quark-antiquark

. _ . 1i)® (ni)
A, (17,2F, ... (=D nf) = < 2-1
(20 (= ) ) = g — Dy ) (100)
o , _ . 13)3 [nd]
A, (17,27, ..., ..., (n—1 = (-1 ! [ 2-101
Consider the first member of the sequence of MHV amplitudes for n gluons,
o , 12)4
A¥ee (17,27,3%) = <—. 2-102
3 (07208 = i gy (2-102)
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For real momenta the momentum conservation has the following implication
p1+p2+p3=0—s12=>523=513=0. (2-103)

Since the three point gluon amplitude is a very useful tool it is possible to extend to complex
momenta in order that the all three channels could make sense. The procedure is the following;:
choose all three left-handed spinors to be proportional, |1] = ¢; [3],|2] = ¢23], while the right-
handed spinors are not proportional, but obey the relation, ¢; [1) 4+ ¢2|2) + |3) = 0, which follows
from momentum conservation p; + pa + ps = 0 and from the momentum representation (2-44]),

[2-45). Then

[12] = [23] = [31] =0 (2-104)

while (12) , (23) and (31) are all novanishing[4]. For such a kinematic choice, the tree-level primitive
amplitude for two negative helicities and one positive helicity, A, is no-nul, even though all
momentum invariants s;;, j,/ = 1,2,3 vanish according to eq.(2-I03)). For three gluons, Alee can
be evaluated using the three-gluon vertex obtaining eq. (2-I02]). There is a class of complex
momenta conjugate to eq. ([2-104]), for which

(12) = (23) = (31) =0 (2-105)

while [12],[23] and [31] are all novanishing. By this kinematics the no-vanishing amplitude is the
parity-conjugate three-point amplitude,

[12]*

Agee (1F,217,37) = —im.

(2-106)

When the amplitude A (17,27,3") appears in the ‘wrong’ kinematics (2-I05]), it must be set to
zero, because more vanishing spinor products appear in the numerator than in the numerator.

In chapter 2.I] we studied the properties of primitive amplitudes for gluons and we did not prove
the properties 3 and 4, namely the invariance under reverse permutations and the dual Ward
Identity. Now, using the explicit form for these amplitudes, we show those statements.

e The property 3 can be seen by taking the MHV amplitude with n-external gluons. The
Mathematica allows a very efficient automatization of that procedure. The following box is
full self-explanatory and the check has been performed for 3, 4 and 6 external gluons and the
Schouten’s identity has been used many times.
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n=3

in570}= gMEV[{1, 2, 3}, {1, 2}] +gMEV[{2, 1, 3}, {1, 2}]

outjs70}= 0
n=4

in[s69):= Schouten[gMBV[{1, 2, 3, 4}, {1, 2}] +gMHV[({2, 1, 3, 4}, {1, 2}] +gMBAV[{2, 3, 1, 4}, {1, 2}] //
Simplify, 1, 4, 2, 3]

Outjsggi= 0
n=6;|

Inj588):= Schouten [
Schouten[
Schouten[gMBV[{1l, 2, 3, 4, 5, 6}, {1, 2}] +gMAV[{2, 1, 3, 4, 5, 6}, {1, 2}] +
gMev[{2, 3, 1, 4, 5, 6}, {1, 2}] +gMHV[{2, 3, 4, 1, 5, 6}, {1, 2}] +
gMav({2, 3, 4,5, 1, 6}, {1, 2}] // Simplify, 1, 5, 3, 4], 1, 6, 2, 3] // Simplify,
1, 6,3, 5]

Outjsegl= 0

e For the property 2 consider any of the MHV amplitudes of section (Z3]). The numerator
is always even under the momenta labels exchange, because of the factors (ij)*. On the
contrary in the denominator we have the product of n Lorentz invariant products, by their
antisymmetry(ab) = —(ba), the desired property is recovered.

2.4. BCFW recursion relation

The BCFW recursion relation uses the main ideas of the analyticity of S-matrix to reconstruct
the full scattering amplitudes, this is performed by the previously made extension to the complex
momenta. The extension of the scattering amplitudes to the complex plane allows in fact for reusing
also nul amplitudes, which vanish for real momenta as well as to exploit the analytic properties
of the corresponding functions of complex variables. BCFW introduce an algorithm to calculate
efficiently, and in a recursive way, all tree-level scattering amplitudes for various theories under
certain conditions. Since at tree level the singularities required by unitarity of the theory are
simple poles in the two-particle and multi-particle kinematic invariants, precise recursions can be
extracted starting from the smallest building blocks, namely three-point amplitudes, exactly those
nul for real momental25].

2.4.1. Derivation of the recursion

Consider a color-ordered primitive amplitude A (p1,...,pn), and select two legs for special treat-
ment; we define the [j,1) shift to be [39]

] = 15] = 211 (2-107)
1) = |1) + 2 15) (2-108)
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where z is a complex paramenter. The shift leaves untouched |j), |{], and the spinors for all the
other particles in the process. Under that shift the corresponding momentum is

z .
K= k(=) = R = = (]
K= K (2) = K+ 2 G|

Now, without loss of generality we apply the shift [n,1). We can shift non-adjacent particles but
this would lead to recursion relations involving more terms. One shifts the two momenta as

p1(z) =p1+ 2m, P (2) = pp — 2. (2-109)

These shifts are chosen in a particular form in order not to alter the momentum conservation
condition. Furthermore, we would like to preserve the on-shell condition for particles 1 and n,
which is possible if p1n = p,n = 0. In real Minkowsky space there are no solutions to these
constraints but in complex Minkowsky space there are two solutions, n = |1)[n| + |n] (1| and
n =|n) [1| + |1] (n|, where p; = |i) [i| + |i] (i| ,i = 1, n, as usual.

By this prescription we define the complex function,

A(z) == A(p1,p2,P3,- -, Pn) (2-110)

where the external momenta are on shell but complex. In fact p3 (2) = p2 (2) = 0 for all values of
z. Being the continuation of a tree level amplitude A (z) is a rational function of z with only simple
poles in these variables. By the polology theorem [2] the poles correspond to the exchanged virtual
particles and the corresponding residues to the the coupling of such particles to all the spectrum
of the theory, the physical amplitude is given by A (0).

Let Pij = p;+---+p; the momentum flowing in a given propagator. There are three possibilities:
either leg one or two belong to ISZ-j or both legs, or none, belong to PZ] It is only in the first case
that ISZ-j depends of z (see fig. [2=10]), since in the other two cases, such dependence is either not
present or cancels since Py + p, = p1 + pn. Focussing on the first case and assuming for definiteness

~

that the particle 1 belongs to P;;, we can write PZ‘]‘ as

- z
Pl = Ply— 2 (11" ] (2-111)
and the propagator
/) Zij /)
— = —— , 2-112
P% Pfj Z = Zj ( )
P2
J
b (2-113)
Y (1P

where z;; is the solution of ]323 = 0.

The on-shell complex continued scattering amplitude A (z) can be computed, for instance, by
the usual Feynman rules. Momentum conservation suggests that both the momenta of external
particles and the spinors of massless particles are linear functions of z. Consider the contour integral

f A
C27Ti z ’
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Di

Figure 2-10.: One of the recursive diagrams contributing to the BCFW recursion relation for a
colour-ordered amplitude A(1,...,n). The particles with shifted momenta are adja-
cent - namely 1 and n

where the contour is taken around the circle at infinity. If A (z) — 0 as z — oo, the contour integral
vanishes and we obtain a relationship between the physical amplitude, at z = 0, and a sum over
residues for the poles of A (z), located at z, [40],

lim jq{cd_ZM ~ Res,.y [AQZ)

Az
:| + Z Reszﬁza% - 0,

C—oo 2m 2
poles a
Al(z)
A(0)=— Res,_,, 2-114
0)=- 3 Rese (2-114)

poles a

To determine the residues at each pole, we use the general factorization properties that any am-
plitude must satisfy as an intermediate momentum K* goes on-shell, K2 — 0. In general, the
residue is given by a product of lower-point on-shell amplitudes. To get the precise form of the
contribution, using eq. (2=I14]), we need to evaluate the residue,

11 ?
—Res,o | —=5 | = =5
~(t5)-7

the final form of the tree level recursion relation is[20] [39]

n—2 .
An(1,2,.m) =303 Akt (T,2, ok —ﬁ;,?) PLQAS‘_%‘;I (ﬁffk,k +1,... ﬁ) (2-115)
h—+ k=2 1k

Generally we have a recursive sum over diagrams, with legs 1 and n always appearing on opposite
side of the pole (see fig. 2=11]). There is also a sum over the helicity h of the intermediate state.

The squared momentum P2, is evaluated in the unshifted kinematics. The on-shell blocks tree

13
amplitudes Arer and ARgigne are evaluated in kinematics that have been shifted by eq. ([2=109),
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n-2 n-2
1]—2 o / g = , .
e A _~n-1 . oe A o1l
. T n-1 i+l ) il . =
VYl n-3 T n-3 i
:j ) = + >
A : - +
. ""_'"_n i=1 i N i=l 1 s
¥ ool o St . NN
. { b n . { n
1 o | .
1 1
2 2

Figure 2-11.: Pictorial representation of the recursion relation. Note that the difference between
the terms in the two sums is just the helicity assignment of the internal line[20]

with z = z;;, by definitions of residues and in agreement with the polology theorem. The shifted
momenta for such kinematics are indicated by hats.

Recursive diagrams containing three-point amplitudes often vanish because the 'wrong’ kinemat-
ics, in the sense explained in the section (2.3)). In general, if a [j,1) shift is used, meaning that the
momenta p; and p; are shifted, and the recursive diagram contains a three-subamplitude with two
positive helicities, one of which is j, the the diagram vanishes. The reason is that the spinor [j) is
unaffected by the shift, so its product with the spinor for the other external leg @ in the three-point
amplitude, (ja), remains non-vanishing. Therefore [ja], and all of the left-handed spinor products,
must vanish, and so the three-vertex with two helicities vanishes. Similarly, three-vertices with two
negative helicities can also dropped, when one of the three legs is [.

There is one subtlety that should be clarified to evaluate the right-hand side in eq. (2=115)).
These amplitudes involve angle brackets and squared brackets of the complex momentum I:’,] In
our calculations, we will evaluate these brackets by assemblinT them into complete factors of the

momentum PZJ To do this, we will need to relate the brackets —Isij> and ‘—Pij} in the amplitude

on the left to PZ]> and PZ]} It is consistent always to take[9]
=il 4= j).

one special circumstance should be noted. If the line on which the amplitude factorizes is a fermion
propagator, the value of this propagator is

1] (P 1 Pij) [P
e e
ij Pij

The one of the brackets in the left-hand amplitude is | P;;], not a |—F;;]. To compensate for this,
we need to add a factor (—i) for a cut through a fermion propagator.
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We use the following identities to compute any spinor product involving 151,;@,

<°1§uk> ::Sfﬁégiiﬁﬁl (2-116)

{j%,k.] _ (1Pyle]

(11

(2-117)

2.4.2. Proof of the MHV formula

As an application of the BCFW recursive relation we give here a proof of the MHV formula for
n-gluon amplitudes. The proof will proceed by induction. The MHV amplitudes have been verified
for n = 3,4 MHV gluons amplitudes. Let us assume that the MHV formula is correct of the case
n = N — 1 and use that hypothesis to evaluate the n = N gluon MHV amplitude.

Without loss of generally, we choose the BCFW shift over particles 1 and n,

[n) = |n) — z[1)
[1] = 1]+ zn]

With the BCFW shift, the color-ordered primitive amplitude takes the form,

n—2 .
— ~ S ? = ~
An(1_72+,...,l ,...,n+):ZZAk+1 (1727"'7k7_K17]?>K—QAn—k-i-l(Kﬁk)k_‘_l)"')n)
h=+ k=2 1,k
T— ot 7>—h i 7>h + F— >+
:2:,&(1ﬂ,—Ku>—TAWQOG$3,”wJ,”wn)+
et ") Ki,
+A4 (1_72+73+7 Kl_g) 22 An—3 <K1274 9 772_7 7ﬁ+>+
/) Kig
/\_ _ /\_ 2‘, -~ ~
+.. .+ A, (1 e, (n=2)T, _Kl,(hn—2)) Kf( ) Ay (K17(n_2), (n—1)" ,n+>}
= {A3 (1_72 I KIQ) 2 An—2 (K1273 I 772_7 7ﬁ+>+
1,2
~_ _ 1 =S .
+An—1 (1 ) A ) (Tl - 2)+ ) Kf:(n_Q)) K12 n-2) Ay (Kl,(n 2)” (n - 1)+ 7n+> } (2_118)

We choose the kinematics
s12=0—[21] =0,(12) #0

In this kinematic the amplitude As <1_, 2T K 1+2> = 0 and the remaining amplitudes have the form
A(+————...)or A(—++++...). Then this amplitude has only one BCFW diagram that
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contributes to the primitive amplitude,

An (1_,2+,...,i_7...,n+) =

— A (T—, O e e e (-1t ,ﬁ+)

1,(n—2)

<Tz‘>4 .

<T2> (23) - - <(n ~9) ,f{l,(n_z)> <f(1,(n_2ﬁ> K (s

= |-

x ( [(n— 17" )
Ry nmy (0= 1)] [0 = 1) 7] [ 1)

.\ 4
. (1) (- 1)7)’
K3 (1os) (12)(23) - ((n-2) ‘f{l,(n_z)‘ ﬁ] (n— 1)) (T ‘f{l,(n_z)‘ (n — 1)]
.\ 4
. . (Ti) [ —1)a)*
(=1l (n(n =10} (T2) (23) - (0~ 2) |(n = D] [(n — 1) 7) (T 7] (n — 1)]
y (13)° (2-119)

(12) (23) --- ((n = 2) (n — 1)) ((n — 1) n) (n1)

which is exactly the Parke-Taylor amplitude for the case of n legs. by induction, this formula
applies for all n.

2.4.3. Examples
Ag (17,27,37,4%,5%,61)

We compute the amplitude Ag (17,27,37,4%,57,6%).
We do the [1,6) shift

6) = 16) + 2 [1)
1] = [1] — 2 |6] (2-120)

the BCFW recursive relation is given by

n—2 .
. ~ 7 -~
A (L,2,n) =33 A (1,2,...,1@,—1(17,?) Ak <ka,k+1,...
h=+ k=2 1k

B
N—
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specifically to our case,

4 .
Ag(17,27,37,47,57,6%) = Z ZA’fH (i‘,...,k,—K;ﬁ) K%An_kﬂ <K?kk +1,... ,6>
h=-+ k=2 1k
_ Z As (1— 2= — Ko ) 3 Ly (Kﬁk,3—,4+,5+,6+)
N . A
+A4( -,27,3, ng) A (K{‘23,4+,5+,6+)
123

+ A (i—,z—,3—,4 K1234> K12234A3 <K1234,5 6)

= Ay (i—,2—,—f(1+2> KLQA5 (Kljk,3—,4 ,5+,6+>

+ Ay (i—,z—,3— — K, e (K123,4 5+ 6+)

< 1234’5 6 )

+ As (i—,2—,3—,4

)

K
which corresponds to three BCFW diagrams (see figure 2=12] ).

1234

Figure 2-12.: Configurations contributing to the six-gluon amplitude Ag (17,27,37,4%,57 67).
The first and third BCFW diagram are related by symmetry and the second BCFW
diagrams vanish for either helicity configuration of the internal line.

Consider in the first BCFW diagram the product of the tree-level amplitudes
B i(1]2)3(K|3)3
s12(3]4) (4/5) (5]6) (K[1) (K [2) (K [6)

Ay (i—,2—,—f<1+2> KLQAE, <K1_,k73_74+75+76+) - (2-121)
12

and writing (oK) as

<.f(> _ _(el3+4+5[6] (2-122)

%9
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taking the shift of eq. (2=120)) and using momentum conservation

1

As (i—, 92~ —Kﬁ)
K%

As (K7 37,47,5%,6)
i((34/6] + (3[5/6])*
(s12 + s16 + s26) [21][6[1]((5]3[2] + (5[42])(3]4) (4]5)
i (314 + 5(6]3

= _ 2-123
(515 + 42 BRI B @Bz )
here sg12 = 512 + 516 + S26-
Using the parity operation, as explained in the section ([2.2.3)), in eq. (2=123))
. ~_\ i 5 o ' 3|4 + 5/6)°
A (it 27, —K5) —As (K5,3%,47,57,67) = — [ . (2-124
4 ) 7z, (15 ) = FE T B e 12

Moreover

N ) i - A
A5 (17,2787, 4%, ~Kifyyy ) 75— Ao (Kigan,57.6%) =
1234
— A (i—,2—,3—,4+,f€5+6) K%Ag (—Kgﬁ,5+,6+) (2-125)
56

and we may reuse the previous computed amplitudes by flipping as follows

6—1
5— 2
4 =3
3—4
2—=5
1—6
obtaining
As <i—,2—73—,4+7 _KI—EM) ;_'A?) <Kf234,5+,6+> _ i [4]3 +2[1)?
K3y ’ 2[4 + 3]5) (61) (6]5) [4]3] [3]2] s561
i (1)2 + 3[4]3
(513 + 412] 1213 314] (516) (611) ss61

(2-126)

Adding both contributions (2=123)) and (2=126]) we get

o o (1]2 + 3[43 (314 + 5/6)3
Ao (72757056 = e (s 6 6w G G s )

(2-127)
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Another six point amplitude Ag (11,27,3%7,47,5%,67)

Ag (17,27,37,47,57,67) = As (i+,2—,—f<1+2> KLQA5 (K;2,3+,4—,5+,6—>

12
o N 7 A N
+ Ay (17,27,37, - Kb ) —— A4 (Kj5e,47,57,6™
( 123) K2, ‘ ( 123 >
o . i \_ .
+As (1+, 9-,3% 4 ,—K1+234> mAg (KL234, 5%.6 )
From the first BCFW diagram we obtain,
. j . C oo 1(2(6)*[3]5]*
A (1+,2 ,—K+>LA (K 3% 47 5.6 ):— i
’ 2 KR AT (512 + 16 + s26) (6]1) (12)[3[4][4]5](2]3 + 4]5](6]4 + 5[3]
(2-128)
We can obtain the third contribution by using the parity operation in eq. (2=128))
As (i—,2+, —K'fz) KLQA5 (K§2,3—,4+,5—,6+>
12
(s12 + s16 + s26) [6[1] [1]2] (3[4) (4]5) [2[3 + 4[5) [6]4 + 53)

by the flip

6—1

o — 2

4—3

3—4

2—=5

1—-6
we find

1

A5 <1+7 2_7 3+7 4_7 _Kf_234) K2—
1234

As <K;234,5+,6‘> =
i[1)5]" (214)"
(s65 + s16 + s15) (2|3) (3[4) [5]6] [6[1] [5]4 + 3]2) [1]3 + 2[4)

Finally, the second contribution,
Ay (11,27,37, - K, LA4 K., 47,5767 ) =
< 123) K2, < 123 >
i[1)3)*(46)*
(s12 + s13 + s23) [1]2](2[3](4]5)(5]6) (6|1 + 2[3] (4|2 + 3]1]
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The total color-ordered primitive amplitudes is given by

i(2]6)*[3]5]*

(s12+ s16 + s26) (6]1)(1[2)[3[4][4]5)(2[3 + 4]5](6]4 + 5[3]
i[1]3)* (4/6)*

(s12+ 513 + s23) [1[2][2/3](4]5) (5]6) (61 + 2[3](4]2 + 3[1]
i [1]5]* (2]4)*

(565 + s16 + s15) (2]3) (3]4) [5]6] [6]1] [5]4 + 3[2) [1]3 + 2[4)

Ag (17,27,37,47,57,67) = —

(2-130)

These two expressions are in agreement with [4I] and even much simpler compare to them.
Actually the relative simplicity is even more striking for higher number of external legs.

However, these results can be obtained in a simple way by using mathematica with the packager
sOm (see appendix [(J). These computations are showed in details in appendix [D]

It is also available a calculation of seven partons amplitudes based on BCFW on-shell recursive
relations in ([43]), the calculation proceeds essentially on the same lines described in this paragraph.



3. One-loop amplitudes

The tree-level amplitudes studied before do not give relevant information when we compare theory
with experimentation, therefore is necessary to go to higher orders. In this chapter we are going
to study how to compute one-loop amplitudes using analytic methods. As before, is important
to establish a relation among kinematic and color information, for this, we consider the color
decomposition to one-loop. To obtain kinematic informations we review many ways to compute
one-loop primite amplitudes as passarino-Veltman decomposition, optical theorem and unitarity
of the S-matrix. We focus in the unitarity of the S-matrix by studing the contributions that
coming from box, triangle and bubble configurations, the tadpole configuration does not give any
contributions because we only consider internal massless loop.

3.1. Color-Ordered amplitudes at one-loop level

In the chapter 2 we studied the color-ordered amplitudes at tree level, following the same procedure
for the case of amplitudes at one-loop, we obtain [27] 28], [31],

A1 (L hiyai}) =

=" | Y NI (T%0 . T%m) Ay (a (1)‘1),...,0(71)‘”>>
0ESn/Zn
|n/2)+1
+ 3 Y T (T T )) T (T - T%0) Ay (0 (1&),...,0(7&”)) (3-1)

c=2 O'ESn/Sn;c

where A,,.. are the partial amplitudes that can be obtained from the primitive amplitudes A,.; by
summing over all its permutations, Z,, and Sy (previosly defined) that leave the corresponding
single and double trace structures invariant, and |m] is the greatest integer less than or equal to
m.

The primitive amplitudes A,.; can be computed using the color-ordered Feyman rules of section

21T
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3.1.1. Color factors for A} P (1,,2,,3,,4,)

To get a better understanding about the color factors we consider the process of five gluons in pure
Yang-Mills. We are going to extract naively the color factors using properties of the generators
and then we compare our result with eq. (B=I)).

Consider the color-ordered Feynman diagram in fig. [3=5],

Figure 3-1.: Color-ordered Feynman diagram for a process of five gluons in pure YM.

We write down the amplitude for this diagram and separate color factors and kinematic infor-
mation,

A= fa1r:1bz fazbzcg fa303b4fa4b405 faseser A!

we are interested in how the color factor works. Then, using the following identities,

Tr {TOT2T )} Te {TUTST} = Tr {TOT2TST“T% )} (3-2)

Te {T% ... TOnTUT®  TWTUTOm+ | T} = Ty {T . TOmTom+1 | T} Tr {T% . T%)}
(3-3)
Te {T ... TomTU T T+ T} = N,Tr {T% ... T%} (3-4)

and the product of constant structures,

falclbg fa2b263fa303b4fa4b405 fa5C501 — falbzcl fagbgcg fa3b403fa4b4cs fa5C501

= —iTr { [T“l,TbQ] 7o } Tr { {T“?,T@] TCS} Tv { [T“S,Tb‘l] TCS} Tv { [T‘M, Tﬂ TC5} Tv {[T9, 7] 71}

(3-5)
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Expanding the commutator and using identities (3=2]), (33 and (3-4)),

_ j parcibe pasbacs pascaby pasbacs pasescr _

= N, [Tr {T“T@Ts T %) — Ty {T9 T T2 T Y]
FTr {TO T2} [Tr {TST“T%} — Tr {TST“T% 4+ Tr {TTT%} [Tr {T%2TUT%} — Tr {T T2}
FTr {7 T} [Tr {T2T%T%} — Tr {T T T2} +Tr {TT%} [Tr {T2T®T%} — Tr {T™T®T%}]
FTr {792 T} [Tr (T TT%} — Tr {TST“T 4+ Tr {T%2T%} [Tr {T™T®T5} — Tr {TT3T4Y]
FTr {T2T% Y [Tr (T TST%} — Tr {TUTS T} 4+ Te {T%T%} [Tr {TTT2T%} — Tr {TST2T Y]
FTe {3 T} [Te {TT2T%} — Tr {TUT2 T} +Tr {TT%} [Tr {TT2T%} — Tr {T®T2T4Y]

+ Tr {T Y} (Tr {THTTT%} — T {T*T2T5T4Y})

4 T {7} (Tr {TO T T“T%} — Tr {TT“TST™Y})

+ Tr {7} (Tr {T2 T TST%} — Tr {T“TSTT2Y})

4 T {794} (Tr {T2 T T%T%} — Tr {T%TSTUT2})

S+ Te {7} (Tr {T2 T T“T%} — Tr {TT“TYT})  (3-6)

Finally, the amplitude can be written in compact form as,

A= > NI (T%OT%@T% O T% @ %)) Asy (0(1),0(2),0(3),0 (4),0(5))
0€Ss5/Zs

+ Z Tr (T W) Ty (T4 T%® T T ) Aso (0 (1),0(2),0(3),0(4),0(5))
0€Ss/Z4

+ ) T (T%OT%) Tr (T @ T Tw®) Ags (0 (1),0(2),0(3),0(4),0(5)) (3-7)
0€Ss5/Zs

where the amplitudes As.0 and As.3 are obtained from As.; as we mentioned above.
This result is in agreement with eq. (3-I])

3.2. Passarino-Veltman reduction

When we do processes to one-loop, integrals appear as the following

Pl f )
(@) (2 = mp) (00 + @) = m3) - (U @) = m2 )

Jﬂﬂm=—MMW”/ (3-5)

where

¢G=p1+p2+...+Dpi (3-9)

p; being the external momenta (in D = 4 dimensions). D = 4 — 2¢ is the number of dimensions in
which we perform the loop integral in order to regularize either ultraviolet or infrared divergencies.
f (1) contains all information from the loop momentum i.e. powers of loop momentum.
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If we consider f (I) = 1 we obtain the scalar master integrals (see appendix [G]).

L = —iamP2 [ 2! . 3-10
=t / @m° @2 —m3) (1 + @) =m?) - ((+gur) = m2_,) o

Integral reduction [7, [8 [47] is a clearly defined procedure for expressing any one-loop Feynman
integral as a linear combination of scalar boxes, scalar triangles, scalar bubbles, and scalar tadpoles,
with rational coefficients:

AP = NN ¢ (K) I, (K) (3-11)

n K,

In four dimensions, n ranges from 1 to 4.

Additionally, in Passarino-Veltman reduction [7, 46], we work in D = 4 — 2¢ dimensions and the
coefficients of the loop integral functions depend on the dimensional regulator €. Rational terms
develop when e-dependent pieces of the coefficients multiply poles in € from the loop integral.
The tadpole contributions with n = 1 arise only with internal masses. If we keep higher order
contribution in €, we find that the pentagons (n = 5) are independent as well.

If we consider f (1) = [*, one power of loop momentum in numerator

I, [I!] = —i (4m)P/? il - 3-12
e /@ﬂDW—m@Cuwf—m@~(a+%af—miﬁ .

the result for this integral must be constructed from the vectors pi,...,pn—1, (by momentum
conservation p;1 +pas+ -+ pp_1 = —pn).

n—1
In [ZM] = Z Cn;ip? (3—13)
i=1
Contracting both sides with pé-‘ ,
dP1 Y n-l y
Lltpl = —i(m?"? [ Lo : = Gt
(2) m_w@(a+m)—m@~(a+%q>—mgg —
(3-14)
with A% = p; - p; is the “Gram” matrix.
Since p; = qj — ¢j—1 (with gg = 0) we can write the numerator of the integral as,
1
Lpy =5 (e —md) = (@ +go)® —miny) +mf —miy i +ai)  (319)

this is the Passarino-Veltman reduction formula[7].

Here the terms <(l + qj)2 - m?) and <(l + qj_1)2 - m?_l) in the numerator can be used to cancel

the j and (j — 1)th propagators respectively and so we end with a set of n — 1 linear equations
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for the coefficients C),.;.

n—1
1 —
> Cuats = o (12, 1 = 150 )+ (= md_y — 6 + ¢-) 1 1)) (3-16)
i=1
1 _ _
Cui = 5 2 A5 (L ) = IV 1)+ (mf —m_y =+ 2 L[1])  (317)
J

eq. (B=I7) represents the set of linear equations.

Now we consider f (1) = I#I”, two powers of loop momentum in numerator|[12].
The integral is a rank two tensor which can be formed out of the outer products of external momenta
pé‘ p}’ and the metric g"”,

lialid

e dPl
L "] = —i(4 )D/2/ 0P (12— m2) ((l +aq1)? - m%) ((l + n-1)” mi—l)
n—1

= Cro0g" + Y Crat'p! (3-18)

i=1

the first equation can be derived by contracting both sides with ¢g"¥,

Dl l2
I, [1?] = —i (4m)P/? d
("] / (2m)P (12 —md) <(l +q)° — m%) ((l Y1) - m%_1>
n—1
= oD + ) CrgA” (3-19)
i=1

the other equations are obtained by contracting both sides with p;, p; and using eq. (B=I7).

For f (1) =1*1lP and f (I) = I*I"1P1°, more power of | we follow the same procedure,

l#lvlp Z On ;004 g{’w p} + Z On ZJkpj“p]Vp]g} (3_20)
i,5,k=4

to obtain a set of linear equations for the coefficients Cy,.00; or Cy.i51 We need to contract with gt p”
or with p)p¥p?.

And, for four powers of loop momentum we have,

4
L [IMV1°1°] = Choo0009 ™ pf° at Z Ch; ooug{”'/pfpjp} + Z Cn;ijk,hp,{up§pipz} (3-21)
1,7=1 i,9,k,h=1

Here we need to contract with gh” g7, g"’pfp? and p}p%p}pg in order to project out the coefficients
Chn:00005 Crns00i5 and Ch.ijikn

We list the necessary master integrals in appendix [G]
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3.3. Unitarity method

The “unitarity method” started as a framework for one-loop calculations. Instead of the explicit
set of loop Feynman diagrams, the basic reference point is the linear expansion of the amplitude
in a basis of “master integrals”, multiplied by coefficients that are rational contributions of the
kinematic variables. The point is that the most difficult part of the calculation, namely integration
over the loop momentum, can be done once and for all, with explicit calculation of the master
integrals. The master integrals contain all the logarithmic functions. It then remains to find their
coefficients]g].

If an amplitude is uniquely determined by its branch cuts, it is said to be “cut-constructible”.
All one-loop amplitudes are cut-constructible in dimensional regularization, provided that the full
dimensional dependence is kept in evaluating the branch cut. Each master integral has different
branch cut, uniquely indentified by its logarithmic arguments. Therefore, the decomposition in
master integrals can be used to solve for their coefficients separately using analytic properties. It
is not necessary to reconstruct the amplitude from the cut in a traditional way from a dispersion
integral. Rather, we overlay information from various cuts separately|[g].

Unitarity cuts can be “generalized” in the sense of putting a different number of propagators on-
shell. This operation selects different kinds of singularities of the amplitude; they are not physical
momentum channels like ordinary cuts and do not have an interpretation relating to the unitarity
of the S-matrix.

3.3.1. Optical Theorem

The optical theorem is a straightforward consequence of the unitarity of the S-matrix: STS = 1.
Inserting S = 1 + 4T, where T is the interaction matrix[I], 3] [§],

— (T - TT> = 7iT (3-22)

Let us take the matrix element of this equation between two particles states |p;p,) and |kik2). To
evaluate the right-hand side, insert a complete set of intermediate states

(pupa |17 | kaks) ZH [/ o (b 7] (a)) (g TRk (329

Now express the T-matrix elements as invariant matrix elements A times for 4-momentum-convervation
delta functions. Identity ([B-22]) then becomes

— 1 [A(kiky = pip2) — A" (p1p2 — kik2)] =

— ZH/ G %A* (p1p2 = {@i}) A(kika — {q:}) (27)" 6* (kl +he - qu) (3-24)

n =1

times an overall delta function (27T)4 0% (k1 + ko — p1 — p2). Let us abbreviate k;, p;,i = 1.2 as,

[p1p2) = ) (3-25)
|k1ks) = |a) (3-26)
{a:}) = 11) (3-27)
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eq. ([B=24) takes the form,

—i[A(a —b) — A" (b— a)] /ﬂyAWb%f)(a%fM%ﬂ Gq+@—§:%>
(3-28)
where dIl; = ], f : qg oo and the sum is over all posible sets f of final-states particles. Al-

though we have so far assumed that a and b are two-particle states, they could equally well be
one-particle or multiparticle asymptotic states.

For the important special case of forward scattering, we can set p; = k; to obtain a simpler
identity, shown pictorially in fig. Finally, the standard form of the optical theorem

} z]m \”‘;gf f*}"

Figure 3-2.: The optical theorem: the imaginary part of a forward scattering amplitudes arises

s

I.."

from a sum of contributions from all posible intermediate state particles[I]

QImAl_lwp (k’lk‘Q — k‘lk’g) = Z/dl’[f Atree* (k‘lk‘Q — f) Atree (k’lk‘Q — f) (3-29)

where we see that the imaginarity part of the one-loop amplitude is related to a product of two
tree amplitudes. Effectively, two propagators within the loop are put on-shell. The imaginary part
should be viewed more generally as a discontinuity across a branch cut singularity of the amplitude.

Taking into account the expression of the cross section for a process 2 — 2, we can write the
optical theorem as[1],

ImAl—loop (k1k2 — k«’lk?2) — 2Ecmpcm0- (k:lk‘Q — anything) (3-30)

Here E.,, is the total center of mass energy and p.,, is the momentum of either particle in the
center of mass frame.

We study the behavior of the A!'~!°P. To compute this amplitude we use the perturbation theory
which allows us to consider A!~°? (s) as analytic function of the complex variable s = E2_ .
we consider sgto be the threshold energy for production of the lightest multiparticle state. For real
s < 8o the intermediate state cannot go on-shell, so A~/ (s) is real and we have the identity

Al=toer (g) — |:A1—l00p (8*)]* (3-31)

each side of this equation is an analytic function of s, so it can be analytically coontinued to the
entire complex s plane. In particular, near the real axis for s > sg, eq. (3=31]) implies

Re A7l (5 4 je) = Re AP (5 — ie) (3-32)
Im AP (5 4 je) = —Im AP (5 — je) (3-33)
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there is a branch cut across the real axis, starting at the threshold energy sg; the discontinuity
across the cut is

Disc A7 (s) = 2iIm A1 (s — je)

The e prescription indicates that physical scattering amplitudes should be evaluated above the
cut, at s+ ie.

If we want to calculate the discontinuity in the s-channel, we most consider the sum of all
Feynman diagrams and then the optical theorem dictates the we have to cut the diagram in two
tree diagrams (see figure [3=3)) ,

Figure 3-3.: Unitarity cut of a one-loop amplitude in the s-channel (s = K?2). The two propagators
are constrained to their respective mass shells. The disks represent the sum of all
Feynman diagrams linking the fixed external lines and the two cut propagators.

The Cutkosky rules for computing the physical discontinuity of a specified diagram are given by
the following algorithm[24]:
1. We cut the diagram so that the two propagators can simultaneosly be put on-shell
2. For each cut propagator, we replace
i
— s omis (P2 —m? 3-34
P2 —m2 + ic midt ) ( m?) (3-34)

here, the superscript (4) on the delta functions for the cut propagators denotes the choice of
a positive-energy solution.

3. Then, perfom the loop integrals
4. And finally, sum the contributions of all cuts

Using these rules “cutting rules”, it is posible to prove the optical theorem to all orders in pertu-
bation theory.
The Cutkosky rules are expressed in the cut integral[3] 5, 8 24] [4§]

pareow = [ g < A, (3:35)
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where A™1°°P is the color-ordered primitive amplitude and du the Lorentz-invariant phase space
(LIPS) measure is defined by

dp = d*ly d'ly 6% (I + 1o — K) 6 (13) 609 (13) (3-36)

To compute the amplitude, we apply the cut A in various momentum channels where we get
information about the coefficients of master integrals.

If we apply a unitarity cut to the expansion (B-11)) of an amplitude in master integrals. Since the
coefficients are rational functions, the branch cuts are located only in the master integrals. Thus
we find that

AATP =N e, (K,y) AL (Ky) (3-37)

n K,

Eq. (B37) is the key to the unitarity method. It has two important features. First, we see
from (B=35]) that it is a relation involving tree-level quantities. Second, many of the terms on the
right-hand side vanish, because only a subset of master integrals have a cut involving the given
momentum K[§].

The problem is to obtain the individual coefficients ¢;. With generalized unitarity these coeffi-
cients are obtained easily.

3.4. Generalized unitarity

In this section we discuss a consequence of using internal lines in (4 — 2¢)-dimensions [35] [49] [53]
One consequence was obtaining of an effective mass p? en 4 dimensions.

The one-loop color-ordered amplitude for n massless particles in D-dimensions, can be written
as

Ayll—loop — /( dDg N({pl}vg) (3—38)

4m)P/? (62 —m?) <(€ —- K- m%) - ((f + K,)* — m%)

The numerator N contains all information from external momenta and polarization states and
tensor structure from the loop momenta. We restrict external momenta to be in four dimensions
while internal momenta to be in D-dimensions.

Using D-dimensional Passarino-Veltman reduction techniques on (B3=38]), the one-loop amplitude
can be written as

Ajloor = Z Cs:x5 (D) [5D;K5 + Z Cyx, (D) I£K4 + Z Cs;1c5 (D) I£K3 + Z Cok, (D) I2l;)K2 +Cy (D) IP
K5 K4 K3 K2
(3-39)

This expansion shows that any one-loop amplitude can be expanded in a linear combination of
master integrals (I”), where the coefficients of each master integral will be found by using gener-
alized unitarity. The rational contributions to the amplitude arise with D = 4 — 2¢. Here K, refers
to the set of all ordered partitions of the external momenta into r distinct groups.



44 3 One-loop amplitudes

We are interested on internal loop momenta in D = 4 — 2¢, then is useful to decompose the loop
momenta as

=0T, (3-40)
P =0r—-uy?=0, (3-41)

where ¢ contains the four-dimensional components and !7[_24 the remaining (—2¢)-dimensional
components. We see then that any dimensional dependence of the numerators arises only through
dependence on (u2)1. In QCD, the maximum number of power of loop momentum appearing in
the numerator of an n-point tensor integral is n, so the boxes can have at most a p* while the
triangles and bubbles can have up to a pu? . The pentagon integral is an independent function in
D dimensions since we can find poles in the D — 4 dimensional sub-space, then the coefficient of
this function in D = 4 — 2¢, residue around the extra dimensional poles, can have no dependence
on €[49].

With this prescription, the master integrals in D = 4 — 2e-dimensions would take the form,

e [ d'p d7*u (W)
(4m)” / (27:;4 (%)i (%3 (3-42)

Using the following identity (See appendix [H),

4 —2¢ 2\7 r—1
L [(1d)"] = (4m)** / (;l;; (jﬂ)_’ée (’;)3 = 2%[,?“’“ [T (D —4+2k) (3-43)
k=0

We can remove the p? dependence in the numerator, this dependence is removed just by taking
into account p? = p?. However, this procedure changes the dimension of the integral and that D
-dependence appears in the coefficients of the master integrals.
Writting Ap7'°P iy D-dimension in terms of (,uz)k ,k=0,1,2,

A =37 Csires I + D Cilie ey + 3 Orge IRy [17] + 3 Clige I, ['] +
K5 Ky Ky Ky

2 Ot iy + 2 Conte Iy (171 + D Cotie, ks + Y Conge, 00, (W] +
Ks K3 K> Ko

+C 1P (3-44)

However, the pentagon integral can be decomposed in[54]

5
D—4 _ 1 _
P = TJ5D+2 oSt + 3 3D :SijllfKé (3-45)
ivj i=1 ]
1
Sij = 3 (m? + m? - p?j) (3-46)

The master integral [ 5D *2in D = 4 — 2¢ is independent of €, then by taking ¢ — 0, the pentagon
integral is written as linear combinations of all posible boxes contributions,

5
_ 1 _
D=4—-2¢ __ —1 1D=4—2¢
Is =3 2055 ki (3-47)
i=1 j

If we would have a dependence of a odd power of (M%H7 k=0,1,2,...) the integral (B=38) vashishes.
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From identity (3=43) we obtain:

1B, 2] = 221 (3-48)
Ifk, 1] = (D-4) 4(D — 2)15,;14 1] (3-49)
Ik, [1°] = #Igg [1] (3-50)
B, 112) = 2210 (3-51)

And the full amplitude:

5
. |D-4 1
(1),D _ L —=*.pio -1 1 1 _
AP = Cons | =515 [ D285 | +5 0285 s | +
Ks 0,

i=1 j
0 D -4 2 (D—-4)(D—2) 4
T Z C‘[l;}QI‘EKAL ™ 9 Z Cﬁ[l;}Kz;[‘f;)/I;z ™ 4 Z C‘[l;}ﬁlﬁf;)l:f
K4 K4 K4
S0 e+ BN o o S el b+ 2o S o) oy
3;K373;K3 2 3;K3"3;k3 2:Ko"2; K2 2 2: Ko™ 2:ko
K3 Ks K> Ky
+ P (3-52)

Using (B=47)) we obtain the total box coefficient then renaming Cs. 5, and C ﬂg in this way:

5
0 1~ -1
Cyry = CAE;}IQ + §C5;Ks Z Z Sij (3-53)
i=1 j
Now, we take the 4 -dimensional limit D = 4 — 2¢ around ¢ — 0:

Al~leor — Cut-Constructible + Rational Terms (3-54)

The cut-contructible amplitude can be obtained just by studying our amplitude in D = 4 -
dimensions and is given by,

Cut-Constructible = Z CA[S]KALIE;}(ZE + Z C?EO;}KSI?%;?; + Z 02[?]](2 Ig;}g; + C I} (3-55)
K4 KS K2

Rational terms, R,,, arise in D = 4 — 2¢ dimensions,

D —4 pt2  D—4 2] yD+2 (D—4)(D—2) 4] 7D+4
Ry = 9 Z C55K5I5;§5 + Z 04;K4I4;1::1 + 4 Z 04;K4I4;I::1
K5 K4

2
Ky
D—4 2] ;p+2 , D—4 2] ;D+2
+ 9 Z 03;K313;k—2 + 9 Z 02;K212;k—; (3_56)
K3 K2
_ 6—2 2] 76—2 4] r8—2 2] r6—2 2] 76—2
=—€> Crulind = €Y Cuie Ly —e(1=€) D e Iigy — € > Cyie Isis — € > Caige I
Ks Ky Ky Ks K

(3-57)
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The first two terms in eq. ([B=57)) go to zero because I, 56;}(2; and 12_26 do not depend of e.

The other contributions can be computed by using recursive formulas[6] and the scalar bubble
integral (See appendix [H)

_ 1
IP=472 =y <g —In(—K?) + 2) + O (¢) (3-58)
Finally, The rational term contributions are:
1 4 1 2 1 2
Ry= 53 Ol — 5 2. i, — 5 o (K3 =3 (mi +m3)) O, (3-59)
Ky K3 Ko

In agreement with [49, [55]. It is worth here to mention the existence [50] of a semi-analytic method
for the integrand reduction of one-loop amplitudes, based on the systematic application of the
Laurent expansions to the integrand decomposition. With the aim of performing fully analitical
computation the approach of [50] will be considered for future studies.

3.5. Extracting the integral coefficients using massive propagators

In this section, we follow Kilgore and Badger[35],[49] directly for coefficients of integrals contributing
to the rational piece of the amplitudes, while for the cut constructible parts we simply take p — 0.
Then to extract the integral coefficient using generalized unitarity we need to solve the constraints
which put the various propagators on-shell. Moreover in D = 4 — 2¢ we need to extract the pu
dependence of the coefficients.

By studying internal lines in D = 4 — 2¢ we obtain an effective mass term, therefore it is posible to
construct the full amplitude from tree amplitudes where the internal lines have an uniform mass,

B=F-p=0=10=u (3-60)

as we saw in the previous section, l; is in 4 dimensions. This method has been used successfully
within the standard unitarity cut technique by Bern and Morgan[6].

3.5.1. Box coefficient

We begin by choosing the four-momentum, I;, to be parametrized by[35, 49, 53],
- b b c d
I = aly o G (K2 ]+ (R (61

Here [; is in terms of the spinor representation of two massless real momenta (K} and K3}) which

can be constructed from any two adjacent external momenta on the box. We choose two adjacent

external momenta, K7 and K4 and project them onto one another to form two massless momenta

K’ and K3.

where we define a massless basis in terms of two of the external momenta:
K — Y14 (Ma Ky — S4KY) Y14 (M4 Ky — S1KY)

b _
, KoM — , 3-62
V2, — 518 ! 2, — 5.5, (3-62)
Ki = Koy S, KV = Ky S, (3-63)
4 Y14 ! ! ! Y14

Si = Kiz, Y14 = Kl . K4 + \/(Kl . K4)2 — 5154 (3—64)
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Figure 3-4.: A general quadrupole cut. Loop momenta flow clockwise.

For the quadrupole cut (Fig. [B=4]) in 4 — 2e-dimensions, the on-shell cut conditions as
B=03=013=15=0, (3-65)
or equivalently with I;,4 = 1,2, 3,4, in 4-dimensions
B=DB=0E=105=u° (3-66)

where 1% represents an effective mas term that comes from the (—2¢)-dimensional components
Using momentum conservation and writting all loop momenta in terms of [y,

i =u (3-67)
B=(h—Ky)' =p (3-68)
B=(h— Ky~ K3)" = p? (3-69)
= (h+Ka)* =42 (3-70)
from eq. (3=67)) d takes the form
bh— 2
d—= 4= 1 (3-71)
Y14€
then eq. (B=61]) can be written in terms of two massless momenta,
- b b | C Y1aab — pi?
= ak} + K" + 5 (K| K3 + 22— (K v K3 (3-72)
Y14€
2
I =0 - P (K K 3-73
1 1 2714c< KD ( )

2
tere (17)” = (K3 1| K7)° =0
solving the other on-shell conditions, we find

. S1(S4+ m4) - _S4 (S1 4+ 714) o = —c1 £/ — depes
- 2 Y - 2 v + =
Yig — S154 Yig — 5154 2¢o




48 3 One-loop amplitudes

o1 = a (K K| K5 + b (K3 Ko K3 = 8

02 = (K3 K| K|

p? b b
co = <ab - —> <K1 || K4] (3-74)
Y14

there are two solutions for ci and it might appear that, combined with the two solutions for 714,
there are four solutions for [;. However, it works out that[35]

(v e-) s
(71_47 C+) ) (3'75)

[1 (’YfLCJr)

l_l (7;?1,0—) = 1_1

If we have S; = 0 and Sy = 0 there is only one solution for 74 (but still two solutions to the
on-shell conditions).
To determine the full box coefficient, we must average over these solutions

The coefficients associated with our integral basis choice are (see appendix [Il),

i -
CZEO} = 3 Z A1A3A3A, (ll) (3_76)
4 ) o
ol — 5> Inf,e [A1A2A3A4 <z1>h4 (3-77)
the sum is over the two solutions of the quadrupole cut; the product A; A3 A3 A4 must be computed
for each.

e To find C’z[lo}, our cut-constructible piece, we put u? = 0.

e The Inf term in C’f‘} contains the information from the boundary of the p contour integral.

lim {Infu2 [A1A2A3A4 (u2) — Al (,u) A2 (,u) Ag (u) A4 (M)]} =0 (3—78)

u2—o00

here we are interested in how the product of tree amplitudes behaves at infinite. To study
this behavior we need to expand the product of tree amplitudes,

2
IanQ [A1A2A3A4 (,u2)] = Z C’Z-,u% (3-79)
=0

then restrict CF] to be the coefficient of the u* term.

Quadrupole cut coefficient for one-loop five gluons amplitude in pure YM

Consider the process of five gluons
0-9(17)g(27)g(3)g(4")g(5") (3-80)

In this example we are going to show how to compute the quadrupole box coefficient in the si9
channel (see fig. [3=5))
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Figure 3-5.: Box configuration for the process of five gluons. All external and internal legs are
gluons.

For this process, we have the following conditions:
2 =0, 2 =0, 2 =0, 2 =0. (3-81)

If we write 41, /3 and /5 in terms of ¢4 and all external momenta, we obtain:

B =(y—4-572=0 (3-82)
B=(+3)%*=0 (3-83)
2 =0 (3-84)
= (ty—4)? (3-85)
From eq. (3=83) and (3=85):
2 (64 . 3) = <€43> [364] =0 = ‘€4> X ’3> or ’64] X ‘3]
2(04-4) = (044) [4lg] =0 = |€y) < |4) or |[4] o |4]
From eq. (3=GI) we assume,
£ = 263 1#14) (3-56)
Because 2 (44 -3) = £ (3[3]4] =0 and 2 (¢4 -4) = £ (3|4|4] = 0.
The parameter £ is determinated with the condition (B=82)):
2(0y-5) =2(4-5) = (45) [54] (3-87)
2(€4-5) = £(3|7"|4] 5, = £(315]4] = £(35) [54] (3-88)
R (3-89)

Now we do the quadrupole cut, by sewing tree amplitudes 2
0 Z‘ ree — — ree — ree — — ree — — —
Cliis = AT (17276, 1) 4G (37,45, —5) AF“ (65, —(5,47) AF* (45,57, 47) (3-90)

i (12)° Bal® (s’ (65 (3.91)
2(203) (L361) (011) [£4€3] [33] (Cad) (4€5) [561] [€145]

2For these tree amplitudes we have taken into account the MHV amplitudes and the sequence MHV — MHV
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Using spinor identities and momentum conservation (see equations (3-82))(3-83]) (3-84)) (3-84))),
i (12)% (4]64] 3 [45]°

oo 1 3-92
1545 = ~ 5 (T [02]5 (& [6a] 5] 2641 3 (35) (392
and writting the explicit solution for ¢4 (eq. (3=86])),
cll i {12)° (43) [43] [45]
1345 2 (23) (34) (15)
1
Cihs = g smsas A (17,27,37,47,57) (3-93)

This result can be obtained by utilizing of mathematica (see appendix [J])

3.5.2. Triangle Coefficient

k7] ¢ K,

Figure 3-6.: A general triple cut. Loop momenta flow clockwise.

Defining KE’?) analogously to eq. (B=62)) The three delta function constraints imposed by the
cuts[35]:

5 (12~ 1) 6 (- K1) = 12) 6+ K —12)  (394)
Using the same parametrization of the box and the on-shell conditons, we find
7 t Yi3ab — p?
= K"M bK"M v Kb H Kb A e iy " APV Kb ~
1 = ey + 3+2< oia 3]+ 2715t <3”Y’ 1} (3-95)
_ 512(53 + 713)’ (3-96)
Y3 — 5153
Ss3 (S
b= _M (3-97)
Vis — 5153
13 =K1 - K3 =+ \/(Kl - K3)* — S153 (3-98)

If S; =0 or S3 =0, 713 has only one solution and we do not need to average our result. However,
for a fixed value of 13, we must also average over the coeflicients given by the conjugate solution,

-, t b—p?
B = a4 bEG + 5 (K5 | K|+ TR (K v i (3-99)
2 2713t
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In both solutions the complex parameter ¢ is free.

Box integrals also contain triple cuts, so we must extract the triangle coefficients using the limiting
behavior of the integrand. The coefficients therefore contain an Inf term that is a polynomial
expansion in ¢, but ontly the order t° is retained (see appendix [I)).

1 jo

ol = o Z,: [Infy A1 A2 Az (I7)] (1) ,0 (3-100)
1 _

O = =" Infs [Infy Ay Ay Ay (I9)] (1) 2 (3-101)

2n. =

The sum is over the solutions, including the conjugate momentum solution. There may be either

2 is set to zero,

two or four solutions depending on the number of solutions n, for v;3. In C [0], 0
while the expansion in C’?[?] is restricted to the coefficients of the p? term.

If we consider a massless loop momenta (2 = 0) we can decompose /1 as spinors components[56]

(0| = ¢ (3| +an (K3 (3-102)
0] = 22 &3] + 3. (3-103)
where
S1 (v13 — S3) Sz (y13 — S1)
_ 218~ 93) _ 283 — o1, 3-104
o1 (72— 515) 12 (2 = 55) ( )

we can also use momentum conservation to write component forms for the other two cut momenta
l; with i = 2,3

(2| = t (K3| + o (K3 (| = ¢ (K3| + g (K3 (3-105)
B = 22 [k + [ K3 | = 22 k3] + [ 3] (3-106)
the constants a’s are given by,
5153 (1 — S1/713) Y13 (53 — )
- 7 == 3-107
e V13 — S153 R YA ( )
713 (S1—7) 5153 (1 — S3/713)
_ = _ 3-108
R o Vi3 — 5153 ( )
Triple cut coefficient for gluon production by quark anti-quark annihilation
Consider the process,
0—+g(17)g(2")a(37)q(4") (3-109)

We are going to compute the coefficient that comes from the triangle in the channel sg4.
For this process, we have the following conditions:

2=0 3=0 2=0 (3-110)
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3~ 2t

Figure 3-7.: Triangle configuration for gluon production by quark anti-quark annihilation.

writing Iy y l4 in terms of /1, on-shell conditions take the form,

5=(+2*=0 (3-111)
f=0m-1%=0 (3-112)
2=0 (3-113)
With these conditions, l1,lo and I4 can be written as,
o = 5 {11712 = (11} 21 +12] (1) (3-114)
o= (5 (LR#120 = KE) = 10 e 120~ (1) + (2121 = 1) (1 (3115)
o= (5 (LR#120 4 KE ) = (010 + 2 2+ 21 1]+ (2 (3116)
and the conjugate solution,
Ny = % (2 ]y = £(12) [1] + 1] (2[) (3-117)
B = (5 @1#101 = KE ) = (6120~ D) 11+ 112 - 1) (3-118)
B = (5 @1#101+ KE ) = 120111+ 2) + (10 + 12) €2 (3119)

By sewing the tree level amplitudes,

i[20] [472]? (1[4 ]2]

Cun = A (=1, 45,37, 15) AYee (=15, 27, 1F) AYee (=17, 17,0f) = —

124434 [4[1][3]l2][l2] 1]
(3-120)
putting the explicit solution for {1 and [y and taking Inf,
(201 (H[411] + [4]20)° 10t
N TG ESEEIED (3-121)
R+ 2] (3P 4) s
o A EE B @Y | (28 60 a1 5, (3-122)
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conjugate solutions for /1 and ls do not give any contribution.
Finally, the triple cut coefficient is written as,

4
_1lsp
=53

2 593

o, (15,25 37.49)

9’79’74’ 7q

Afee (1,,24,37,4F) (3-123)

9°79779>° 7°q

Using mathematica we recover this result (see appendix [J])

3.5.3. Bubble coefficients
K; —K4

Figure 3-8.: A double triple cut. Loop momenta flow clockwise.

To extract the coefficients of bubble integrals, we impose the cuts that define the bubble topology:
5 (1~ 11%) 6 (0 — K1) = ) (3-124)

Only one bubble configuration will satisfy these cuts, but multiple triangle and box configurations
will do so.
Since we only have one external momentum, K7, in a bubble configuration, we can choose an
arbitrary massless momentum x* to define our parametrization[56]:

S1

K ZK'{+,YT><, Yy =2K7 - x =2K] - X (3-125)
X

using the on-shell conditions, we have only one solution for the bubble cut contribution,

. o, S1 ¢
liLzyKl“+—(1—y)x”+§<K? W‘\x] +

1
1—y)S; — u? e 3-126
> 35, WO =0 S =) (IR (3126)

where [} has two free complex parameters y and t.
Moreover, the two particle cut is contaminated by both boxes and triangles, so we have to take
them into account:

e As before, the box contribution only gives the scalar box coefficients and therefore not of
interest to extracting bubble coefficients

e Furthermore, triple cuts that share two of their cuts with the double cut contribute to tensor
triangle integrals that reduce to scalar bubbles, so we must take them into account for the
full bubble coefficient.
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By studying the triangle contribution to the bubble coefficient, we fix the parameter y by using
another on-shell condition,

6 (1 + k)" — 1?) (3-127)
the solutions for y (see appendix [I])
By + \/B% + 4By B>
= -12

Y+ 50, (3-128)
By = 81 (x|Ks| K3, (3-129)
By =3t (K} K| K] = St ([ K| x] + 81 (x K3 K3 (3-130)
By = 782 (K || x| + 785 + £1 (x | K| X] (3-131)

We then calculate the triple cut integrand Ay A Az for all triple cuts that share two cuts with the
original double cut. The bubble coefficients are given by

. 1
Ol = —i Inf, (Inf, [A1 45 (14 WDl yisy, — 5 > Infy [A1 A2 A3 (Iy Oy, (3-132)

Ciri Oy

O = —i Inf» (Inf, (Inf, [A1 4 (I (y,1))])]

12,40,y Y]
1
— 5 Z Z InfMZ (Inft [AlAQAg (ll (t))])‘;ﬂ,ti—ﬂ“j (3—133)

Ciri Oy

the functions T; and Y; have been computed in appendix [l for arbitrary kinematics. Explicitly with
an uniform mass we have,

1 1 2 1 2 1 2 4
Yo=1, Y=g, Y2:§<1—’“‘—>, Y3:Z<1—2M—>, n:g<1—3g—l+%>. (3-134)
1

To=0 (3-135)
T = —% (3-136)
T, = —%w (S185 + K1 - K351) (3-137)
Ty = —% (155%53 30 (K - K3) 8385 + 11 (K - K3)2 S5 + 45485 + 16#25%)
(3-138)

where A = (K - K. 3)2 —5155. An alternative procedure to find the bubble coefficient in ingeniously
done by using the Stokes theorem in the complex plane [51]. The application of the Cauchy-Pompeiu
formula allows to perform the cut-integration.
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Figure 3-9.: Bubble configuration for gluon production by quark anti-quark annihilation.

Double cut coefficient for gluon production by quark anti-quark annihilation

Consider the process,
0—=g(1")g(27)a(37)q(4") (3-139)

We are going to compute the coefficient that comes from the bubble in the channel s1s.
For this process we have two on-shell conditions,

2 =0, 2=0. (3-140)

taking into account this conditions, {; and /3 can be expressed as,

) = (K3 + 2 (=) (. ol = (13| = 24 (3-141)
=% &3] + . sl = (y = 1) [K3| + ¢ [x]- (3-142)
where K} and y are given by
K =2, x=1 (3-143)
=1+ -y, (sl = (21 - 2 1], (3-144)
[l =22+ [1l, lal = (y = 1) 2] + ¢ [1]. (3-145)

Now, we do the double cut,

Crg = A (=17, 15,27 18) A (=15, 3,45 0F) + Aee (=1, 1),2,7 15) AYee (=15, 37,45, 17)

g q>q> 1r4g>
_ i JiMIBL] (3l)* 1 ilsl2) (L4) (213]4] (3-146)
(]4] | I[HR][R1] (34) [41s]  (12) (1 [1) [34] (413)

Using momentum conservation and putting the solution for /; and I3,

Cro (y— 1) [1]2] (¢ (32) — y (31))* N y (23) [14]
B 2y (34) ((y — 1) [42] + ¢ [41]) (£ (42) + (1 — ) (41)) (£ (42) —y (41)) (y [24] + ¢ [14])
(3-147)
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taking Inf functions,

aof lin _ 23)%(24)  sip 1 (20 @2B)° s}
ot [ o [013]] 2712 @B B s1a 2 (12) @3 @A) 52,
= A7 (152,37, 47) @ﬁ - %ng?’) (3-148)

Now we study the triangle contributions,
For the contributions that come from the triangle we have another on shell condition,

2=0 or 2=0 3-149
4 2

we are interested in the contribution of I3 = 0 because the another one does not contribute to the
coefficient. From this condition y is determined,

1
Y+ = a1+t + a4 + 7034+ (3-150)
— + oy = 24
a1t = So4 — S14 £ (524 + S14) _ L+ = [4)7] (3-151)
2(114|2] - = — g
1 a =1
apr=-(1x1)=¢ >7F (3-152)
2 Qg = 0
ag+ =0 (3-153)

We compute the triangle contributions to the bubble coefficient,

7

Crza = AT (=17, 17,2,71F) AT (=13, 37,48, 17) + AYee (=17, 15, 2,7 15) A (—13,37, 45,1

li 1>-g> 329G 7q> 1>-g> 329G *q>
i i[40][1I]* (313)° [I31)*  i(ls]2) (Li4) (2[3]4)* (3-154)
(4lif4] | 210[A[0][21Ls] (34) [41s] — (1|2){l[1) [34] (413)

putting the solution for Iy and I3,

o {z‘(ywz] 141 (v~ D* (12 (¢(32) —y B1)° iy (£24) + (1~ y) (14)) (23) [14 }
134 —

t3y (34) ((y — 1) [42] + ¢ [41]) t(t(42) —y (41))
taking Infim_ 7,
inf  [Cha] = Aee (15,27, 37, 41) (3212 4 218512 (3-155)
T 4 9179279774 514 S14
And the full bubble coefficient is given by,
Cl = iinf |inf [Chg]| — & inf [Clsd]
2,12 il ey B

tm—Tm,

— - 3 5192 1 512513 o 3 513 1 813512
— _Atree 1+ 2= 32 4-1— ool - . Atree 1+ 9= 3- 4+ 3813 1
4 (g7g=q7q) 2514 2 8%4 4 (g?g?qaq) 2814+2—sl4

0 - Q= 3 ree — 9—
Cora (15,25,35.48) = SAT (1.25.37.47) (3-156)

This example has been implemented in mathematica (see appendix [J])

)
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As we saw in the previous chapter, is important to establish a mechanism to find the rational
contributions to the amplitude that come from box, triangle and bubble. For this purpose we study
a new formalism, which provides us immediately the coefficients of the cut-constructible amplitude
and the rational contribution. However, to reach this objective we have to consider internal particles
in D = 4 — 2¢ (gluons and fermions), studying these particles we have to generalize polarization
vectors and spinors from 4 to D = 4 — 2¢ to get right results.

In this chapter we will review the regularization schemes that are used to treat internal and external
particles, the new formalism will be introduced and compared in front of OPP method by studying
simple examples.

4.1. Regularization Schemes

By studying dimensional regularization we continue from 4 to D dimensions, because we want to
avoid infrarred and ultraviolet singularities. Generally, we choose D = 4 — 2¢ with € an arbitrary
complex number. Infrarred singularities are studied if we put fRe (¢) < 0 and ultraviolet singularities
with Re (e) >0

In the regularization schemes it is important to distinguish two class of particles: observed and
unobserved ones. Unobserved particles are those virtual ones which circulate in internal loops as
well as those which are external but soft or collinear with other external particles. All the rest are
observed particles[I§].

In order to formulatae those schemes, we need to study three spaces where each one is characterized
by the metric tensor[58],

e the original 4-dimensional space (4S). The metric tensor is denoted by g+,
" g =4 (4-1)

e the formally D-dimensional space for momenta and momentum integrals. This space is ac-
tually an infinite-dimensional vector space with certain D-dimensional properties, and is
sometimes called “quasi-Ddimensional space” (QDS). The space 4S is therefore a subspace of
QDS. The metric tensor is denoted by g+,

3" g = D — 2¢ (4-2)

e the formally 4-dimensional space for e.g. gluons in dimensional reduction. This space has to
be a sub-space of QDS in order for the dimensionally reduced theory to be gauge invariant.
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Hence it cannot be identified with the original 4S - it can only be constructed as a “quasi-4-
dimensional space” (Q4S) with certain 4-dimensional properties. The metric tensor is denoted
by g,

guygw/ =4 (4—3)
The particles both observed and unobserved should be treated in the following way (see table [=1]),

e Unobserved or internal particles need to be regularized because they appear inside a divergent
loop or for real correction diagrams.

e and for the observed or external particles (external gluons) the regularization is optional.

Now, since external gluons do not have to be treated in the same way as internal ones, it is in fact
possible to distinguish two variants of each regularization.
The two variants of dimensional regularization are:

e CDR (“conventional dimensional regularization”): Here internal and external gluons (and
other vector fields) are all treated as D-dimensional.

e HV (“’t Hooft Veltman scheme”): Internal gluons are treated as D-dimensional but external
ones are treated as strictly 4-dimensional.

Note that the above definition of internal gluons in phase space integrals is necessary for unitarity
but leads to complications in the treatment of phase space integrals in schemes where internal and
external gluons are treated differently.

The two analogous variants of dimensional reduction are:

e DRED (“original/old dimensional reduction”): Internal and external gluons are all treated
as quasi-4-dimensional.

e FDH (“four-dimensional helicity scheme”): Internal gluons are treated as quasi-4-dimensional
but external ones are treated as strictly 4-dimensional.

| CDR | HV | FDH | DRED |

Internal Gluon | g** | g" | ¢ g

External Gluon | g* | gv | g g

Table 4-1.: Treatment of internal and external gluons in the four different regularization schemes,
i.e. prescription for which metric tensor is to be used in propagator numerators and
polarization sums[58].

In the following studies we are going to use the FDH scheme, where the external particles are
kept in four dimensions and internal (or virtual) particles are put in D = 4 — 2¢ dimensions.
By studying the virtual particles, is important to understand the behavior of these particles in
D = 4 — 2¢, therefore, we need a new formalism for gluons and quarks in D = 4 — 2¢, which will be
studied in the next sections for internal gluons and quarks. First we introduce our new formalism
that will be studied and tested with previous results of [I8], then we compared it with the OPP
method [26]
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4.2. Quigley & Rozali brackets

The Spinor-Helicity formalism methods have been used to compute tree level amplitudes in D-
dimensions. In the FDH regularization scheme, the momentum is continued to D = 4 — 2¢ dimen-
sions, where L was decomposed as[6}, 23],

Lo =1 4 p~ (4-4)
L=1+y (45)

here [ is the four dimensional component, and p is a component in a formal (—2¢)-dimensional
orthogonal space.

L? =17 -2 (4-6)
The usual conventions for the Dirac algebrall],
{797} =297 (47)

In this equation, a and 3 are (4 — 2¢)-dimensional Lorentz indices and the metric is ¢ =
diag (+,—,—,—,—,...). It follows that,

2L-L={LL}y={l1}+{ppp}+2{Lpp} =201+ 2u-p+4l-p=2("—p? (4-8)

here, 41-11 vanishes because we have chosen u® to be in a sub-space othogonal to the four-dimensional
space containing {* and the minus sign in - 4 = —pu? comes from the metric.
So on-shell massless momentum (L2 = O) is equivalent to four-dimensional massive momentum
1?2 = u2. Therefore for scalars, working away from 4 dimensions is equivalent to adding a mass to
the scalar field (see appendix [E]).

For fermionic lines we always have the sum over the intermediate spinor wavefunctions, so choice
of basis is not necessary. We will use the Quigley-Rozali notation (QR brackets) |L},{L| to refer
collectively to these wavefunctions, the sum over wavefunctions is perfomed using the identity[23],

L Ll =L=1+p (+9)

in eq. ([@=9), L has one component (l ) that preseves helicity and one that flips it (//) This notation
glosses over the distinction of spinors and antispinors and can be understood by summing overall
internal states.
Similarly, in 4 — 2¢ dimensions the components / and jt behave differently with respect to chirality,
{1,75} = 0 whereas [%,75] =0.

We want to use helicity-like states for external fermions, even when they are in 4 — 2e-dimensions.
As we keep 7° four dimensional, we can still use chiral basis by,

L) = wy |L}, L) = w_|L}, (4-10)
(L] = {L]ws, (L] = {L]w-. (4-11)
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where wi = H;’s. Moreover, the basis vectors |L) and |L] do not individually satisfy the massless

Dirac equation in D-dimensions. That equation is written in terms of the Weyl fermions,
J10) + gl =0, J1I + pf1) = 0. (4-12)
which is consistent with the mass-shell condition
? =2 (4-13)
Nevertheless, we can assemble the physical amplitudes with external wave functions
L} = |L) + L] (4-14)

whenever we encounters an intermediate 4 — 2e-dimensional fermion and the denominator of the
propagator can be written as

[LH{Ll = L= (L) + |L]) (L] + [L]) (4-15)

here the propagator has both helicity preserving and helicity flipping parts.
The helicity preserving parts are the usual propagators,

L) [L] = w ], |LI(L] = w-], (4-16)
whereas the helicity flipping parts are new,

L) (L] = w4, [L][L] = w—pb (4-17)

4.3. Generalized Dirac equation

We are concerned with extensions of the Dirac equation. The generalized, matrix-valued mass term
M enters the Dirac equation in the form,

("0, — M) ¥ (x) = 0 (4-18)

It is quite surprising that a systematic presentation of the solutions of the generalized Dirac equa-
tions, in the helicity basis has not been recorded in the literature to the best of our knowledge[44].

Extensions of the Dirac equation with pseudoscalar mass term that contains the fifth current
have been introduced in [45]. It shows that for a mass term of the form M = m + iuy°, the
generalized Dirac equation is written as,

(iv"0 — m —ipy®) ¥ (z) = 0, (4-19)

with the dispersion relation E = /12 + m2 + p2.

We may indicate a further motivation for our study: the unitarity of the S-matrix implies the ex-
istence of uselful relations for even powers (,u)2" obtained upon expanding at one-loop amplitude,
formulated with a mass term m + iu7°, in powers of p. This implies that a better understanding
of the Dirac equation with two mass terms can be of much more general interests.

When we calculate the one-loop amplitudes from generalized unitarity (see section B.4]) the even
powers of u will be taken into account because these powers give us information about the contri-
butions coming from the box, triangle and bubble configurations.
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4.3.1. Generalized Massive Spinors

We need to find the generalized spinors that satisfy,

(I —m—ipys)u(l,o) =0,
u(—l,0) ([ +m+iuys) =0

These spinors are

where [ is a massive 4-vector, such that
12 =m? 4 2

and [,I” are massless 4-vectors, such that,

2= (z")2=0

Here / has been decomposed in

b l2 _
/=1 +Til

and the completeness relation (see apendix [M])

in eq. ([@=27)) the conjugated spinors are given by,

i (1)=<zb(+%[z
iy () = [zb‘+(m57i“)<l’

(i)

)

)

For the antiparticles sector

(4-20)
(4-21)

(4-22)

(4-23)

(4-24)

(4-25)

(4-26)

(4-29)

(4-30)

(4-31)

(4-32)



62 4 New Formalism

and the conjugated

o ()= (|- % 1], (4-33)
) =[r]- % (. (4-34)

by repeating the steps in eq. ([@=27]) we obtain

v— ()0 (1) + o ()04 (1) = [ = m+ipvs (4-35)
S o oa(l) =1 —m+ipys (4-36)
Py

the sum rule (4=35]) satisfies the condition
S un (=D (=) ==Y o (1) ox (1) (4-37)
A==+ A==+

By studying the generalized Dirac equation we can understand how the QR brackets work, due

to
1} =U(l,0) =u_ (1) +uy () (4-38)
{I|l=U,0) =1u_ (1) +uy () (4-39)
Then, the QR brackets are written as,
11} =10) + 1] = uq () +u— (1) (4-40)

The QR brackets provide us an useful and simply tool to compute tree-level amplitudes in D =
4 — 2¢, since the calculation with fermionic lines becomes easier.
With these QR brackets or generalized spinors, we get tree-level amplitudes with lines in D = 4—2¢

(see appendix [H)

4.4. Generalized Polarization Vectors

As we saw in previous sections, in D = 4 — 2e-dimensions we obtain an effective mass in 4 dimen-
sions (eq. ([@=13))), then we have to consider three physical helicity states.

First, we write a massive momentum [* of the polarization vector and make the following decom-
position

= r e, (lb>2 = (Dz =0. (4-41)

Due to this decomposition, [* is written in terms of two masssless momenta.
Taking into account eq. ([B=61]), I* becomes,

m t by b /L2 by b
=5 (KL 3] = g (R K (4-42)
t
P =5 (K3 K3 (4-43)
2
[y e ST b] .
= =y (K S (4-44)
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A posible completeness relation,

P[] (el ) ()= (] (ot + ) [ (1-45)
=10 01 0 1 = =5 (|a] (o + s [ (r16
[lbl_} - <l_lb> —u (4-47)
The generalized polarization vectors
(1) = —“b'}—;p, (1) = —%, =" (48)

These polarization vectors are orthonormal and display all of the usual properties expected of
polarization vectors:

er-e4+=0 o | e+ -e0=0
e_ep=—1 e_-e—=0 e_-g =20
go-e+ =0 gop-e- =0 go-€0=—1 (4-49)

and it is easy to prove that all characteristics requirements of massive spin polarization vectors are
satisfied in particular the completeness relation

*UV 74 lull}
S AW l) = g™ + — (4-50)
A=4,0 p
It is worth to observe that
b by
5‘i (1) = _M, et () = M, (4-51)
AT Va(P)

Moreover (4=50) just generalize the massless gluon polarization vectors with momentum > and
reference momentum 1.

4.4.1. Three point amplitudes

K e

1 1 »

a ﬂ‘m‘nﬁ‘my@ = _\/gﬁ g (K, —12))‘4-9”)‘ (lg—l—ll)“—i—g’\“ (=l — Ky)
A

Figure 4-1.: Three point vertex; the particle with momentym K7 represents a gluon in 4 dimensions
and the other two particles represent gluons in 4 — 2¢ dimensions.
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Now consider the three point amplitude,
i v
Az (1,12, —ly) = % [9”” (K1 — 1)+ ¢" (la + )" + g™ (—l — K) } en (e (l2) ex (=)
(4-52)
studying all posible helicity configurations, we obtain (for explicit calculation see appendix [N]),

153"

As (0t 1) = 30 o A ] o
L mw

A (170, l) =g <w><zazz><zzl> .

Ay (1,15,19) = 4-55)

Az (1% g,mz 4-56)

Ag (14,19, -19) = q’ll’l] (4-57)

q1)

As we mentioned in eq. (Z=51)), the [;’s are the reference vectors of a gluon with momentum 1.
For our calculation we choose {1 = I = [, with this the momentum conservation can be written as,

—“h+pi+i=0 (4-58)
LAp+B=0 (4-59)

where [7 and [y are
L=10+10, Iy = Iy + 15, (4-60)

Due to this formalism is possible to go from momentum conservation where two of the particles are
massive to momentum conservation where all particles are massless now, which eases our calculation
with the spinor-helicity formalism.

It is also important to see how eqs. (4=53)) and (4=54)) have the same structure of MHV amplitudes
studied in section 23l On the other hand, eq. (4-57)) has the same form of the three-point amplitude
building block in scalar QCD (see appendix [E). Finally, eqs. (4=55]) and (4=56]) show how is not
possible to get a three-point amplitude where two gluons in 4 — 2¢ dimensions, one with zero
polarization and the other one polarization +.

With these prescriptions we can obtain the cut-constructible and rational part by using general-
ized unitarity

e The Cut-constructible part is obtained by taking into account only the one-loop contributions

I”’s are massless momenta and we never

that coming from the + polarizations, because the
obtain a term of the form p?",n = 1,2. So the coefficients of the master integrals eq. (B=I0)

are obtained

e On the other hand, the rational part is obtained only if we take into account the zero polar-
ization.
As we saw in eq. (4=57)) [; is a massive momentum, this suggests that we will find terms of
the form p?",n = 1,2 for each different cut.
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In our calculations we are going to represent diagrammatically the gluons in 4 — 2¢ with zero
polarization as dash lines and the gluons with 4+ polarizations as curl lines. Using this notation,
let us draw processes to one-loop where external particles are gluons.

Consider the process Ai_lo"p (17,2737, 4™),




4 New Formalism

66

Figure 4-3.: Box configurations where internal lines have polarizations + and 0
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The only remaing non-null diagram is

Figure 4-4.: Rational contributions to the process A}l_lwp (17,2%,3%,4%) from the box
configuration.

4.4.2. Simple examples

In recent papers, Pittau [26, [59] has computed the rational part for the processes to one-loop of
ete™ — v and vy — 7, so we can recover these results using our formalism.
Consider the QED process eTe™ — v to one-loop,

P1 _1
qi P3

P2 Q2

Figure 4-5.: QED ~veTe™ diagram in D = 4 — 2¢ dimensions.

the triple cut suggests us to cut the propagators and put them on-shel. Sewing the three three-
point amplitudes,

Chag = (—ie)® {L1[7*ep (ks)| Ls} @ (p1) eo (I2) | L1} {Ls| €0 (—12) u (p2) (4-61)

For the rational contribution we use QR brackets and zero polatization for unobserved (internal)
particles.
Writing explicitly the polarization vectors and summing over internal states,

. \3
Cia3 = — (_;26) u(p1) <l§ + l_2) (L1 + p) v en (ks) (Ls + ) <l5 + l_2> u (p2)

- \3
— a0 [+ 2] e (k) 2025 +57] 0 )

= —pi* (—ie)’ @ (p1) v*ep (k3) u (pa) (4-62)

eq. ([A=62) has been computed only for one Feynman diagram but we need consider the diagram

where the fermions are exchanged, with this,

Cias = —24% (—ie)® @ (p1) v*ep (k3) u (p2) (4-63)
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we are interested in the rational contribution for this process, then taking Inf; and Inf,> and cutting
external legs,

Cg} (eTe™ — ) = —2ie®a (p1) v*e, (k3) u (p2) (4-64)
with this result we can define an effective vertex,

ie3

M= =gV

Figure 4-6.: QED ~ete™ effective vertex contributing to Rs.

Following these procedures, we study the process in QED vy — v,
O'% P
Ql&%,, V

Figure 4-7.: QED ~e'e™ diagram in D = 4 — 2¢ dimensions.

Studing the box contribution to the rational part,
Chaza = (—ie) {la|e (1)} {h e )| l2} {l2 | (3)] 13} {la e (4) 1} (4-65)
summing over internal states,
Chzza = (—ie) Tr[(la+ p) e (1) ( + p) e (2) (o + 1) e (3) (I3 + p) e (4)] (4-66)

to compute this trace we remember that [75, //i] =0.
Using momentum conservation, taking Inf,+ and cutting external legs,

Chaza = 4 (—ie)* ("7 g"P — g"*g"" + g g7%) (4-67)

Moreover, this contribution is only for one specific box configuration, so we have to consider the
other five contributions for this process. These contributions come from the exchange of photons.
Using symmetry in eq. ([4=67]) we recover the result of [26],

2
CH (yy = ) = Sie' (979" + 979" + g ¢") (4-68)

finally, we get an effective vertex,
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iet

= 122 (g/wgpo T GupGvo + guagup)

Figure 4-8.: QED ~~ — ~+ effective vertex contributing to the rational part.

4.5. The OPP Method

In this section we give a briefly introduction of how Ossola-Papadopoulos-Pittau (OPP) method
works. OPP method studies the internal particles following the FDH scheme[26].
The general expression for the integrand of a generic m-point color-ordered one-loop,

- N((j) _ _ 9 2
A = = -D’L = i i — ”27;7 4—
@ DoD1--- Dyt @+ i) Po #0 (4-69)

Following OPP notation, the bar denotes the objects living in n = 4 — ¢ dimensions. Furthemore
7® = ¢*> + ¢, where ¢ is e-dimensional and ¢ - ¢ = 0. The numerator N (g) can be also split into a
4-dimensional plus a e-dimensional part,

N(q)=N(q)+N (7, q,¢) (4-70)

N (q) is 4-dimensional while N ((j2, q, e) gives rise to the Rational Terms of kind Rg, defined as

1 _ N@
Ry = A 4-71
2 (2m)* / “DoDi - Doy &71)

N ((j2, q, e) is polynomial in z? and linear in €
The separation in eq. (4=70]) implies,

g=q+q, (4-72)
Ya = Yu + Vs (4-73)
g = g" + g (4-74)

To obtain Ry we need to compute the whole contribution of N () and then with eqs. ([A=72), ([E=T3)
and ([@=T4) we find N (cjz,q, e).

For clarify, we show the process to one-loop vete™ (see fig. M=5] ) studied before, but now, we are
going to use OPP method to compute Rational Terms of kind Res.

The numerator N (¢) can be written as,

N@ = e {75 (@1 +m) v (@2+me) 7}
=& {901 +me) (@2 + me)y”

— (@1 — Mm@ — me) + ey — g’} (4-75)
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The fisrt term in the Lh.s of eq. (@TH) is N (¢), while the sum of the remaining three define
N (7% q,€). Inserting N (7% ¢, ¢€) in eq. ([ETI) Ry gives

ie3
Ry = Rl + O (e) (4-76)
this result agrees with ours.
Taking into account this effective vertex, the problem of computing Ro is reduced to a tree
level calculation and we consider it fully solved. The Ry part is, instead, deeply connected to the
structure of the one-loop amplitude[26, [59]. It is worth to mention that only the full R = Ry + Ra

constitutes a physical gauge-invariant quantity in dimensional regularization.



5. Left and Right Turning contribution to the
amplitude 4, q,,2,,3;,4,)

In this section we show in details how the amplitudes Ai_loo‘” (1F,2,,37,4F) and A}l_lmp (15,24,37.45)
are obtained using the formalism descripted in chapter [ where internal lines (like gluons or
fermions) are in 4 — 2e. These results for each amplitudes have been checked with [I§].

In tree level amplitudes that include fermions and/or gluons we write down internal fermionic
lines as capital letter (L) and gluonic lines as lowercase letter (1), external particles are represented

by the number of each particle.

5.1. Cut Constructible part

5.1.1. Tree-Level Amplitudes

In this calculation we are going to use the same notation of ref. [I§] where the tree-level amplitudes,

Ay (1;, 2, 37,4F) and A4 (19_, 25, 37 ,4F) are given by,

ey (2 (23)°
caso (=5 4+=) = i sy () o
(14) (13)*

"(12) (23) (34) (41)

C4;0 (_7 =+ +_) = -

(5-2)

the other ones necessary amplitudes are given in appendices [E] [l
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5.1.2. Quadrupole cut coefficient

Figure 5-1.: Left and Right turning configurations for the box contributions

For the quadrupole cut coefficient we have the following prescription

ol = % 3 A A A (1) (5-3)
o=%

A (15,25, 35.14)

Left turning For the box contribution we get two configurations, in which the MHV-MHV se-
quence have been considered. Then the products of tree level amplitudes are given by,

Crasa (1,29 :35,47) = AT (=00 151 ) AT (1524, 13) A (<1335, L1) A5 (= Ly 44, 07)

gr<grYqr*q 1°+g>
+ AYCC (=17, 15, 05) AYee (=18, 2,,13) AYee (—15,37, L) Ay (=L, 45,1))

1°>7g> 279> q> 47 %q >
_ <<2\53’4]<l32> (1] | (8lLs]1]? (21>> _ A23)%214)  shhsia (—s1a— 2s13) (23)% (24) s10514
[113] (Is1) (a1) Bnf2] ) 7 (12)@B)E[4 A1) s (12) (23) (34) (41)  s13
(5-4)
Here [; is given by,
=S, £= -1 (5-5)

Finally by averaging over two solutions,

0 _ _ 1 82 S14
C (17,27,85,45) = exo (+,—5+-) <312314 + 5%) (5-6)
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Right Turning Here we get only one configurations

Clzal (1+ s 4+) :Agr’ee (_L-‘r 1t L2—) Aéree (_L—l— 9= Lg) Aéree (_L;)—73— li—) Aéree (_14—74(—11-7[/1—)

gr<grvqr7q 17+g> 29749 q
_ Q@b |1 23401 (24)(23)°  shhsu (5-7)
(4lllals|3]  (4]012(3]  (12)(23) (34) (41) s13
Here we have written I3 and [s in terms of /1 and put the explicit solution for /7,
£ [14]
M =2(1|v*2 = — -
b=k, €= 51 (58)
Finally by averaging over two solutions,
b + o— q— 4+ 1 59514
C1™ (15524537, 47) = 5n0 (4, = +-) o (5-9)

A (15,25,37,47)

Left Turning The possible two configurations taking into account the MHV-MHYV sequence are
given by,

Crama = A (<117 1) A5 (<1320 15) A5 (<15 37 L) AT (L 47.07) +
+Agree (_11_71;713—) Agree (—l_ ot l;—) Aéree (_l3_’3j Li‘) Aéree (_L— 47t lil-)

27%g> q> 4 %g
A A A
ST enEEEE ¢ pEhaE O

Using momentum conservation and the explicit solution for [ (eq. (5=3))),

(Ll 4Ll 4]0 [1lEs[4] | (AL 14]3]Es[2° [4[][43)(13)° (1[4) | (s12+ s24) *(1[4)(3]4)

N O EITCITAT) RIGH4AE) — 23 211(214)°
(5-11)
) ¥
~ U2 (213) (34) (41) (1 - %) (5-12)
using eq. (5=3)
i 113)3(1]4 53 1 $3
P (13:25.548) = Sty (1~ ) e = oo k) (1 3¢
(5-13)
O (15.25.37.47) = Seso (= +i0) (1= 2 ) sz (5-14)
513
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Right Turning Only one possible appears,

Cusar (1,,2F,37,45) = Ay (—L7,1,,Ly) A§e (—L3, 25, Ly) Ay (—=L$, 37,17 ) Ay (—1f .45, L))

gr<grvq1 *q 15+g> 27%g> 45 g
_ QRIERRAEM] (st ) sl (0870 sy
(311s1] BI1](214)2 (12) (23)(3}4) (41 sf; 7
For this result we have used the the explicit solution of {1 given in eq. (B=8]).
Finally by averaging over two solutions,
O (1— o+ + 1 it
Cy (lg 729 73q 74q ) = 504;0( s+ +-) 8—812814 (5-16)
13
5.1.3. Triple cut coefficients
The triangle contribution can be obtained from,
1 _
ol = 5 O Infi [A1A245 (I7)] (5-17)
o==%

Moreover, we can also write a product of three tree-level amplitudes as the product of two tree-level
amplitudes multiplied by a propagator, i.e.

Ay Ay Az = —il2 A} Al (5-18)

Triangle contributions are obtained from four differents configurations, see figs. and for
the left and right -turning respectively.

Left Turning solutions

Solutions for the channel s;9

tie = 5 (41137 = ¢ (4 3] + 131 (4) (5-19)
o= (5 A1#131 KE ) = (el + 13 18+ 81 4l + (3 (5-20)
o= (5 (A1#18] = KE) o = I ¢ 131- a) + 2131 - 4] G0 (5-21)

and the conjugate solution,

iy =5 (317" 4]y = ¢ (13) [4] + 4] (3]) (5-22)

t

5 G114 = KE ) = (¢13) = 40) ]+ 1] (031 - ) (5-21)

t
2
(g BIP14]+ KE ) 30 = B¢ 4]+ B + (2141 + 13 (3 (5-23)
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Figure 5-2.: Left turning configurations for the triangle contributions

Solutions for the channel so3

o = 2 (LI 4 = 11) (4] + 141 €1) (525)
o= (5 LR#140 = KE) o = 10 ¢4l (1) + 214 = 1) 1 (526)
o= (5 (LP#141 KE ) = (1D + ) 4 ] 0]+ (4] (527)
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and the conjugate solution,

B = 5 (4 1] = £ (1) [1] + 1] (4)
o= (5 (41#100 = Kt ) = (o) — D) a1+ 1] 4l 1)

l“vu—-<t<4|7ﬂll%-Kf>'wt=|4>@[1M+[4D-%(tﬂ]+¢4b<4

Solutions for the channel s34

= 5 (L1 2 = ¢ (D 21 +12) (1)
o= (5 (UR#120+ KE) = 10 e [20+ (1) + (2121 + 1) G0
o= (5 (LR#120 = KE ) o= (611~ 12D 2+ 21 1] - (2

and the conjugate solution,

@7u==%(2W“Ulmizt(ﬂ>ﬂl+lﬂ<ﬂ)

B = (5 @1#101 4 KE ) = (6120 + D) 1]+ 1] 2+ 1)

l”mi—-<t<2h”\ﬂ-—K€>'wa=\%(tﬂl—[ﬂ)+%tﬂ]—\ﬂ)<%

Solutions for the channel sg
Wvu——%(2%Wﬂ3]mi=t(B>B!+\$<2D
o= (5 21#131 = KE ) = (6120~ 3 18+ 81 2 - (3

t
WVu—-<2<2PV4$-+33>’WL=I%(tB|+[ﬂ)+(tB]+lﬂ)@l
and the conjugate solution,

1712l = (13) 2 + 2] (3])

t
2
<§mwm K ) o= 13) 02~ 30 + (¢12) - 13) 3

v =

o= (581124 ) v = 013) + 120 21+ 12 ¢ 61+ 2

(5-28)
(5-29)

(5-30)

(5-31)
(5-32)

(5-33)

(5-34)
(5-35)

(5-36)

(5-37)
(5-38)

(5-39)

(5-40)
(5-41)

(5-42)
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Figure 5-3.: Right turning configurations for the triangle contributions

Right Turning solutions

Solutions for the channel s

i = (3] = £ 14) 31+ 131 4) (5-43)
o= (5 (A1#13] = KY ) = (e 10) ~ 3 8+ 31 0l - (3) (5-44)
o= (5 41#131 KE ) o = b ¢ 131+ ) + 0131+ 14 G4 (5-15)
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and the conjugate solution,

B = 5 (343 = £ (3) [4+ 14 (3)
o= (5 B1#141 = KY ) o= 1) ¢ 4]~ BI) + (e14] - 3 (3

Uiy = <t<3|7”|4-+1?Z>’nt=:@I3>+¢4ﬁ[4|+|4]@<3k+<40

Solutions for the channel so3

i = 5 (L1 4 = ¢ (L 14 +14) (1)
o= (5 (UR#140+ KE) = 10 ¢4l + (1) + (e14] + 1) 1
o= (5 (LR#14) = KE ) = (611 = ) 4+ ] 1] - (4]

and the conjugate solution,

i = 5 (4 1] = £ (1) [1] + 1] (4)
B = (5 A1#101 KE ) = (e + 1) 1+ 1] 4]+ 1)

l”mi—-<t<4h”\ﬂ-—Kf>'wt=\4>@[U-—Pﬂ)+(tﬂ]—\4)<M

Solutions for the channel s34

o = 5 (L1 2] = £ (1) 2] + 121 (1)
= (5 007120 = KE) = 0 e 120 = (1) + (12— 1) 1
o= (5 (LR#120 4 KE ) = (10 + 2 2+ 21 1]+ (2

and the conjugate solution,

2]y = (12) [1] + 1] (2])

t
2
(g @111~ KE )= (¢12) = ) 1]+ 11 621 1)

0 =

5 QI+ KE ) = [2) (0] + (20 + 11+ 12) 2

(5-46)
(5-47)

(5-48)

(5-49)
(5-50)

(5-51)

(5-52)
(5-53)

(5-54)

(5-55)
(5-56)

(5-57)

(5-58)
(5-59)

(5-60)
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Solutions for the channel s

o = £ 2317 = 102 81+ 13 21 (561
o = (524134 K5 ) 3 = 0 12) -+ 13) 3]+ 18 02+ (3) (5-62)
t = (5 2113~ KE ) o= 12 (01— 2 + 0131 - 2 (563

and the conjugate solution,

B = 5 (310#12) 7 = £13) 21 +12) (3) (564)
o = (511204 K5 ) 3 = 13) 021+ B) + 012+ ) @ (5-65)
i = (5 G112~ KE ) = (013) — 12 21+ 12 081 - €2 (5-60)

AT (18 2 57 )

Left turning The product of tree level amplitudes with the prescription given in eq. (5-18))

Cisa (15,237, 47) = {AT* (=17, 15,27 13) AT (<13, 37,47, 1)

9779779’ 7q 127g> 379G %q >
FAYCC (=i, 1k 2,7 05) Alree (<1, 35,4k i) Yl
i[4]11]2[1]13]2 (315 1] /(13]2 2)?
_ APIBPEUE ils|2) i flals|2) (5-67)

(2(1][1[T1][2[13](3[lal4][I3]02] — (1|2)(4[La|3] (L2l T) (I [l3)

Using momentum conservation, the explicit solution for l4 and taking the Inf; over (B=67)),

i[4]11]2[1]15)2 (3]14]1]2 i(l3]2)(11]43]2)?
(2(1][1[11][2[13](3[lal4][I3]02] — (1|2)(4[La|3] (L2l 1) (I [l3)

Ciza (17,25,3747) =

g | TABPRBE (BB i(3)2)1(34312)° __i23)%2)  susi
o | 2] (2[1[3] — [1]4]) 2P3tssa314]  (L[2)tsaa (¢3[1) — (411)) (4I3) | (12)23)BI4)A[L) 513
(5-68)

Averaging over two solutions,

0 e 1 $12514
C:L,;]lz (17.25.37.,47) = 5 C40 (= +5+-) Ts1s (5-69)
We obtain the same result for the channel s34
0 e 1 $12514
Cutoa (13:2537,47) = —5en0 (= +i+-) =2 (5-70)
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Now consider the channel so3, the product of tree amplitudes is given by,

Croa (17,2, ,37,4F) = AT (—13,2,7 37, 1) AJe (—1g, 45, 1) AY*e (=7, 17,13)

_ERAILGIR? _ i213)2 e
(111)(121)(123) (41)(41) (¢ (43) — (13))
i<23>3 (24> 512514 512514
= — = —cg0 (+,—;+— 5-71
[12) (23) (34) (A1) sp 0! ) o &Y
1
Cihy (15.25,37,47) = ges0 (= ++-) 22t (5-72)
’ 513
We obtain the same result for the channel s14
1
Cith (1,25,37,47) = geso (= 54-) =2 (5-73)

The contributions of channels so3 and s14 have been obtained from only one triangle configuration,
this is because we have followed the MHV-MHYV sequence and had taken a three-point amplitude
is zero if both fermions (quark - antiquark) have the same helicity.

Right turning The product of two three-point tree level amplitudes with another four-point tree
level amplitude,

Cuso (17,2,,37,4F) = AT (—15,2,, 17, 1) AFe (=17, 45 ,13) AY*° (—l5,37,13)

i(3|134)%(152)? i(3|I3|4]2(192)2  issy (£ (42) — (32))?

(Uea]4](l2[1)(123)  (Lls]4](l21){l23)  (14) (¢ (41) — (31))

g | (E(42) — (32))* | _ isa(32)* _ i(23)°(24)  siosm (5.74)
| (14) (£ (41) — (31)) (14) 31)  (12)(23) (34) (41) s13
The coefficients for the channel s1o and s34 take the form,
1 S128
Cla = —5eso (+,—3+-) 222 (5-75)
’ $13
1
C£0]34 = —564;0 (—i—, -3 —|——) 512523 (5-76)
’ $13

Finally we compute the coefficients for the channel so3 and si4,

Cust (17,25 .37 45) = AV (<137, 27, 1F) AF™ (—17, 17,0) Ay (—17,47.15)
2321 i@ (511 @30 (232214
N <lg3> <lg’lll4’4> N <lg3> <lg4> Sly,13 N <lg3> <lg4> 593 N (t <13> - <43>) t <14> 593
i(23)22(1)4/1)? 1(23)3 (24) st st

| i _ |
w0 - @ es] T I e e ey O
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Here the coefficients are given by,

1
C:E,?]z?, = 5040 (+,—5+-) idcutl (5-78)
513
1
O = 5ex0 (-, = +-) (5-79)
513

Triangle (1— o+ o— 1+
ATt (17, 5% 57 4)

Left Turning

Cusa (1;,2),37,4F) = AFee (=17, 17,27 ,15) AYe (—15,37, 1) AY*° (=1y .47, 1T)
+ A (=1, 17,27 05) AYee (=1, 3., 1) AFee (<1, 45 .1))
i(13|1)2(111413|1)2 i[4[11)2[2[13](3[13|2]?

(1]2)(414]3]11[1)(13|2) 11 13)  [2|1][1[11](3[14]4][13]11] (5-80)

taking the Inf; and putting the explicit loop momentum solutions

i[4[3](1[3)° _i[3[2]°[4[1]* (3]4)

. inf i(13)1)2(111413|1)2 i[4[11]2[2[13](3]13|2]? }
0 [ (12) (44[3] (1L [1){13[2)AT[13) — [2[1][1[11](3[14|4][13[11] (112)(213) [211][3[1)
is19(1]3)3(1]4) (13)° (1]4) s}, i

(112) @3) @) Al A2 @Iy @By (L) sty 12 = o (o) <”s_§> sz (581)

writting down the coefficient,

_ _ 1 53
Cita (152,37 . 47) = —5ea0 (= +5+-) <1 + %) 519 (5-82)

We study the channel say,

Chas (1,,2),37,4F) = AYee (—15,3,, 4511 ) AYee (—17,17,1F) AY*° (=5, 27,1F)

g’r=g’=q’ ~q qo *q>
+ AT (=13, 37,40, 1) Aee (=1, 17, 15) AFee (=17, 2%, 15)
‘ 3 3 i12(1313 (1]11]3](1]11 |4]2
i[4]13]° (1]12]2] i[2[13]° (1[11[3](1[11 4] (5-83)

[4[3][2113] (1L [4] 13|21 3] [4[3][3[13](1]12[13] 21211 [13]

taking the Inf; and putting the explicit loop momentum solutions

e i[4P13])3(1]12]2]3 A3 ]

— M BR8] (1 4] 13|12 18] [4|3][3|13](1|12|13][2|12|11|13J -

_BRPOR) CBRPELPAR) | s i3t s (5-84)
RINE BAPMAE] | (12)(23) (34) (41)  {12) (23) (34) (41) 53, |
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Simple algebra reduces this expression to

_ _ 1 s
Cia (15.25,37,47) = Feao (=45 +-) < - ﬂ) $12 (5-85)

The product of tree amplitudes in the channel so3,

Croa (1;,2),37,4F) = AJe (—15,2%,37 1) AFe (=15, 45, 17) AY*e (=1 ,17,13)
AT (27,35, 17) A (1,49, 10) AT (=17, 17,05)
_ 242242 4P (23)? (5.56)
[LI1][1[2][2)12][3[14] (4[14[12] ~ (2[3)(3]14[4] (12]1) (12|2) (11]12)

taking the Inf; and putting the explicit loop momentum solutions

" i[2[14][12(11][2[14[1112]? i(1[11]4)%(11]1) (12|3)3 _
— 11% [111][1]12][2[12][3[14] (4|14 12] B <2|3>(3|14|4](12|1>(12|2>(11|12>} N
_ 0+i314 ((1]4)%(2]3)* + (1[3)(L]4)(214) (2(3) + (1[3)%(24)*) — i(1)3)* (14) (1 + i) s
B (2[3)(2/4)3 @@y En sy
(5-87)
writting down the coefficient,
O (1;,28,37,47) = —%%0 (= +5+-) <1 + %) s14 (5-88)
513

Finally we study the channel sy4,

Cosa (1,,2),37,4F) = AJee (=1, 47,17 ,13) AFe (—15,2%,15) AY*° (15,37 ,1F)
+ AJe (<1, 41,17 ,0F) AFee (—15,24, 1) AYe° (=13, 37,1F)
C o i[23]3)31212(401)*  i(13)12]4][412[13)14]? (5.89)
T (11202](4[3) 14[4) (14[12[13]  [4]1][3]14][4]14](2]12]1](13]2)

taking the Inf; and putting the explicit loop momentum solutions

e [ ARISIBI32PA40)  i(31204][4]12)13)4]? }:

o | (11202](14]3)(14|4) (4]1213] ~ [4[1][3[14][4]14] (2|12| 1] (13[2)
(

_ 32 ({14*213)° + (113) (14)(214)203) + (A13)°(214)%)
2|4)%

_a(1[3)* (14) sh _
T (12) (23) (34) (41) <1+8;{,3> 1 (5-90)

the coefficient takes the form,

_ _ 1 s3
Citin (15,2537 48) = —5ca0 (= +5+-) <1 + ﬁ) S14 (5-91)




5.1 Cut Constructible part

Right Turning

Studying the channel s19,

C432 ( ; 72;-7 3q 743—) Airee (_12—’ 2-1—7 1—712-) Atree ( l4 74+ l+) Atree ( 13 73q ,l+)
+ Airee (_12—’ 2+’ 1—’ ZI) Atree ( l4_,4;_,l ) Agree ( lél—a q_,l+)
[2[14]3 (3[13]4]2 i(12]1) (14]13[12]1)2

~ AUAA][AfA](3020] T (1[2){i2[2) (14]4) (4 12]3]

taking the Inf; and putting the explicit loop momentum solutions

L i[2[14]3(3)13|4)? i(12]1) (14131212 __
— W | R ] (3)2]4] <1yz><12\2><14\4><14\12\3]]
i[312) (3117 [412)* + [201)[3|1][4]3][4[2] + [2(1]*[4]3]%) (3]4)  i[4[3](1]3)*
[2[1][3[1]3 12)2BE)

$(13)° (14) E (13 (1]4)
(12) (23) (34) (41) <” 13>312+<112><2\3><3r A

Simple algebra reduces to

3
0 _ 1
C{E;]12 (1972;_73q74;_) 5640( 7+a+_) <2+ 13> 512

The channel so3,

Clan = AT (—15 37,25 1) AT (7 17, 1) A (—17 47, 14)
2[4l (12

[411][3]01][3]15]

taking the Inf; and putting the explicit loop momentum solutions
: i[2[1)£2[4[1]7¢ (14) [12] i(1]2)%(3]4)* i13)° (14) st
= inf |— = 3 S14 = 3
o | [4[][3[1] (¢[3[1] — [3[4]) (213)(2[4) (12) (2]3) (34) (41) s

writting down the coefficient,

_ 1 53
CH (1972;73q74;—) §C40( ++ )£814

Consider the channel s14,

Gy = A7 (17 4%, 1) AG™ (13,5
_ 2] (3]l 4]
[4[1][1[11] (32)

l3) A5 (=3, 27, 1)

q )

S14

—~

5-92)

(5-93)

(5-94)

(5-95)

(5-96)

(5-97)

(5-98)
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Using momentum conservation and the explicit solution for /1,

el itl213)7 (327 (347 | i312)(1]2)° (3]4)°
= W e - 6 | - (2[4)°

i) s
~ (12) (23) (34) (41) 53,

The coefficient is then,

3
[0] - - 1 . 512
Ol (15.25.37.49) = gevo (= 1+ s

Finally, consider the channel sg4

Cugr = AL (=15, 47,37, 13) A5 (=15, 27, 11) Ay (=1, 17, 1)

il [4fa]* (1L 2]
o [ARBI] ]

using momentum conservation and the explicit solution for ls,

— inf _i[21] (¢[4[1] + [4]2])% 519t _ (13)%(14) 3,

© | [4A@EBI + [312) 211 (12) (23) (34) (41) si;

The coefficient takes the form,

3
0 _ _ 1 s
iy (15,2537 4F) = 56&0(—7+1*"—);%§8m

5.1.4. Double cut coefficient

Left turning Configurations

Figure 5-4.: Left turning configurations for the Bubble contributions

(5-99)

(5-100)

(5-101)

(5-102)

(5-103)
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Solution for the channel si5 1 and I3 can be expressed as,
S S1y
hl =t (K3 + 2 (=) bl = (K1) - 22,
(=1 (82| + 2 (1= ) ( (sl = (3] = 2+
Y
(0l =2 &3]+ [ sl = (y = 1) [K<3| + ¢l
where K E and x are given by
K’ =2, y=1
Yy
(=12l + (1 -y, (sl = (2] = 2 (1],
Yy
[11’=¥[2\+[1’= ls] = (y—1) 2| +¢[1].

(5-104)

(5-105)

(5-106)

(5-107)
(5-108)

To obtain the triangle contributions to the bubble coefficient we have to take another on-shell

constrain given by (I — K3)? = 0, in this case, K3 = 4 (first triangle) and K3 = 2 (second triangle).

y is written in terms of ¢ as,

1
Y+ =yt +as 4 + ZCYB,j:

524 — s14 + (524 + 514)

o1 =

2(114|2]
1 —1
gt == (1+1)=14">"
2 Qg = 0
Oég,i =0

In the series expansion [inf; A; As] (t) = z]:n:(] fmt™, we make the replacements t"* — T,

(114]2]

2 bl
512

TO)=0 T(1)=2 T(2) = -3

Solutions for the channel so3
ol = (K3 + 2 (=) (.
o] = 2 | 3| + [

where K E and x are given by
Kj

3,

(lo| =3[+ (1 —y) 2],

= 3 31+ 121,

lo and 4 can be expressed as,

11(4]2]? 11 (14| 2
( !J ] , T(3) = ( !J ]
512 3 shy
S
_ /| _PLY
al = (K3 = 23 (.

[l = (y = 1) [ 3] + .
X =2

(sl = (3 - 22,

[al = (y = 1) B[+ ¢[2].

(5-109)

(5-110)

(5-111)

(5-112)

(5-113)

(5-114)

(5-115)

(5-116)

(5-117)

(5-118)
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To obtain the triangle contributions to the bubble coefficient we have to take another on-shell
constrain given by (I — K3)2 =0, in this case, K3 = 1 (first triangle) and K35 = 3 (second triangle).

y is written in terms of ¢ as,

1
y+ = a1+t oo+ + ZCYB,:I: (5-119)
0417_;’_ = 513
Qi+ = <2|1L31]2 (5-120)
=T TRl
1 =1
ape =5 (11) =7 (5-121)
Qg =
az+ =0 (5-122)

In the series expansion [inf; Ay As] (t) = E:zzo fmt™, we make the replacements t™ — T,,

T(0)=0 T(1)=2<2s’§‘3], T(2)=—3<2L1%3]2, T(3):%<2L14’3]3 (5-123)
23 23 23

Right turning Configurations

2 3

Figure 5-5.: Left turning configurations for the Bubble contributions

Solution for the channel s 1[5 and I4 can be expressed as,

S S
_ bl L P g _ _ (| 2Ly ;
(al =1 (82| + 22 (1= ) (. (] = (B3] - T3 (5-124)
[la] = % [Kﬂ + Xl [l = (y — 1) [K{( [y (5-125)
where K '{ and y are given by
Ki =2, x=1 (5-126)
(=t 2+ 1 -y, (Ia] = (2\—%<1\, (5-127)

Ll = 2121+ 111, o] = (y = D2 +¢[1]. (5-128)
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To obtain the triangle contributions to the bubble coefficient we have to take another on-shell

constrain given by (I — K3)2 = 0, in this case, K3 = 4 (first triangle) and K3 = 2 (second triangle).

y is written in terms of ¢ as,

1
Y+ =yt a4 + Zag’i
oyt — 524 — 514 % (524 + 514) _Jas= —
: 2(114/2] S —r
1 a4 =1
agr =—-(1x1) = 2,+
2 0427_ = 0
ag+ =0

In the series expansion [inf; A; As] (t) = z]:n:(] fmt™, we make the replacements t"* — T,

1]4]2 1]4]2)% 11 (14| 2)*
512 512 3 81y
Solutions for the channel s53 [ and /3 can be expressed as,
S S
_ b| L P1 g _ _ (g -2y
(1l =1 (82| + 22 (1) (. sl = (K3 - 25 (.
Yy
] =2 (&3] + sl = (y = 1) [K<3| + Il
where K E and x are given by
K} =3, X =2
Yy
(] =t B[+ (1 —y) (2], (Il = (3] = 2 (21,
Yy
[1112;[3\+[2’= I3 =(y—1) B +t[2].

(5-129)

(5-130)

(5-131)

(5-132)

(5-133)

(5-134)

(5-135)

(5-136)

(5-137)
(5-138)

To obtain the triangle contributions to the bubble coefficient we have to take another on-shell

constrain given by (I — K3)? = 0, in this case, K3 = 1 (first triangle) and K3 = 3 (second triangle).

y is written in terms of ¢ as,

1
Y+ = a1t a4 + 2043,1

_ S13
A+ = 23

a4+ = 1o
OlL— = T3]
1 o =1
apr=-(1x1) =4 "
2 Qg = 0
0437:|: =0

(5-139)

(5-140)

(5-141)

(5-142)
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In the series expansion [inf; Ay As] (t) = Z:zzo fmt™, we make the replacements t™ — T,,

T =0  Tay—o2UB g o RIS T(3):§1<2’14’3]3 (5-143)
523 323 S93

A (172737, 47)

Left Turning In the channel s15 the product of tree level amplitudes is given by,

Cug = AUee (17 13,27 ) AUee (—5 3=, 45 IF) + Alee (—IF 15,2, 15) A (—1F 37,4517

_ 1 A4 [1E5] (3[4 [1]? i(l3|2) (11]43|2) ]
= {[2|1][1|11][2|l3](3|l4|4][l3|11] <1|2>(4|l4|3]<11|1><11|l3>} (5-144)

Writting the explicit solutions for [y and l3, we find

Crs = (y =D [1[2] (¢ (32) —y (31))° n y (23) [14]

2y (34) ((y — 1) [42] + ¢ [41]) (£ (42) + (1 — ) (41)) (£ (42) —y (41)) (y [24] + £ [14])

o R R W VYT R
— 1 [“é“cl?’]]‘ 20y B B A s 2 (12) @) @y 52, 0 G149

The pure bubble coefficient is,

bubble[O] n _ ) 3s12 1812813
C (1g72g73q74q) c4;0 (+7_7+_) <§a_§ 3%4 )

Now consider the triangle contributions,
Studying the triangle configuration for the channel sq9,

o {uywz] 141 (v~ D* (2] (4(32) —y 31)° iy (1(24) + (1~ y) (14)) (23) [14 }
134 —

By (34) ((y — 1) [42] + ¢ [41]) t(t(42) —y (41))
(5-146)
it [Cral = 2is24(214) ((114)(2]3) — (1]3)(2]4)) (514(1]4)(2[3) + s14(1[3)(2[4) +2824<1|3>(2I4>)Jr
moy,, b3 s12 (514 + s24) (1|2)(1]4)3(34)
is24®(24) ((1]4)(2[3) — (1]3)(2]4))*
(IR (A3 o (147
O 2i(2]4)(2)3)° $13 30 (23)% (24) &2
=02 28) o) (1) 20 W) T (08) (3 (4T o, (19
— o (£, — ) [2 <_3ﬁ+2313> _3 %3} — a0 (4, —; +—) <3% n 313812>
HOAT T S14 s2, s2, 0\ =5 F 514 Si4
(5-149)
The contribution from the triangle to the bubble is,
Cyriandlel) (14 o 32 4F) = —eg0 (+, = +—) @Z—i - %Si’zm> (5-150)
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The full bubble coefficient is given by,

0 bubble]0 — o— triangle]0 — o=
Oy = Oy O (1F, 2 35, 48) + Oy P (17,2, .37, 47)

. 3
O (1.2, ,37,4F) = Sea0 (.= 4-) (5-151)

In the channel so3 the product of tree level amplitudes is given by,

Coo (BP0 (i(23)” 14
HUE N\ URMT RN (0B3) ) W] \ 4] (:3)

_ i < i(2|3)2 [14)? ) (5-152)
(t(13) + (1 —y) (12)) (¥ [31] + [21]) \ (¥ [34] + [24]) (1 — y) (23)

this contribution vanishes,

inf [024] =0 (5—153)
Y
and the triangle contribution to the bubble coefficient also vanishes,
i(2]3) [14]?
Ci2a = 7 23 14 (5-154)
(¥ [34] + [24]) (1 =)
tmlngm [Cr24] = (5-155)
Finally,
0 — o
O (1F,2,,37,4F) =0 (5-156)

A (15,2535 ,47)

Left Turning Studying the channel s19,

013 :Airee (—ll_,l_,2+,l;_) Airee (—l_ 3= 4t lii—) _|_Airee (_lil-’l—’2+’ls—) Aflree (—l+ 3= 4t ll_)

32%g *g> 3193 %q»
(5-157)
I G [413]203]1)" 5.158)
2[)[AM]L3) A4 [A3[11] ~ (1[2)[3[11][4[11](11[1)(13[2) (11[13)
Putting the explicit solution for /; and /3 and taking Inf,,
- 2(1213) — y(13))? N Ve 1 R 1) G N

v [y(8203) —y(13) + (13))(¢2[4) — y(1[4) + (1[4))  y(¢[3[1] + y[3[2]) (¢[4[1] + y[4[2])

Triangle contributions,

Ciga = AV (=17, 17,27,13) AYee (—13,35, 1) AYee (=1 .47, 1)

3297 407>
+ Airee (_li‘r7 1—7 2+7 lg) Agfﬁ@ (_l;, 3(;, li) Aé?“ee (—14_7 4;7 ll_) (5'159)
o MMPRIBP3? i(sf) s’ (5-160)

211 (L] [414] (4[3) [13[1] - (1]2)[3[14](11[1){13|2) (14]4) {11 [13)
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with the explicit solutions for I; and I3,

it (t[411] + y[4]2]) (£(2]3) — y(1[3))”

I8t =TT ) — y(118) + (13)
at(¢[4[1] + y[412] — [412))*(—t(2]4) + y(1]4) — (1]4))
! J(EBI] + y312)) (-161)
. - _ 2’i814 (814 — 2813) <1|3> _ 32814<1|3>3 :
S, G = (Bt eEm) TO 1)
Finally,
0] (41— ) s 1514
Coaa (15,2535 .45 ) = cao (= +5+-) L—%i - 53_13] (5-163)
Studying the channel so3
Coy = A (=13 ,2%,37 1) Ayee (=i, 45 ,17,13) (5-164)
[2]14]3 (14|1)3 (5-165)
~ [212][314] (12]1) (14]4) [14]12] (12[14)
_ (v — 1) (y(1]2) — £(1]3))° _
= Ry H113) + y(1[2) — (12)) (y(2) — H3[) (5-166)
. _ sizs1a(s12 +3s14) (13)° 1 8128142(1|3>3 i
O = T B em e 2 s (1) B (5167
Triangle contributions,
C124 — Airee (—l2 72-}-73(1 ,l+) Atree (_14—74-1- l+) Atree (_11—7 1—713-)
+ AZree (—l2_,2+, ;,l+) Atree ( l4_,4;_,l ) Agree (_lf—v 1—’13—)
i[2[14]3[12[11]3 (11]14)? i[4[11]2(11[1)3(12]3)3 (5-168)

LML 2](2)2][3[14] 4[4V I4]12] T (2]3)[4[14] (12[1) (12]2) (14]3) (1L [12)

with the explicit solutions for I1,ly and I3

o <z‘<y (a2 + 43 24) — t<3r4>>>+<z'<y 3(efaf2) + 43D (—t(1]3) + y(1]2) <1\2>>>
By a)e21] + yEI) Byl AR] + g3 — [A]3)
- | Gisiosu(1)3)° 3is1(103)° ]
‘O+< w13 (112)(213) (314) 8133<1|2><2|3><3|4>> (5-169)

Using eqs. (B-167)) and (5=169])

(5-170)

(17,285,387 ,45) = cao (=, 4 +—) 3_su, su
g =g rvq *q 4;0 9 b 2 3132 2313
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Right Turning Studying the channel sq9,

[4[12]2(12]1)° _ t2(112) (¢[4]1] + y[4]2] — [4]2])°
[413](112)[312](12[2)(12[3)  y[4[3](¢[3[1] + y[3]2] — [3]2)(£(2[3) — y(1[3))
iI;f [C13] =0 (5-172)

Ciz =

(5-171)

And the triangle contributions,

Cons — i[3[12](12]1)3(14]3)2 i[4/12]2[2(14]3 (12|3)
230 = |9y (122) (14]4) (12[14) | [2[1][1[14][4]14] [4]i2]
3) —y(113) +(113))*  at(t[4]1] + y[4]2] — [4[2])*(#(2]3) — y(1]3))

[
_ a(B81] +y[312] — [3[2]) (2|
y(£2[4) — y(1]4) + (1]4)) y(¢[411]) + y[4]2])

inf [Chsa] = 0 — is1ot?(£(1]2)(3]4) + (1]3)(1[4))
tm =T, (1[4)(£(2]4) + (1]4)) (s12t — [4]2](1]4))
_ 2i$12$14<1‘3>3 _ 32814<1‘3>
5132(112)(2[3)(3[4)  s13(1[2)(2[3)(3[4)
finally,
O (15,28.37,45) = cxo (= +5+-) [3182—;314 :;ﬂ (5-173)
s s 3 3
Ciha (17,24,37,47) = cao (=, +i+-) Liz <s§ +§> +§} (5-174)
Consider the channel so3
o [ABPas3)r A (t4]2] + y[4)3] — [4]3])? i
O = BNy~ 2RI + B (5-175)
.  s12514 (4512 + s14) (1]3)°
o = = 12 23) B (5-176)
and the triangle contribution,
O i[4[13](11]1)2(13|3)? (5.177)
124 <2|3><11|2><11|13>
_iyP(t4]2) + y[4)3] — [4|3])( (113) — y(1]2) + (1]2))? (5-178)
t3(2/3)
2P ([3[2][401] — [3[1][4[3]) (s1at — [3[1](1]2)) 2
= BI17(23) (5-179)
inf [Cosa] = — 6is12°(1]3)3 N Bisp(13)°  Bis1p?(1]3)° (5-180)

tm—Tm s13°(12)(2[3)(3[4) * 5137(112)(2[3)(3(4) 5137 (1]2)(2[3)(3/4)
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the total bubble coefficient,

_ _ j 1]3)3 3is12(1[3)3
cll. (17,25 37,47) = — is12514 - 5-181
223 (1525237, 47) s132(1]2)(2]3)(3[4)  2s13(1]2)(2[3)(3|4) ( )
0 (1= oF a— 4+ 512 [S14 | 3
1°,27.3-.47) = —c40(—, +;+—) — | — + = -182
02;23(97 937> q) a0 (=, +5+ )813 [813‘1'2] (5-182)
5.2. Rational Parts
5.2.1. Box contributions
AT (15,25,35.47)
Left turning We define the product of four tree-level amplitudes as,
Choss = A§ (=19, 1F,19) A§ee (—19,27,13) A§e (—18,37, Ly) AY® (—L4,, 45 ,19)
_ (2[0[1]* (3|1l 4] (5-183)
512
The explicit solution for [ es given by,
2
) ey YV 5-184
1 =512 28126(!’H] (5-184)
(2[3]1]
c=*+pu (5-185)
(1[3]2]
putting I; in Cya34,
2
Crans = cony (e 31) 24 - 2 (32)14]) o< (5-156)
Taking the infinite function the box contribution vanishes,
Inf 4 [Cra34] = 0 (5-187)
4 _ oo
Ol (17,25,37.47) =0 (5-188)

Right turning We define the product of four tree-level amplitudes as,

Cyzo1 = A?‘ee (_L4,4;',lg) A%Tee (—lg, 3[7_,L2) Ai‘lree (—L2, 2-, Ll) At4ree (—Lla 1+,L4)
DI (o /gl I
R (2 <3(13z‘ 2> —u (32>) (2 [1 ‘ll3‘4] — [14]) (5-189)
I3 can be written as,

2
C
ly =5 (310"[4] - Isarc (417" 3] (5-190)

(5-191)
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with lg and [,
b c
=5 614
2
) p
m=— 4|y*
S (a3
Then Cy391 takes the form,
p? I
Cuzor = —— [1]L2|2) (32) [14] = ——[1]I3 — 3| 2) (32) [14]
512 512
p? s
Conm =~ 2= (e (13) 12— 2 (1 52 - 11312 ) 32) 14
512 s12€
Cyszn < Ap® + Bu?
In the last result we took into account ¢ & g. Then the box contribution becomes,
Infuzx [C4321] =0
C'511234 (1;’ 29 37,44) =0

ABox (1;,2;,35,4;)

Left turning We define Ca34 as the product of tree level amplitudes,

Chaza = AY°e (=1, 1, 19) Ayee (1
(1]11]2]%(3[1114]

512

The explicit solution for [ es given by,

C
=2 @ -

c==xu

putting [1 in Ciazq,

Class = 2519 <c (32) [14] — -—

9,24, 19) AY°° (—13,3;, La) AY*° (—La, 45 ,17)

249>

28126

(13[2]
(23[1]

12

S12C

(1#2]

@wmoaﬁ

Taking the infinite function the box contribution vanishes,

Infuz; [01234] =0

4
04[1;11234 (

— ot a— 4+
19’29’3574‘1

)=0

(5-192)

(5-193)

(5-194)

(5-195)

(5-196)

(5-197)

(5-198)

(5-199)

(5-200)

(5-201)

(5-202)
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Right turning We define the product of four tree-level amplitudes as,

Cugmr = AY® (~La, 45, 19) AYe (13,37, Lo) A (= Ly, 2%, L1) AT (~Ly,17, Ly)

_ 1t <1yz;1y;](2 [4(1@[‘2}-— u2[42]> (2 <1(zzg(3> -/¢2<13>>

312/~62

I3 can be written as,

2
W= 2 (39" 4] — =2 (4] 3]
3 2 i 28346 i

with lg and [,

1
H=— 4 |y*
S (43
Then Cy301 takes the form,
5 s
Cuzor = — (1| L1 |2] [42] (13) = — (1| L3 — 3[2] [42] (13)
S12 512

Crpm = 12 ( (13) 142 — 2= (14) 32 - (13 21) 42) (13)
S12 534C

Cuzan o Ap® + Bu?
In the last result we took into account ¢ o< . Then the box contribution becomes,

Infu4 [04321] =0

4 _ —
CAL]1234 (1g 72;,35 ,4;) =0

5.2.2. Triangle Contributions

The rational contribution that comes of the triangle is given by

1 _
C:?] _ 5 Z Inf,ﬂ [Inft [A1A2A3 (l(lj)]to],ﬂ
o=%

Left Turning solutions for loop momenta

Solutions for the channel s;9

o

ve =t (14) [3] + 13] (4]) 25341

(13) [4] + 141 3])

2
lZmizt(B>MJ+¢M<3D-—§£;;O4>B\+\$<M)

(5-203)

(5-204)

(5-205)

(5-206)

(5-207)

(5-208)

(5-209)

(5-210)

(5-211)

(5-212)

(5-213)
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Solutions for the channel so3
12
l”vu——tO4>H\+!H<4D-5;——01>H\+!4<1D
12
l”mizt(H>H|+¢M<1D—-5;——O4>U|+IH<4D
Solutions for the channel s34
12
By =t(12) [1 + 1] (2]) — 3513 2 (1) [2+ 2] (1))
2
l”vu——tO1>P\+!ﬂ<lD-————02>H\+!H<2D
2519
Solutions for the channel sq4
12
By =t(12) 3+ 13](2]) — 3t(|5’>>[2|+|2]<3|)
2
1
B =t (13 20+ 121 (31) — 55— (12) 31 +13] 2]
23
Right Turning solutions for loop momenta
Solutions for the channel s
Wy, =0 +1
15 =t (|4) [3] + (3] (4))
- 2
=~ (13) 4]+ 14 3
Py, =0 +1
15 =1t(]3) [4] +[4] (3)
= Iu2
[ =— 4 4
S (14131 + 13] (4]
Solutions for the channel s34
luf}’u = 13 +l
I =t(2) [1] + 1] (2])
- 12
[= —5i— () 21+ 2 1)
Py, =0 +1
l=t([1) 2 + 2] (1))
= M2
[ =— 2) 1 1] (2
S (120 1]+ 1] 2)

(5-214)

(5-215)

(5-216)

(5-217)

(5-218)

(5-219)

(5-220)
(5-221)

(5-222)

(5-223)
(5-224)

(5-225)

(5-226)
(5-227)

(5-228)

(5-229)
(5-230)

(5-231)
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Solutions for the channel so3

Ui = (14) [ + 1] (4)) — 2"—14t (11) [4] + 14 1) (5-232)
1=t (1) [4] + 4] (1)) (5-233)
= 25 (14) (1] + 11] ¢4)) (5-234)

iy = (1) [4] + 4] (1)) - 2—2 (14) [1] + 1] ¢al) (5-235)

= t(14) [L]+ 1] (4]) (5-236)

=g+ 141 (5237

Solutions for the channel sq4

12

e = (12081 + 18] 20) — 50 () 21+ 121 (3) (5-238)
I =t(12) 18] + 13] (2) (5-239)
= 2’; = (13) 120+ 12]43) (5-240)
By = £(13) 21 + 121 (3)) - 2— (12) 3] + 13] ¢21) (5-241)
B =1t (3) 2] +12] 31) (5-242)
T= 5 2+ 91 ) (523

T l
A, riangle (1;,29 .37 ,4;)

Left Turning Consider the triangle contribution from the channel s19

Ol (1F,2, .37, 48) = Afree (=19, 17, 2,,19) Afee (18, 37,47, 19) it
(2]0a — 41 (3| la] 4]

_ @]y
S12 (1 |l1| 1] 512 <1 |l4 — 4| 1]

i34 = — (5-244)

Writing the explicit solution for Iy,

u2[413](314) (LGN 4 ga1)213) - (214)1]) 2
inf |inf | — > (14)
ue |10 2519534t (-M FH41](1)3) — (1|4|1])

25341t

[ (20114)(203) — (13)(2]4) _ (24)(23)° wr) o
[2[1)(1[2)(1]4) ~ (12)(23)(34) (41 <2+ 323> (5-245)
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and its conjugate solution,

[ 2t[413]<3\4>(—%HBM(M—<2!4!1])2 _ (23)3(24)  s03
inf |inf 4):_<1|2> Gia

w2 | 1o s19 <_lﬂ[§s}7£ﬁ> +3[1)(1]4) — <1|4|1]> (23) (34) (41) s13
(5-246)
The rational contribution from the triangle in the channel sq9,
2 e 1 S13  S23
C:)[,;}12 (1;_7251 »3g 74;) = 750 (+,—+-) <2 + So3 3—13> (5-247)
The contribution from the channel s34,
2 — o— ree — ree —
C?[),;’A (1;—7 29 73(7 74;']—) = AZ (_1(1)7 1;_7 27 lg) AZ (_lga 3[7 74;—7 l(l)) l%
AR YD ] Y I LR | Ry
S12 <4|ll|4] S12 <4|l2 + 1|4]
Writing the explicit solution for ls and its conjugate solution,
2
[ [y (—GEGS + epaf1)(213) + (3114]) 3% (24)
inf |in =—
u2 | o 28123t2 (_H2[§L21]2<2|4> + t[4‘1] <2’4> + <4’1’4]> <12> <23> <34> <41> 813823
(5-249)
2
[ [aerzgz)? (<R oaj2)s) + (3itia)) ]
inf |inf D la) =0 (5-250)
K say (RN 1 2rfaf2] 1f4) + (af2]4))
The rational contribution from the triangle in the channel s34,
2 e 1 S13 | S23
Ciaa (152,235 47) = gean (+,—4-) <2 s 8—13> (5-251)
The channel so3
Oy (1F,2,,37,4F) = Ayee (19,27, 3-1y) AYe (~ly, 4}, 15,19) 12
sio (1[0[ 1] (4]h[4]™ s12 (2[l2| 2]
Writing the explicit solution for /7 and its conjugate solution,
2
W2 281981421 (_H [Lzl'szl{ftl‘_% — t[2[1](2]4) — <2\1\2]) (12)(23) (34) (41) 51
Zt[4)1]3(1]2)2 (34 -
inf |inf |- 2[‘;1“[2"4>] 27614 L) =0 (5-254)
mY 2512514 (MQT — t[4]2)(1]2) — <2|1|2]>
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The rational contribution from the triangle in the channel so3,

2] 1 . 512
a3 (1952537, 43) = 5a0 (+: =3 +-) o (5-255)

The contribution from the channel si4,

Oy (1F,2,,37,4F) = Aee (18,27, 37 1y) Aee (—14,4+ 1+,19) 12

9’79779’ 7q q g
s12 (212] 2] (4[1a 4] siz (4[la]4]
Writing the explicit solution for [;and its conjugate solution,
] pA 21 [4]3] 213)° PRS- T
w0 | Asygs952t (—%j{jﬁw + t[4]3)(2/4) — <4\3\4]) (12) (23) (34) (41) 513
(5-257)
2 2 3
inf |inf e (i) = 0 (5-25%)
HEL T | s12803 (_HQT + t[4]2](3[4) — <4\3‘4])
The rational contribution from the triangle in the channel sy41,
2 1 512
Citny (13,2537 47) = geno (4= +-) 2 (5-259)

Right Turning Channel s;s

Ol (1F,2,,37,4F) = —iAYe (~L2,27, 17, Ly) AT (~La, 47,37, L2) 13

9’79779’ "°q q’79>

e (¢ O 112) o2 62) ([ ] —sena) o

Writing the explicit solution for I3 and its conjugate,

e <#2<2|3> _ w> <#2[4|1] B uz[4|1}8[;1i3}<3\4>) ( T [gm(ms + t[3]1](2[4) — (2|3|1]> "
mn m — 3
: p2s1z (—EELEL 4 41312)(214) — (2312))

28341

p? | 0

[MP23) . (23)7(24) sy

= BRI ) @) (30 A sy oY

MZ 0

o Lo [0 0288 (—BER opars) - @) 1] 009 s
s12< BRI | y412)(2)3) — (2|3|2]> (12) (23) (34) (41) 523
(5-262)
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By averaging the results, we obtain

2 e 1 512
CZE;]H (13_7 29 ’36 ’4;1’_) = 504;0 (+7 - +_) 8_13 (5'263)

Channel s34

Oy (1F,2,,37,4F) = —iAY (~Ly,27, 17, Ly) AT (~Ly, 47,37, Lo) 12

- 4% (2 <3 (ZL&( 2> 2 (32>) (2 [1 (Lblf( 4} 2 [14]) (5-264)

Writing the explicit solution for /1 and its conjugate,

| t[21)(12) (M2<2|3> _ u2[2\11§l2><2|3>> (M2[4|1] _ u2[2\11$[f2\11<1|2>>
1n2f 1r(1)f —i B (h) =0  (5-265)
| p2siz (— 5B 4 4i312)(113) + (31213))
4 3
S - [2[1][41](112)(2]3) - - (23)7(24)  s10
inf [inf |4 (ll) =—1 —  (5-266)
2 [to [ 25192t <_u2[§>\821]2(t1|3> +1[3(1](2)3) + <3|2|3]> (12)(23) (34) (41) s13
By averaging the results, we obtain
2 C e 1 512
Ciby (17.25.37,47) = g (= +-) = (5-267)

Channel s93

Oy (112,87 47) = AY** (~18,87,27 1) AY™ (~Ly, 17,47 19)

_ % (2 <3 ‘ZL‘i‘ 2> 2 (32>) (2 [1 ‘L'if‘ 4} _ 2 [14]> (5.268)

Writing the explicit solution for I4 and its conjugate,

B B 2 2 2
[ o) (MELAREID 2 (9)3)) (2[4)1] — LLUELD ) ) =0 (5-260)
el 12512 (M—t[4\3]<113>—<3!4!3]> 4)_ _

L L 2814t

- 2[4]1](1]3)(2]4 2(2[1]4](1|3
[T ) (el -2 (HERE ) ) =i RN s

fe— 4 - S1a

hak: 2sszsuat (ZHEAEL _ 4(3(1)(314) — (3/4(3) (12 (26 318) (1) o

(5-270)

By averaging the results, we obtain
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2 o 1 514
C?£;123 (15,25.37.,47) = 540 (+,—+-) ™ (5-271)

Channel s14

CPly (15,27, 37, 4F) = Ao (<1, 87,27, Ly) AY*® (— Ly, 17,45, 19) 13
N % (2 <3 ‘EL?‘ 2> N <32>> (2 [1 ‘L?f‘ 4} — 12 [14]) (5-272)

Writing the explicit solution for lo and its conjugate,

AN1(12) (£G4 | 2098 2141 — #24[12(114)
mf{infr”H( QRGO 4 12(213)) (n2laf) — S0 )”(12)0 oy

w e psr (ERED —t{413)(1[3) - (3)413))

2514t

[ e (s - ) R LY R,
w0 e (B a2 3) - (11201)) (112)(213)(34) (41) s13

By averaging the results, we obtain

2 ~ o 1 514
Ol (1.2 .37.47) = Sexo (= +-) 2 (5275)

AL (17 25 37.,4)

Left Turning We define Cj934 as the product of tree level amplitudes,
Cross = A§ (—19,1;,19) AFee (=19, 25 ,13) AYe (=13, 37, Ly) A5 (—Ly, 47, 10) (5-276)
(1[4 [2]* (301 14]

=3 =R ik (5-277)
S12
Channel s19
i i(1]1112](3]11]4]
Ciag = —— = 5-278
134 AN 1234 12 (1]1] ( )
Writing the explicit solution for /4 and its conjugate,
7 (8122 — 8132) <1’3>3

inf |inf [C ly) = — 5-279
o gt ol | @) =~y (5-279)

el - i(1/3)3
f |inf ) = —--—">+—— 5-280
| oo | ) = (o myam (5-280)
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By averaging the results, we obtain

1 2
¥, (17,2F,3,47) = —g¢u0 (= +i ) <% - 2> (5-281)
’ 13
Channel s34
i i(1]01 |20 (3]0 |4]
Cion=——__(C = — 5-282
R T AT AT (>:252)
Writing the explicit solution for lo and its conjugate,
o2 3
el is12°(1[3)
f |inf [C ly) = 0 5-283
it vl ) = Sy (5-25)
i;f [itnof [0123]} () =0 (5-284)
By averaging the results, we obtain
2] (1= ot 9= 4+ 1 5Ty
Caza (15:29:37:47) = —5cs0 (- +i+-) 52 (5-285)
13
Channel s93
i i(1]01|2]> (3]0 |4]
Chog = —————Clggq = — 5-286
2= R M T T Ll (5:25)
Writing the explicit solution for l5 and its conjugate,
L is12514(1]3)3
f |inf [C l) = 5-287
i [y o] ) = (5-257)
i;f [itl%f [0124]] () =0 (5-288)
By averaging the results, we obtain
1 5128
Citas (132537 47) = —5em0 (= +i+-) 27 (5-289)
Channel sq4
i i(1]12[2]* (3]11[4]
Coag = ——— = — 9-290
R T FTAFY (5:290)
Writing the explicit solution for I3 and its conjugate,
L is12514(1]3)3
f[C l3) = 5-291
gt [ e 0 = (5291
in [i;an [0234]] (I3) =0 (5-292)
By averaging the results, we obtain
2 _ 1 $12514
Cin (15.25,37.,45) = —5eao (=45 +-) "
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Right Turning Consider the product of tree amplitudes

Cusar = AY®® (—Ly, 47 19) AYe® (13,37, Ly) Ay (= Lg,2%, L) Ay (=L1,17, Ly) =

_ 1 b7l o] 2 o\ 2
= a2 (2 [4(1342] u [42]) <2<1(u3‘3> u <13>) (5-293)
Channel s19
i i(1|L2|2] (12[4]2] + 2[2|10514]) (p(1]3) + 2(3|131/1))
Cluno = —— Oy — — 5-204
52 = L P12 2L o200
Writing the explicit solution for I3 and its conjugate,
e is14(1]3)°
f[C l3) =— 5-295
i [ 0| 00 =~ (5:2%9)
e - i(1/3)3
f |inf [C l3) = -+ 5-296
i [ 0| ) = ~ (g (5290
By averaging the results, we obtain
CRL (17,237, 47) = —Eey (=45 4—) 222 5-297
3;12(gvg7q7q) 264;0( y T+ )313 ( )
Channel s34
i i(1|Lo|2] (12[4]2] + 2[2|115]4]) (12(1|3) + 23|51
o = =PI (P2 22000 () 2
(3[L2[3] 11?s12(3| L2|3]
Writing the explicit solution for I; and its conjugate,
e is12(1]3)°
f |inf [C, lh)=-— 5-299
i [ 0| 00 =~ (5299
in [i;f [0432]] (h)=0 (5-300)
By averaging the results, we obtain
OB (17,25,87,47) = Sepo (=, 45 4—) 22 5-301
3;34(g7qu7q) 264;0( T+ )813 ( )
Channel s93
Cist = ———C
_iULaI2) (120 + 22005 1)) (12(113) + 2(618311) 5302

(1?s12(3| La|3]
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Writing the explicit solution for I4 and its conjugate,
o is14(1]3)°
f |inf [C ly) = —
i [ vl 00 =~ s
ig [i;lzf [0432]] (1_4) =0
By averaging the results, we obtain
2 (1= ot a— 4+) _ L ) S14
C’3;23 (19 72g 73(7 74q ) - 504;0 (_7 +a +_) 8_13
Channel s14
Cys1 = #C’
(UL [2] (p?[412] + 2[203214]) (1 (1]3) + 2(3JU13]1))
,u2312<1\L1\1]
Writing the explicit solution for Is and its conjugate,
o is14(1]3)°
f |inf [C l) = —
i [ 0| ) =~
inf [iBQf [0432]] (L) =0
By averaging the results, we obtain
2] (1= ot a— 4+) _ 1 ) S14
C’3;14 (19 72g 73(7 74q ) - 564;0 (_7 +a +_) 8_13
5.2.3. Bubble Contributions
Left Turning solutions for loop momenta
Solutions for the channel s;3 The loop momentum can be written as
S1(1— y(1—y) S —p?
b=yt + D ) g+ Lo [2].
v vt
where K '{ and x are given by
}{? =2, x=1
y (1 —y) s — p?
llzsz+(1—y)K1+t\2>[1!+( )\1>[2\,

S12t

(5-303)

(5-304)

(5-305)

(5-306)

(5-307)

(5-308)

(5-309)

(5-310)

(5-311)

(5-312)
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For the triangle contribution to the bubble we need the third on-shell condition to find y. Writting
y in terms of ¢, we find,

1
Y+ = a4t + a4+ + 7Ok (5-313)
— :l: « = 524
Qs = So4 — S14 £ (S24 + S14) _ L+ = A7 (5-314)
2 (1142 o0, = ity
1 =1
gt =~ (1+1)=4">" (5-315)
2 Qg = 0
_,24042]
5 (14| 2] Q3,4 = U3
I _ 2l (5-316)
2 A

Solutions for the channel s33 The loop momentum can be written as

51— y(1—y) S —p?
=i+ S 17 g+ W)t Lo [3]. (5-317)
where K '{ and y are given by
K =3, Y =2 (5-318)
1 — ) 893 — 1?2
Iy = yKs 4+ (1 — ) Ko+ 1]3) 2] - L=V 7 10) oy gy (5-319)

823t

For the triangle contribution to the bubble we need the third on-shell condition to find y. Writting
y in terms of ¢, we find,

1
Y+ = a1+l + oo+ + 708+ (5-320)
a1+ = At
s = e (5-321)
A= = TR
1 =1
ape =11 =" (5-322)
2 Qg = 0
_ o 2n
114]2 Q3.4 = p° "
a3+ = iN2L2|] = 2S<213‘4|2} (5-323)

Right Turning solutions for loop momenta

Solutions for the channel s;3 The loop momentum can be written as

(y(1—y) S —p?)
vt

50y _y)x+t‘K?> x| +

I = yk; + ) (K] (5-324)
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where K '{ and x are given by

(y (1 —y)s12 — p?)
S12t

ly=yKo+ (1 —y) K1 +t|2)[1] + 1) 2], (5-326)

For the triangle contribution to the bubble we need the third on-shell condition to find y. Writting
y in terms of ¢, we find,

1
Y+ =+l +ag 4 + 708k (5-327)
_ + 1% — _S24
o = AT St o) _ J s = i (5-328)
2(1[4[2] o, = — ity
1 az 4 =1
oy =-(1+£1)={>7F (5-329)
2 Qg = 0
_ 2 {142
5 (14| 2] Qa3+ = U™ 3
gt =Ep 5 — = S (5-330)
12 W= T,

Solutions for the channel sy3 The loop momentum can be written as

S1(1— y(1—1y)S; — p?
b=k S i) g o WD) g ) (5-331)
Y vt
where K '{ and y are given by
1 — 1) s93 — 2
b= yKs 4+ (1= ) Ko+ 1]3) 2] - L=V 32 7 10) oy gy (5-333)

23t

For the triangle contribution to the bubble we need the third on-shell condition to find y. Writting
y in terms of ¢, we find,

1
Y+ = a1+t +ag 4 + 708k (5-334)
0417_;’_ = 524
o = e (5-335)
R P ITE)
1 az+ =1
ags=-(1£1) =9 7" (5-336)
2 Qg = 0
_ ,,2(2113]
o, o(14]2] o34 =pTg
a37:|: - j::u 32 - . 2 <2f‘4|2} (5'337)
12 o3 = —U
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bubbl — 9=
A (17,57 57.47)

Left Turning

Channel 515

i i (i@ Glal4en1)? _
Ciz = 120134 o (4]1114] < s12(1)11|1] ) o s12 (A1 41|13 |1] (5-338)

[ [ 0] o .

and the triangle contributions,

(3]0 4]¢21k [1]2

Cogs =i 5-340
234 s12(1]11]1] (5-340)
l/I}Qf |:ti>nflfm [C234]] =0 (5—341)
2 o=
Ol (1F,2,,37,4F) =0 (5-342)
Channel 593
i i (2l 1% (3 |14] 4]
Cyy = - 5-343
M= Tl ( 512 211212 (555)
inf {in {inf [024]” =0 (5-344)
2 |0 |y
and the triangle contributions,
i (2]12] 1) (3 |14] 4]
Cloy = — 5-345
124 s12 (2 |12] 2] (5-345)
I&f [tglifm [0124]] =0 (5—346)
finally,
2 o=
Oy (1F,2,,37,4F) =0 (5-347)

Right Turning
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Channel 512

7
Cyo =

1

(1]La| 1] (3 |L2[3
[1]L2|2)

] Caz21

" s12(1|L4 1] (3]L2| 3
inf [m [inf [042]” =0

p2 |t Y

and the triangle contributions,

Cazp =

12

finally,

Channel 5923

1

1
(1]L4f1
. [La2)

512 (1 |L4| 1]

] Cazat

inf[ inf [0432]} =0

t—Tm

T (2 <3 (zgz( 2> 2 (32>> (2 [1 (ng( 4] 2 [14])

> (2 <3 (zgz( 2> _— (32>) (2 [1 (ng( 4] _— [14])

O3 (

+ 9— a— 4+
19,2434, 4

) =0

1

C31 =

(2|L1] 2] (415] 4]
[1]L2]2)

Caz21

 s12 (2L 2] (4]15]4
inf [mf [inf [031]” —0

p2 |0 |y

and the triangle contributions,

7
Cyz1 =

inf [ inf
12

finally,

Afubbble (1;7 2;—7 3374;—

Left Turning

(2|L1]2]
A
512 (2 |L1| 2]

t—Tm

)

Ca321

[0431]} =0

T (2 (3 (zgi‘ 2) - 12 (32)) (2 [1 (ng\ 4] 2 [14))

= (2(3 (l?j( 2) — 2 (32)) (21 (ng( 1] = p2nay)

Cizs (

+ 9— a9— 4+
15,2437 4

) =0

(5-348)

(5-349)

(5-350)

(5-351)

(5-352)

(5-353)

(5-354)

(5-355)

(5-356)

(5-357)
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Channel S12

7
Ciz = 1—20134 =
1

inf [mf [mf [013]H =0

uZ |t Y

and the triangle contributions,

Cozq =

7

_ Bll4][2]0L]1)*

(4]2]4]

I

(Bl 4] 210

i(31114] [2]1] 1)?
812<1|l1|1]

1)°

812<1‘11’1]

2

m

inf L 1n,lf [Ca34]

]:

s12(4[l1 |[4](1]l1 [1]

- ot +
2 (1. 29,374

) =0

Channel 5923

Coy =

inf
12

and the triangle contributions,

i

(1]I2] 1]

{i%f {ix;f [024]H =0

t

i[2]12] 1) (3]1a] 4]
5192 <2 ‘lg‘ 2]

i (212] 1) (3 |14] 4]

Clog = —
12 s12 (2 |12] 2]
inf [ inf [0124]] =0
LL2 t_>Tm
finally,
Oy (15,28,37,45) =0
Right Turning
Channel 515
7 7
Cho = C
T (ULl 1] (3] Laf 3]
(1] Ly |2]

~s12 (1[La| 1] (3| L] 3] 2

inf [inf [inf [C42]H =0
u2 |t Y

(24

i

2 [42]) (2 <1 (ng( 3> -

(5-358)

(5-359)

(5-360)

(5-361)

(5-362)

(5-363)

(5-364)

(5-365)

(5-366)

(5-367)

(5-368)

(5-369)



5.3 Full amplitudes 109

and the triangle contributions,

1
Cazz = m04321
_ . (1 La[2] il o] 2 oo\ 2
=i T (2 [4(141(2] u [42]) (2<1(ll2(3> " (13>) (5-370)
I&f |:ti>n7f“;n [0432]:| =0 (5—371)
finally,
Pl (1,,25,37,4F) =0 (5-372)
Channel 593
') ')
O L e
(1] Ly |2] b7l 9 b 2
- — 2 14|11 2| — u2[42]) (2(1]I —u2 -
312(2\L1]2]<4113]4]M2( { ‘3‘ } el D( < ‘l3‘3> a <3>> (5-373)
inf [mf [mf [031]” =0 (5-374)
u2 | 0 Y

and the triangle contributions,

7

Can = g Ciom
_ '812<<1Z|1‘IZ;‘|§]] - (2]a (131( 2 — 2 142]) (21 (ng( 3) — u? (13)) (5-375)
inf { inf 0431} (5-376)
finally,
C5s (15,28,37,45) =0 (5-377)

5.3. Full amplitudes

5.3.1. AP (1),2,,37,4))

g’74’ 7q

Left Turning

Our full left turning amplitude is given by

AL (15,2, 57.47) =

1 2 e e s 1525
= TTC40 (—h—;—i‘—){ <6—2 [(—s12) ™ + (—s14) "] — log? ( 12) —772> <312314+ _ 212714 14) +

512514 514 2 s13
1

S —€ S —€ 3 1 —€
—= |:—ﬁ (—s12) "+ S (—s14) :| + < [— (—s12)” “ + 2:| + R} (5-378)
€ 513 513 2 e
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Where R are the rational terms,

1 S S S S S S 1
R = ~eao (+, = +-) {— <2+ B ﬁ) + <2+ﬁ +§> +==2 +ﬁ] = —=ca0 (+,—;+—)
4 523 513 513 813 2
(5-379)

the amplitude takes the form,

Ai—lOOp (1;-’ 2‘;’ 3374;) — 7'1—\04;0 (—1—, _7 +_) (_812)_6 X

3 3 2 1 1
) |22 g () p3 oo g2 282 (102 (212) 4 22 ] (5.380)
62 2e € S12 2 2 513 S14

Right Turning

Now, let’s study the right turning amplitude,

AT (15.2537,47) =

= rrego (4, —5+—) { ! (3_2 [(—s12) 7 + (—s14) "] — log? <S£> - 7T2> <—l@> +

812514 814 2 513
1 |sua —e 512 e 3 [(—s12)" ¢
A L _ 22 S 4ol 4R 5-381
= [813( 512) 313( 514) } + 5 { ; +2| + ( )

1s 1s 1
R = —£C4-0 (+,—+—) + —£C4~0 (+,—;+—) = —=ca0 (+,—;+—) (5-382)
2513 2513 27
with this,
AP (1F,25,37,48) = rreao (4, =3 4+—) (—s12) 7

1 3 1  1s99 o [ S12 2
- ——3—=—4+-——11 — 5-383
62 2¢ 2 2 S13 < S14 T ( )

5.3.2. AP (1;,2F,37,4))

g’74’ q

Left turning

Box and triangle contributions,

AT (15.25,35.47) -

Box+Triangle

(3 2 —514 1 (s}, 2 (512 1 o (s
=rpego (—, +;3+—)(—s E{———lo < )—i——(——i—l lo — )+ =5 -1
T"C4;0 ( ) ( 12) €2 p g —s19 2 8%3 g 514 2 8%3
(5-384)
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Bubble contributions

AP (17,2837, 47)

9779779’ 7q

Bubble
3 3 814 514\ 514 1514 514
e o {9 D (22 1 (22 g (22) L (1)
2¢ 2 512 513 512 2513 512
(5-385)
And the rational contribution, R is given, by,
1 s
R = =cgo (— +;4+—) 22 (5-386)
2 S13

The full left turning contribution to the amplitude amounts to

Azll_loop (1;7 2;-’ 3:1_7 4(‘1") = T7C450 (—+;+—) (—812)_E X

3 3 2 —S14 7 1 1 2 1 o [ S12 3 S14
x{S 4= —Zlog | —2 )+ —=—= -1 e
{62 + 2€ € 08 <—812> + 2 2 27T + 2 08 S14 2 8 S12

(1 + <%§> log (2—12))2 ~log <§%> + <z—§>2w2] } (5-387)

Ll
2 513

This agrees with the application of the transition rules from the HV to DR scheme as in KST
(eq. (5.35))

Right turning

Box and triangle contributions

A}l—loop (1;’ 2;-’ 33’ 4;]")

Box+Triangle

1 183 S 183

€ 12 2 12 12 2

=r n(— c4+—)(—s —— ———21o — ) — ——==7 5-388
1"04,0( s T )( 12) |: 62 2 %3 g < 1> 2 ;{,3 :| ( )

Bubble contributions,

Bubble
3 s12\ 2 814 1519 514
= 0(—=,+:+—)(— =3+ (=1 N -
rreao (—, +;+—) (—s12) [ 5 3 <313> og <312> 2555 18 <312>] (5-389)

And the rational contribution, R is given, by,

Ai—loop (19—’ 2;-7 337 4;-)

1
R =Zcuo (= +i4—) 2 = —Zepg (- +1+) (1+ 22 (5-390)
2 513 2
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The final result for the right turning contribution for the amplitude is

Al toop (1;7 2;_73q 741—;) = TTC40 (_7 +; +_) (_512)_6 X

1 11 2
wJoLt o3 g L Lswf) s, (5 —I—lg U (22) 2 L (50301
e 2 2 2513 513 512 812 S13

These results are in agreement with [18]. For this check we used the transition rules HV to DR

Ne

because the amplitudes computed by Kunszt et al appear in the HV renormalization scheme and
we have worked in FDH regularization scheme.

BRI (-3 4) = olf (o) = el (i on g (Mem 1) (5392)




6. One-loop amplitude of Higgs with partons

Higgs production in the gluon—gluon fusion mechanism is mediated by triangular loops of heavy
quarks. In the SM, only the top quark and, to a lesser extent, the bottom quark will contribute
to the amplitude. The decreasing Hgg form factor with rising loop mass is counterbalanced by the
linear growth of the Higgs coupling with the quark mass. In this section we discuss the analytical
features of the process.

0.1

BR(H) -

0.01

0.001

syl I
100 130 160 200 300 ) H00 T00 1000
.-'1[,!; [C;E"\'r‘.

0.0001

Figure 6-1.: The decay branching ratios of the Standard Model Higgs boson and its production
cross sections in the main channels at the LHC [60].

The process gg — H by far dominant process, where

b t=0 (104) events @QLHC
=0 (103) events @QTevatron
we obtain huge cross sections for QCD processes.

In this chapter we show another application of our formalism, where we are looking for the
amplitude for the process ggg — H, however, we do not have an interaction vertex of two gluons
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with one Higgs, then we need to go to higher orders to get relevant information. Indeed, to study
this process gg — H we should contruct an effective vertex of gluons and Higgs, which gives us a
process to one-loop. The most interesting part is to study the process ggg — H because with an
effective vertex we get to compute a process to two-loops. It is worth to mention that this is a first
step of analysis of the study of the Higgs production at NLO accurancy in QCD. We mention the
papers [68], [69] in which by using the code NINJA based on an integrand reduction constructed
on the lines studied in this thesis the cross sections and the differential distributions are calculated
for the process gg =+ H + ¢+ ¢+ g . The agreement with traditional techniques implemented in
SHERPA and GOSAM is of very precised.

6.1. Effective vertex

From the standard model H does not couple to massless particles at tree-level. This suggests us
that the process vy — H to lower order must be treated to one-loop, this loop has to be fermionic
due to the Higgs/photon couples to fermions[60].

Moreover, to developing one-loop diagram calculation it becomes complicated, for this reason we
need to take certain approaches such as: H momentum is small (i.e. My < Mje0p), it implies top
mass going to infinite (m; — 00). In addition, this approach is correct because the processes at the
LHC are given by 95% when there is a top quark loop and 5% with a bottom quark[61], 62, (63, [64].

/0 =
/q 0
/
p > // > p__mi >
i m i T v Om i
p—m (_?) p—m p—m
P, K
o im0 P P ( m\ O Y
H =g v = =i (—=5) 55T
q,V

Figure 6-2.: Effective vertex for the process vy — H, Here v is the vacuum expectation value

(v =1/VV2GF = 246GeV)

To compute this amplitude we need the photonic selft energy due to the bubble configuration [12].
Here we consider the approximation when the transfered momentum in the top loop is much larger
than the Higgs momentum (see fig. [6=2]), the first triangle configuration can be studied as the
derivarive of a bubble.

Computing the amplitude for the bubble configuration and calculating the derivative of the
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fermionic photon self-energy,
—'W %) = ﬂ — —iee 1ee S -
TL0Y = [ G 0T (oo g ieep) = | (6

2l e Te{y, (F+m)v (p+ k) +m}
2) = —iN,e? dk K 6-2
1,} )= o / (2m)" [(p +k)? - mz} (k* —m?) o

with N, = 3 (1) for quarks (leptons) and ey the electric charge for the fermions in the loop.
Applying rules for traces of gamma matrices and writing the denominator with Feynman parame-
ters,

Tr {'Vu (% +m) v (? + %) + m} ="Tr {%u%'% (? + %’) + m27u7u}
=4 [2k,ky + (m* —k* — p- k) gu] (6-3)

1 B /1 dzx B /1 dzx
[(p—i—k)Q —m2] (k2 —m2) Jo [K+2p-kz+p2e—m?®  Jo {(k; +px)? + p?x (1 — ) — m? i

the fermionic photon self-energy takes the form,

Y 4 1 42k‘k‘y 2—k‘2— -k y
H@%=4Mé%/dkédwﬁ” L vk o] (6-5)

v (2m)" (k+ p2)® 4 p2e (1~ ) — m2]

This integral is solved with the following procedure
e shifting k — k + px,
e doing the Wick rotation kg — ik for Euclidean space (i.e. k* — —k?)

e And, using the symmetry relation,

1
kyk, = 1 Gk (6-6)

e We write the integral in spherical coordinates, where we have the identity
/ d'k F (k*) = 27? / dy yF (y) (6-7)
0

With these prescriptions,

Y
H(pz):—zNefe x4 xm?x —— /dx/ dyy

1%
[Sy+m?—2(1—2x)p ] g + 22 (1 — ) [g,up® — pupv]
ly +m? — p2z (1 — )]

(6-8)

2 /2 (3)

"Here the solid angle has been expressed as f dQd, = o)
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Due to gauge invariance, photon is transverse (o< gu,p? — pupy): the first term (o g,,) vanishes
and we study the remaining,

7Y Ne262 1 00 20 (1 —
2\ _ ¢f 2 / / z ( )
|| p°) = ——5— (9uwp” — Pubv dx dyy 6-9
/w( ) 4r? (9 ) 0 0 [y +m? —p2z (1 — z))? (6-9)

We now compute the H~y~v vertex. It is important to see that external photons are on-shell and
p12 # p (and must be symmetrize, i.e. A,I;IVW — 2A,I;I,,W) but p? = p1 - p2 = sM3.
We write down our amplitude

¥y
m 0

AL = _2;8— (p1,p2) == amg H (p1,p2)

2m2Ne e? / —2r(1 =) ydy
) ) - ) . 6-10
(9uwp1 - P2 — P1uD2 / [y +m? —p?x (1 — m)]s ( )

As we mentioned before, we are studying m; — oo, this implies m? > p? (M?{) Taking into
account this prescription inside the integral and integrate out over x and y,

1 ydy 1
f=a-nt= it €11
Finally,

2 «a
A,Ijuw = 3—UN06§; (p1 - P29 — P1uP2V) (6-12)

The amplitude obtained is finite and there is not tree level contribution, then the approximation
my > Mpy is in practice good up to My ~ 2my. By the way, only top quarks contribute, other f
have negligible Yukawa coupling.

The calculation made for photon can be used also for gluons if we make the changes:

® Qe — gsT",
e which v — ay
e and, N, — Tr {T“Tb}

Taking into accout the result obtained in eq. (6=I2]) we can construct an effective Lagrangian for
infinitely heavy quarks.
Writing the effective H~yvy Lagrangian[61],

£t = 1 (VaGr) " G (14 0 HEL (6-13)

with 3/ = 2(a/7) (1 + as/7) and the Higgs-quark vertex correction § = 2« /7 the Hvy coupling
can be readily derived:

(pr)1/2 ae
2

L (Hyy) = (1 - ?) HEF,, F"
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The generalization to the Hgg coupling follow from 3’ = % (as/m) (1+ %O&s/ﬂ') and 0 = 2o,/
that,

1/2
2G \ .
g = 0260 0 (110

HF; FM -14
127 4 7T> pr—a (6-14)

This effective vertex is in agreement with Adler et al[65]
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6.2. Higgs production in association with one jet

The SM Higgs boson can be produced in association with a large transverse momentum jet (j),
pp — jH + X, via the following subprocesses: gg — gH,g9q9 — qH,g9q — ¢H, and q§ — gH, the
mass of the Higgs boson might be reconstructed from its 777~ decay channel [66].

9 0000 OO0 q .
g
Yy Q vy - -
q
90000 S g ---

Figure 6-3.: Diagrams for real QCD corrections to gg — H.

Y

Y

If the quark mass in the loop diagrams is much larger than that of the Higgs boson, mg > my,
the ggH and gggH couplings can be obtained from the low energy theorem of the axial anomaly [65]
or from the exact calculation of gg — H at the limit of my/mpy > 1 (as we did in the previos
section).

In this section we are going to compute the amplitude
99 — gH (6-15)

that represents a two-loop amplitude, due to we have taken into account the effective vertex of
gluon-gluon fusion in a Higgs.

6.2.1. AJ7'P (1t 2t 3t H)

In our calculations we will use the effective vertex,

C
L(Hgg) = EHF;‘VFAW (6-16)
1/2
with C' = (\/_205# (1 + 1741%) Where the Higgs two-gluon color-ordered vertex is,

—21 (g’“mkl . kg — kllmké“),

6.2.2. Tree Level Amplitudes

To compute tree-level amplitudes, first we need the three-point amplitudse and then by using
BCFW recursive relation we obtain the remaining four-point amplitudes,
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Alree (=19, H,13) = —im% (6-17)
2 mj
AYee (H, 1M 21) = i[12]* = i—H (6-18)
(12)
4
A (H,17,27) =i (12)% = i (6-19)
[12]
A (H,1%,27) =0 (6-20)
, l|1]  m3 (g|la] 1]
Atree —lO,H, 1+7ZO _ ZSl1l4 <q, 2 _ ;' 6-21
O I B) = TG T ) (621
Atree (1+ ot g+ H) ; [32]3 L 11 ]2 z‘m‘}{ (6-22)
s s s =l 1 B P — -
! [12] [Bl]s2s 0 (12)(23) (31)
6.2.3. Cut constructible amplitude
Quadrupole cut coefficient
We consider the configuration showed in fig.
Figure 6-4.: Box configuration for the process A}l_lwp (1+,2%,3%, H)
If we take the solution for the loop momentum en terms of Iy, we obtain,
Iy =c(1y"2] (6-23)

where c is find by taking the on-shell conditions.
In the following calculations we consider the MHV —MHYV sequence because this is the only sequence
that does not vanish.
0
Cz[l;}123H (1+7 2+7 3+7 H)
The product of the tree-level amplitudes,
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Cuasn = Y™ (<17 1 15) AF (<1525 15) A (—1F,3%.17) AY™ (<1 1.1}

1°2+g> 29%g >
(2[l2[11[1413)(2[13 14|02 1] (113)
1
Cliton (17,2787 H) = AT 512828 (6-25)

We always have been studying Color-ordered amplitudes then is necessary to study all possible con-
figurations where the Higgs may appear, this is because this particle does not have color information.

Taking into account eq. (6-23]), we find other posible Higgs configurations by shifting the label
of each particle, for example consider C’AE(.]}H g3 (17,2737, H) and do the shift over eq. (6=23]) in the
following way,

1—3
2—=1
3—2
1
Ciloms (17,27,3% H) = S AT 513512 (6-26)
with the same procedure
1
Citpras (17,2%,37, H) = 5 AT 83813 (6-27)

Triple cut coefficient

For these triangle contributions we need to distinguish two posible configurations, the first one in
which the Higgs is in the four-point block with an external gluon (and internal gluons in 4 — 2¢
dimensions). The another one is when there is only gluons in the four-point block.

o We study the situation where the Higgs is in the four-point block, for intance, consider the
loop momentum solution for the channel s;g, then with the mass-shell conditions I3 can be
written as,

I =t (2[4"]3], Iy =t (317"|2] (6-28)
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Figure 6-5.: Triangle configuration for the process A}l_lOOp (1T,2%,3%7, H)

e Now, consider the block where all particles are gluons. With the mass shell conditions for

the channel sogwe obtain an explicit solution for Iy,

m2 2
= IRy (Ki 3] I = I+ (31" K5 (6-29)
—2 (KZ - Kg) = 519 — mY. (6-30)

Here K Z has been defined previously as,

b m2 m2 m2
K),=H — THKg = — (K, + Ky + K3) —THKg S [K1+K2+ <1+7H> Kg] (6-31)

With egs. (6-28]) and eq. ([6-29) we can compute all triangle contributions,
0
Cirasiaz (127,37, H)
The product of tree-level amplitudes,

Chrza = A (=17,17,2%,15) AYee (—1F,3%,1; ) AYe (-1, H,1T)

o implisf3P _imy(lisl3] i [21] (1015]3]
2) (G (|13 [lall3]2) — (2)(0[1) (32) — (1]2) (32) (1]l3] 2]
_imi [21] £(1]3)[31K4] (6.3
(112) (32) —(1[3)[2[K4] + 22D 4 [3)9](13)
taking the Inty,
o _amyy [21] t(1]3)[3|K4]
=W\ R e —t(1]3)[2|K4] + "BED 4 1319)(1)3)
_ im0 B)BIKA KAL) amyy
2) (32) (13) 2IRA] (KA]T) — (1) (213) oy 0+ o) (639)

-1
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finally,

Cg;)]123H;12 (17,2737, H) = Atm (13 + s23) (6-34)

Using symmetry (as before) we obtain all possible coefficients for the scalar triangle

C:E,?]lst;% (1*,2%,837.H) = —%Affee (513 + s12) (6-35)
C:E,?]le?,;lz (1*,2%,837.H) = _%Affee (523 + 513) (6-36)
Cg;)]123H;31 (1+> 2%, 3%, H) = —%Affee (s23 + s12) (6-37)
C£?11H23;12 (17,2737, H) = Ame (s12 + s13) (6-38)
C£?11H23;31 (17,2737, H) = —%Affee (s12 + 523) (6-39)

Now, we compute the coefficients that come from the four-point block where there is a Higgs.
We compute the coefficient C:L,Q]lzs .1 (17,277,317, H), the product of tree-level amplitudes,

Alree (—if H 1 1) AYee (—15, 27 1F) Alee (—15,3%,17) =
(314 1] [32)? im; [32)° [31](2[3)

taking the Infi,
in imy [32]° [3]11(2[3) - _
t()f ([3‘2](2’3’1]<1‘2>(t[3‘2]<1’2> _ <1‘3‘2])> =0 (6-41)
then coefficient,
Cg;)]123H;H1 (1+72+>3+7H) =0 (6-42)

Using symmetry,

3 123H 3H 2 3+ ) =0 (6-43)

0
C?E ]12H3 2H 1+ 2+ 3+ H) =0 (6‘44)

0
C:E, ]1H23 1H 1+ 2+ 3+ H) =0 (6‘46)

(1"
(
O s (17,277,835, H) = 0 (6-45)
(
(1"

clo

3 1H23;H?2 2+ 3+ ) =0 (6-47)
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Double cut coefficient

For the double cut, we need to consider two topologies for this calculation,

Figure 6-6.: Triangle configuration for the process A}l_lOOp (1t,2%,37, H)

First, we compute the coefficient C£9}123H_12 (1t,2% 3%, H) ,
Writting down the product of tree-amplitudes,

m*[2[1]°

Crz = AV (—14,1,2,13) AV (—13,3, H, 1)) = B2l sh ] (6-48)
the solution for /1 and I3 are given by,
=1 —-K'-Kf (6-49)
=yt + () K+ 2]+ L e (6-50)
using these solutions on C43, we obtain,
inf [C12] =0 (6-51)

y'm N Ym

Now, let’s study the triangle contributions to the bubble coefficients, where we have another one
on-shell condition and y can be find as,

t[2[3](3[2) t[1[3](3[1)
Yy =~ + L Y- = (6-52)
B (113]2]
taking into account the solutions for y, we obtain,
inf [013] =0 (6-53)

tm—Tmn

Finally, we do not have bubble contribution,

0
CPlosre (1F,2%,3% H) =0 (6-54)




124 6 One-loop amplitude of Higgs with partons

Using symmetry,

[0] _
Co123m:23 25,37, H) =0

0
02[]12H312 1+ 2+ 3+ H) =0

21H231H 1%,2%,3% H)_O

(1
(
Cytamss (11,2737 H) =0
(
(r

0]
02[1H23H2 2 3+ H)_O

6.2.4. Rational Terms
Box contributions

The product of tree amplitudes is given by,

Chasr = AYe (—19,1%,19) AYee (—19,27,19) AYee (—18,3%,19) AYee (-9, H,17)

N2 (AN312J(AN3]3]  pt(2[1[2](1[13]3]
(12)2(113) (12)2(113)

writing the solution for I3 as,

2

C

== B12] — = (2|4

3 2<3PY\] 28%0(!v!3]
(2[1] 3]

c==xu
(311]2]

with I3, C1a3y becomes,

4c(2]112] (31) [32

Crostr — HIHH]Kf

(12)2(1]3)
with this result
Infﬂ4 [01234] =0

Finally,

OBl (17.2°,3%, 1) —0

CAEO;}12H3 (17,2737, H) =0

Cz[l(;]}lH% (17,2737, H) =0

(6-55)
(6-56)
(6-57)
(6-58)

(6-59)

(6-60)

(6-61)

(6-62)

(6-63)

(6-64)

(6-65)
(6-66)

(6-67)
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Triangle contributions

First we study the configuration where the Higgs is in the four-point block.
For this case, the loop momentum can be write as

Ho_ H H - H H —
=213 - 7 3112, B =312 - 1 2193 (6-68)
we have taking into account the mass shell conditions,
5=, 1= (s = 3)* = 1%, 15 =(ls+2)% =y

The another one contribution for this process is when there are four gluons in the four-point
block
The solution for the loop momentun, 4,

m2

pw_ Mg n “ [ .

ly = LKy <K4 #13] = 1z (371 K3 (6-69)

H = _%{K M K _ 'u_ Kb n

4 = 3" K4 At 23 (6-70)
Y

where the mass shell conditions are given by,
=0 B = (- H)? =72, B=(+3)" =’

With these prescriptions, we compute the rational contributions from the triangles,
First, we study the contribution from the triangle C?E?}123 e (17,2737 H)

20, (17,2%,3%, H) = inf [i&f (A6 (<11, 1,2,13) AYe (—~I3,3,14) AL (~ly, H, 13)]]

ipt[2[1])[3]K4]

— infinf

WO | o 1)2) (L2ABMKA_ ourg11)(Ka(1) + 2280 4 119017 + (1]3[1

sia3(112) ( Fgpms [BILJ(K4[1) + =55 + (1[2(1] + (1[3]1]

i[2]1][3| K4] mi;
=0+ — (513 + 823) i = (6-71)

(112)(13)[1]K4] — (1]2) (23) (3[1)
finally
2 1 ireeS13 + 523
C?E;}123H;12 (1+’2+v3+’H) = §At4 m2 (6-72)
H

Using symmetry to obtain other contributions,
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051123H;23 (1+,2%,3", H) = %Agjee%
0151121{3;12 (17,27,37, H) = %AZ“%
03[31121{3;12 (17,27,3%,H) = %AZ@@SHT?
Citpra (17,2737, H) = %Aireemmi?
C£?11H23;23 (17,273, H) = %AZ“SHT?

Now, we study the triangles that include the Higgs in the four-point particle,
Consider C?E]m?, map (17,27,3%, H), the product of tree-level amplitudes,

2
2] b oot ot gy e o 1m7(313]2] (2|1 |1](2]4 3]
2C50030 (17, 27,37, H) = %fligf< (112)(2[3Y2 (1[12[1]

e im?(2|13|3]((2|13]1] — (2]3]1])(3I3|2] im% s
:1nf1f<— 3 3 3 >:<12> H 23

02 (112)(213) ((L]23[1] + (1]2/1]) (23) (31) m3,
finally,

1
Cg}IZ?)H;lH (17,2737, H) = _§Aflree;i23
H

The remaining contributions,

2 1 512
Cig;}123H;H3 (1+’ 2+’ 3+’ H) = __AZT8€_2
2 my

1
C:L,?}les;sH (17,2737, H) = _§AZT86T%2
H

; 1 513
CZE;}12H3;2H (1+72+73+7H) — _§A1Zee_

my
% + ot gt ) = _ L gtree 523
Cs1mo3,1 1 (1%,2%,3%, H) __§A47"eem_%{

¥ t2t 3t 1 e 813
C3imoson (1 ,27,3 ,H) __§A47"eem_%[

The remaining bubble contribution also vanishes.

(6-73)

(6-74)

(6-75)

(6-76)

(6-77)

(6-78)

(6-79)

(6-80)

(6-81)

(6-82)

(6-83)

(6-84)
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Bubble contributions

For the bubble contribution to the rational part, we need to compute only one diagrams, the other

posible diagrams can be obtained using symmetries.

First we compute the pure bubble contribution,
Sewing two tree level amplitudes,

2 (2[13]1[13]313]2
C113 :AZTEG (_117172713)“45{66 (_13737H7ll) = e < ‘ ’ ’ ‘ ‘ ’ ]

(1]2)(2113[213)(3/133]1)
Writting the explicit solution for [y,

t 1 w2
b= yKY + (1= y) Ki'+ 5 217" 1]+ 5 ((1—y>y— —) (L) 2)
512

using momentum conservation and taking Inf,,

_ 1 1512
2 (112)(2(3)(3[1)

tree

1
Infuz [Infto (Infy [013])] = 5 4 S12

This result has been obtained from the terms of y° and y'.
Now, we compute the triangle contribution to the bubble.
Studying the only one triangle that gives contribution,

Choz = AV (—11,1,2,13) AYC (—l3,3,1y) Ay (—ly, H,1y) =

p2(213[113|3[13|2]

As we know, for triangles we have another one on-shell condition,
B=0+H =l -1-2-3)7°=p4
then, using this condition y is determined in terms of ¢,

(10321 tsis _pPQAU312) | tsas

(112)(1[3) (2[13[2[3)

= 1 =
TR (B T )
putting the explicit solution for /1 and taking into account y,

Infym_,7,, [C123] =0

Finally, the bubble coefficient becomes,

1
0{22]311;12 (17,2737, H) = §AZ66312

(6-85)

(6-86)

(6-87)

—~

6-88)

(6-89)

(6-90)

(6-91)

(6-92)
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Using symmetry,

i 1 523
Cl[2}3H;23 (1+7 2+7 3+, H) = §Aireem_%{

1
01[22}1{3;12 (1%,2%,3", H) = iAiree;—Z

[2] e 513
C12H3;13 (1+>2+v3+>H) - §A4ree—

miy

¥ — L iree S13
01H23;13 (1+,2+,3+,H) - §A4reem—4
H

" _ L iree S23
Crgmas (11,2537 H) = S AT 22
H

6.2.5. Full Amplitude

Considering only the box coefficient,

—100; 2 1 —€ —€ —€
Ayl (1+,2% 3% H) = {%6—2 [(—s) + (=) = (-m%) }

2rp . m%{ . m%{ 1 5 (S w2
—— |L - 1 L 1-—+ —1 (—) - —
st{u( s>+l2< i )T 7)) 7%
1 tree 1 tree 1 tree
X 5144 512823 + 5144 512813 + 5144 513523
1 _ _ _ _
= TFAt4ree {6_2 [2 (—812) C4+2 (—813) c+2 (—823) c—3 (—m%{) 1 —
2 2 2
— {2Li2 <1 . @> + 2Ly (1 - @> + 2Ly <1 - @ﬂ
S12 513 523
1
—= [log2 <S£> + log? <%> + log? (ﬁ
2 $93 S13 523

and the triangle coefficient,

1—loop (14 o+ o+ _m (_‘[(12)_6 B (_‘[(22)_6
A4 (1 ’2 ’3 ’H)Triangle - €2 (_KIZ) _ (_K22)

(6-93)

(6-94)

(6-95)

(6-96)

(6-97)

1
X —51413[66 [(813 + 823) + (813 + 812) + (823 + 813) + (823 + 812) + (812 + 813) + (812 + 823)]

= —Z—g [(—812)_E + (=s23)" 4 (=s13) =3 (—m%{)_j (6-99)
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The cut constructible amplitude is given by,

A}L loop (1+72+73+7H)Cut—00nst — TFAt4ree {6_2 [(_312) ( 813) € ( 823) 5] . 7

)
() e () e (2)

tree 1 —€ € 7T2
=mA 3 [(=s12)" 4 (=s13) "+ (—s23) "] — 5
523

_|_
+[2Lig<1——>+2L2< ) < 2)]
miy My
512 823 S12. 513 513 523
H ir H H H H
Where we have used[12] [70],
) m% ) 512 1. 5 512
Lig|1-—= ) =-Li2 (1 - — ) — s log" —- (6-101)
m 2
log? S12) _ log? 8—122 + log? 8—2 — 2log % log Siz?’ (6-102)
523 my miy My My
Finally, the full amplitude is,

Al loop (1+ 2+ 3+ H) = e Atr’ee {_2 [(—812)_6 + (_313)—6 + (—823) E] _ 7T_

) = 2
- 25) o 22) o 12
() e ) ) e ) ()

1
_ Lsi9813 + 812«;23 + S13523 n 1} (6-103)
3 miy

This result is in agreement with [19].



7. Conclusions

We have presented developments in calculating perturbative scattering amplitudes in QCD theory.
The proposed methods can be readily extended to any gauge theory. In particular, we have discussed
computational techniques for gauge boson and fermion scattering amplitudes at tree and one-loop
level. The main focus of the thesis has been the study of the on-shell methods, that exploit
the analytic properties of the amplitudes. The great success of these methods has revealed in
many computational advances and simplifications in perturbative computation of amplitudes in
non-Abelian gauge theory.

Color decomposition has led to great simplification due to the color-ordered primitive amplitudes.
The spinor-helicity formalism has revealed a great simplicity in amplitudes. The most striking
example is the class of MHV amplitudes. At one-loop level, in addition to the color decomposition
and an expansion in terms of scalar integrals has required the computation of their coefficients,
which are rational functions of the momenta and polarization. Those coefficients are computed
by the generalized unitarity technique, based on the tree level amplitudes obtained by multiple
unitarity cuts.

Useful recursion relations like BCFW allows for the calculation of the tree level amplitudes more
efficiently than Feynman diagrams, the simplification and the lack of redundacy, which becomes
proibitive for a multipartonic process, is actually based on the appropriate continuation of mo-
menta to take complex values. The behaviour at the singularities required by unitarity makes the
remaining job. This is based on working explicitly on the amplitudes which are by construction
gauge invariant, instead of Feynman diagrams, which provides gauge invariant sums, but in their
intermediate steps are not gauge invariant.

At one-loop level, we have explored the unitarity methods and we have provided a new formalism
with extended helicity spinors and consequently extended polarization vectors, which allows for
fully reconstructing the one loop scattering amplitude in their rational part as well as in their cut-
constructible part. The main message of this thesis is that there is an unified formalism in which
the cut-constructible part and the rational part of a scattering amplitude can be found at once.
It is enough just to give off-shellness to the internal momentum in a natural way related to the
dimensional regularization and then to perform multiple unitarity cuts for massive internal legs,
where for a massless theory such a mass is exactly the off-shellness. In this thesis there are very
non-trivial examples that such a prescription really works since we have been able to reproduce
important 2 — 2 partonic amplitudes at the next-to-leading order as well as the Higgs with one
jet in gluon-gluon fusion. The novelty of our approach is that our formalism works in the gauge
theory at hands in its purely four-dimensional formulation, meaning that we do not need neither
the supersymmetric decomposition or the extension of the spinors in higher dimensions, which, for
such problems, was typical of previous approaches . Our generalized spinors needed to take into
account the polarization of the cut internal legs are purely four-dimensional. So by regularizing
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our gauge theory in dimensional regularization and adopting the FDH (four dimensional helicity)
scheme we have provided a formalism that can implement such a procedure.

There are many outlooks for this job; they involve the two-loop implementation of our formalism
but also a complete automation at one loop. For the latter we expect that our formalism can be
mixed with the semianalitical technique like OPEN-LOOP [71]. The last one being particularly
attractive, because our proposed formalism could solve the problem of finding the full dependence of

p? of the integrand obtained by the OPEN-LOOP technique for a next-to-leading order scattering
amplitude.



A. Color Algebra

We study the group SU (3) that has 32 — 1 = 1 generators and is represented by,
SU (3) = {U € My (C) JUU" = UMV = Iy, detU = 1} (A-1)

These generators are traceless and hermitian.
The standard choice for the generators of the fundamental representation are

1
& = )\ A-2
: (4-2)
where A% are the Gell-Mann matrices,
010 0 —¢ O 1 0 O
AM=1|1 0 0], =i 0 0], A3 = -1 0
0 00 0 0 O 0 0 O
0 01 0 0 —i
AM=1]0 0 0], Ad=1|(0 0 0|,
100 i 0 0
0 0O 00 0 1 10 0
=10 0 1], Ar=|(0 0 —i], Ag = % 01 0 (A-3)
010 0 ¢« 0 0 0 —2

Is clear to see that t!,¢2 % generate an SU (2) subalgebra.
The properties of the group are defined by the commutator,

[ta’ tb] — Z-fabctc (A-4)
with f%¢ the structure constants that are completely antisymmectric in the indices,

1 V3
f123 -1 ’ f147 — f165 — f246 — f257 — f345 — f376 — 5 ’ f458 — f678 — 7 (A-5)
In the SU (3) we can consider two different representations:

e The adjoint representation, where the color indices are denoted by a, b, ¢, a;,... € {1,2,...,8}.
Here the dimension of the adjoint representation is d (G) = N? — 1 = 8.
By the way, the antisymmetry of f%° can be showed by studying the operator t? (t? = t%t%)
that commutes with all group generators[I]

[tb’tata] _ (Z-fbactc> 4 4 4o (Z-fbactc) — jfbac e 491 = (A-6)
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this implies that t? takes a constant value on each irreducible representation,
facdfbcd — 02 (G) 5ab (A—?)
here C5 (G) is the Casimir operator for the adjoint representation.

e The fundamental representation N, = 3 with its conjugate representation N, = 3 for quarks
and antiquarks respectively.
Fundamental color indices are denoted by i,i9,... € {1,2,3} and anti-fundamental by
51,52, ... € {1, 2,3}
Then the matrix representation of T2 is proportional to the unit matrix,

t4* = Co (r)1 (A-8)
Furthemore, we have the relation
tr [tatb} =C (r) 6% (A-9)
if we contract eq. (A=9) with §% and take the trace to eq. (A=8), we get,
d(r)Cy(r) =d(G)C(r) (A-10)

d(r) and d (G) are the dimensions of the fundamental and adjoint representations respectively
All t%s satisty,

1
arb| _ ~ cab -
tr{tt}—25 (A-11)
then C (N) and Cs (N) are given by,
1 N? -1
= — == A—12
C(N) =3, o (N) = = (A-12)
InN=3C3B)=10C(3) =3
Fact 1. Fierz identity
a j a j j 7 1 j 7
(1% (1)} = 61260 — o720l (A-13)

Proof. The set of {I, 7%} spans M3 (C), which means any 3 x 3 complex matrix can be expanded
in terms of

X = Xol 4+ X, T (A-14)

For any representation of SU (N) algebra {T°} satisfying relation (A=9) we get,

1 1
Xo = 7 T[], X, = =T [XT") (A-15)
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A Color Algebra

putting (A-15)) in (A-14]),

Factoring the matrix X,

Finally,

with C' = 1 we recover (A-13))

1
Xij = 7 Xwwdij + mXuTi

il

1

C

1
Ne

B

N 030kt +

Orj =

15T = 6adkj —

15

1
5Tz’§'T1§‘z

N
N

030k

(A-16)

(A-17)

(A-18)



B. Numerical evaluation for Spinors

B.1. Spinor ldentities

Fact 2. Relation between left-handed and right-handed spinors

ur (p) = (i0%) uj (B-1)

Proof. From eqs. (2-37)),
(poao —p- 6:) URr = (B_2)
(poo'o +p- O_:) ur, =0 (B'3)

conjugating (B=3),

[(Po0o + D &)ur]” = (pooo + 75" uj, = (poUo - (102) p-o (iaz))
2

(iaz) p-o (z'o*

—p-o (1'02) = (B-4)
Comparing eq. with (B-2]), we obtain,
ur (p) = (i0?) u (B-5)
O
Fact 3. Fierz Identity.
The general Fierz identity can be written as an equation,
(D up) (@30 Pug) = CABp (T %s) (T Pus) (B-6)

C,D

where, u; represents the spinor for the particle with momentum p; and I'’s are any 16 combinations
of Dirac Matrices that have the normalization

Tr [FAFB] 5AB (B-?)
I = {L’yo,w = [+°,7] 5 ] 7,00y 75} (B-8)

with i,7 =1,2,3 and i # j
If we take,

T, (%), Z CMop (T9) 5 (TP, (B-9)
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and multiply by (FC)Ea and (FD )_ in both sides, this becomes

ab
(5T aa(T?)an(TF) 5 = 16047 pp (B-10)
CAB op = 1—16 T 0CTArPTE (B-11)
from this relation we obtain
ar, (p1) Y'ur (p2) [l gy = 2 [ur (p2) @r (p1) + ur (p1) @R (p2)] 4 (B-12)

Proof. Consider two arbitrary spinors a and b, using (B=6), (ar, (p1)y*ur (p2)) (ary*br) can be
expanded in terms of Dirac Matrices as,

(ar (p1) Yur (p2)) (apy"br) = (ar (p1) Y*ur (p2)) (bry*ar)
16
= Z Ce (ar, (p1) TL) (arlcur (p2))

=1
= (ur, (p1) ar) (brur (p2)) — 2 (ar (p1) " aR) (bRWUL (p2))
— 2 (ar, (p1) v"7°ar) (bryuvsur (p2)) + (@ (p1) v ar) (bry ur (p2))

= (ur, (p1) ar) (brur (p2)) + (L (p1) ¥ ar) (bR'VsuL (p2))
= 2(ar (m) ar) (brur (p2)) = 2ar, [ug (p1) ar (p2)]br,  (B-13)

(ar, (p1) ur (p2)) (arY"br) = 2ag [ur (p2) ar (p1)] br (B-14)

Finally,
ar, (p1) Y'ur (p2) Ml gy = 2 [ur (p2) @r (p1) + ur (p1) @R (p2)] 4 (B-15)
O

writting this result in our shorthand notation,

(o " al (Kl 1] = 2 (pk) [lq] , (o "I al [k [vul 1) = 2{pl) [kq] (B-16)

Fact 4. Relationship between ur, (p) and ug (p)

ul (p) 5ur, (q) = uly (q) o"ur (p) (B-17)

Proof. using the identity (B=5)) we find,

)
q) o*ug (p) (B-18)
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Fact 5. Schouten Identity.
Schouten identity is given by,

(ig) (ki) + (ik) (17} + (il) (jk) = 0 (B-19)
[i5] [Kl] + [ik] (L] + [il] [jk] = O (B-20)

Proof. multiply (B-19)) by [j&] [¢]],

(i) (kL) [5K] [il] + (ik) (L) (K] [il] + (L) (Gk) [3K] [il] =
= — (ij) [k (kL) [ld] — (ak) (k4] (T (2] + sausjn
= — <Z ‘jkl’ Z] - <Z ’kjl‘ Z] + SiSjk = — <Z ’jkl‘ Z] + <Z ‘jkl’ Z] — SkjSil + SitSjk = 0

with this,
(ig) (k) + (ik) {U7) + (il) (jk) =0

and

[ig] (K] + [ik] [L5] + [¢l] [jk] = O

O
Fact 6. Completeness relation for polarization vectors
kPp? + kVpht
el +ele” = —g" + Lkp (B-21)
p .
Proof. Writing the explicit form for the polarization vectors,
Sl vyl e g™k gy [k) g k) (g ] k]
+&+ - =
V2({qk) V2[qk]  V2[qk] V2(qk)
1 v v
= = (a1 K g I k) + g [v"| k) (g 1" K]
4q - k
1 A+, .1+ (=2, (=7
= Tr # v T # v
16p.k{ 5 |+ T 5k
1
- T HogmV
reyilae gl
BV 4 oV pht

p-k



C. Mathematica Implementation of SOM

In this appendix we present the most used functions of the s@m package. The following information
have been taken from the paper of Maitre and Matrolia[42],

<< Spinors”

Version: SeM 1.0 (3—-APR-2007)

Authors:
Daniel Maitre (SLAC),
Pierpaolo Mastrolia (University of Zurich)

A list of all functions provided by the package
is stored in the variable
$SpinorsFunctions

C.1. Most used functions on SGM

In s@m objects called spinors are considering to be the solution of the massless Dirac equation, That
is not a restriction on the usabilily of the package, since solutions of the massive Dirac equation
can be constructed from massless spinors, [42].

e DeclareSpinor
The function DeclareSpinor can be called with one or a sequence of arguments. It declares
its arguments to be spinors. If undeclared variables are used as spinors, some automatic
properties will not be applied and most functions cannot be used.

DeclareSpinor[a, b, ¢, d, e, £, g, h, i]

{a,b,c.d, e, f,g,h,i} added to the list of spinors

Integer labels for spinors do not have to be declared.
e s[i,j]

The function s[i,j] represents the kinematic invariant given by the square of the sum of
two momenta,

sij = (pi +pj)°

Since the scalar product s is symmetric in its arguments, they are automatically sorted.
This function also accepts more than two arguments for multi-particle invariants,
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Slashed matrices
Slashed matrices are in general contractions of Lorentz momenta with gamma matrices P = Pt~

C.2.

Sm

The object Sm is used for slashed matrices corresponding to previously declared spinors. Sm
can be called with one argument, being a spinor label. In particular, slashed matrices asso-
ciated to spinors (declared through DeclareSpinor) are automatically declared. One can use
the symbol of the spinor, say S to represent the corresponding slashed matrix by means of
Sm[s].

Sm[a]
Sm[a + b]

Smia)

Sm(a) + Sm(b)

The object Sm[s] is linear in its argument.

SmBA
The object SmBA represents slashed matrices formed by the tensor product of two spinors, like

6] {al + [a) (0]

The arguments a and b are spinors labels. SmBA is linear in both arguments. If the two
arguments are equal, SmBA [a,a] is automatically replaced by Sm[a].

SmBA[1l, 2]
SmBA[b + ¢, a]
SmBA[a, a]

SmBA(L, 2)
SmBA(b, a) + SmBA(c, a)

Smia)

Spinor Products

Spinor products are represented in S@M by four different objects: Spaa, Spab, Spba and Spbb,

according to the following table.

(a...b) (a...b] [a...b) [a...b]

Spaala,...,b] | Spaabla,...,b] | Spbala,...,b] | Spbbla,...,b]

The left- and right-most arguments are spinors and the intermediate arguments are slashed matrices
or objects that can be interpreted as slashed matrices such as spinors. Spaa and Spbb expect an
even number of (declared) arguments whereas Spab and Spba expect an odd number of (declared)

arguments.
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e Standard order
The spinor products have a normal ordering for their arguments. If the rightmost and leftmost
elements are spinors, the middle elements are slashed matrices (or can be interpreted as such)
and in addition if the spinors are not in the standard order, the spinor product is ordered
using the identities

(ba) = — (ab), [ba] = — [ab]
b|Q...Pla)y=—{(a|P...Q|b), b|Q...Pla]=—a|P...Q|]
[b|P|a) = (a|P|D], b]Q...Pla) =(a|P...Q[Y]

A special case of these identities is the on-shell condition

(aa> =0, [aa] =0

Spbb[a, a]

Spaa[b, a]

Spbb[a, P, @, b]
Spaa[a, b] Spbb[b, a]

0
—=(a|b)

la|P|Q|b]

[b|al{a|b)

The normal ordering of the Spaa and Spbb products are opposite so that the products (ab) [ba]
are displayed in this usual way.

C.3. Spinor Manipulations

e ExpandSToSpinors, ConvertSpinorsToS
The functions ExpandSToSpinors, ConvertSpinorsToS convert invariants s to spinor prod-
ucts and conversely.

ExpandSToSpinors[s[1l, 2] s[2, 3]]
[2 1113|211 |2)¢2 |3)

ConvertSpinorsToS [%]

S o282 3

e SpOpen, SpClose
The function SpOpen decomposes spinor chains containing any slashed matrix that corre-
sponds to a massless spinor with products of smaller spinor chains, by applying the definition
of such a matrix in terms of its opposite chirality spinors,

f= (K] (k| + k) k]

The function SpClose has the reverse effect as that of SpOpen. It attempts to replace products
of spinor products with spinor chains containing slashed matrices. Both the functions can
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take either one or two arguments. The first argument is the expression to be manipulated; the
second argument must be a spinor. With one argument, the functions open or close wherever
possible.

Spaa[l, 2, 3, 4, 5, 6]
(1]2]3]4]5(6)

SpOpen [%]
[3 215 |41(1[2) (3 |4) (5 |6)

SpClose [%]
(1|2|3|4|5|6)

If there are different possibilities of reconstructing the spinor chain, SpClose does not search
for the longest possible spinor chain. The result will depend on the ordering of the spinor
labels and might not be invariant under relabeling of the spinor labels.

If a spinor is given as a second argument, SpOpen and SpClose will only open or close spinor
chains containing this specified spinor

Spaa[l, 2, 3, 4, 5, 6]
{1|2|3|4|5|5)

SpOpen[%, 2]
{6]5)4(3]2](1|2)

SpClose[%, 2]
{1|2|3|4|5)6)

e Schouten
The function Schouten applies the Schouten identities

(ig) (kl) + (ik) (15) + (il) (jk) = 0
[ig] (k1] + [ik] [L] + [¢l] [7K] = O

Schouten[x,i,j,k,1]

The function with four spinor arguments will search x for occurrences of the products (ij) (ki)
or [ij] [kl] and replace it using the above identities.

Schouten[x,1i,j,k]

The function with three spinor arguments will search for occurrences of the spinor product
(1j) or [ij] and will try to use the Schouten identity to combine it with the spinor k.

Spaa[l, 2] Spaa[3, 4]
{1|2){3 |4

Schouten[%, 1, 2, 3, 4]
(1332 |4)-{1|4)2|3}
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C.4. Special Functions

In the following calculations we have to take the Inf in different ways. Then we define the most
used functions,

Inft[Expr ] := Coefficient[Series[Expr, {t, =, 5}],

t, 0]

Infu2 [Expr ] i= Coefficient[Series[Expr, {u, o, 5}],
M, 2]

Infud4 [Expr ] i= Coefficient[Series[Expr, {u, =, 5}],
Hy 4]

Infy[Expr , n ] :i=
Coefficient[Series[Expr, {Vv, «, 5}]1, ¥, 1]
InfT[Expr , n ] :=
Coefficient[Series[Expr, {t, «, 5}], t, n]




D. BCFW with mathematica

In this appendix we show the numerical code implemented in Mathematica to compute amplitudes
using BCFW recursive formula (amplitudes (2-127) and ([2=130)))
We generate momenta for our particles (p;,i = 1,2,3,4,5,6) and for the transferred momentum K,

GenMomenta[{1, 2, 3, 4, 5, 6}]
DeclareSpinor [K]

Momenta for the spinors 1,2, 3,4, 5, 6 generated.
{K'} added to the list of spinors

The MHV and Anti-MHV amplitudes are defined as,

gMEV[{2 , b , e }, {1 ,m }] :=

i Spaa[l, m] "4/ Times 8@ Spaa @8@ Partition[{a, b, ¢, a}, 2, 1]
BgMHV[{a , b ,c_}, {1l _,m }] :=

(-1) “Length[{a, b, ¢}] i Spbb[1, m] “4 /Times @@ Spbb @@ Partition[{a, b, ¢, a}, 2, 1]

For the amplitude Ag (17,27,37,47,57,6™), we only compute the contribution that comes from
the first BCFW diagram

Amplitude Ag(-—+++)

Al - gMEV[(1, 2, -K}, {1, 2}] s;:z GMEV[(K, 3, 4, 5, 6}, (K, 3}]

o P12 (K |3)
s12(3 [4)(4 ;5)(5 |6)(K|1)(K lz)u( Ir(:)

intl =
Factor[
Factnr[
Simplify[
Spclosa[Factor[SpOpen[nl //. Spaa[K, 2 ] - (-Spab[a, -5m[3] - Sm[4] - Sm[5] - Sm[6], 6]) /
Spbb[K, 6]] //. {Spaal[a , 6] » Spaa[a, 60] + z Spaa[a, 1]}] //.
Spbb[2, 1]
” spbb2, 6]
{Spab[a , 3, b ] - Spab[a, -Sm[1] - Sm[2] - Sm[4] - Sm[5] - Sm([6], b],
512 5 Spaa([1l, 2] Spbb[2, 1]} // SpOpen // ConvertSpinorsToS // Spclose] i
{Spbb[a , 3, b ] - Spbb[a, -Sm[1] - Sm[2] - Sm[4] - Sm[5] - Sm[6], b]} // SpOpen //
ComrartSpinorsEoS] //.-s[3,6] -s[4, 6] -s[5,6] » s[1, 6] +s[2, 6] // Spl'.‘.lose] /.
Spab[a , 1, b ] » Spab[a, -Sm([3] - Sm[2] - Sm([4] - Sm[5] - Ssm[6], b] // Factor

{s:.-aa[a_, 60] » Spaala, 6], = } // Factor| //.

(3 4161+ B |516)7) /(51 245 s+s2 &) 2116110653 |21+ (54|21 (3 |4)(4|5)

And the amplitude Ag (11,27,3%,47,57,67)
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Amplitude (++-+-)

: ClearAll[Al]

First BCFW diagram

_ Al = BgMEV[{1, 2, -K}, {1, -K}] % BGMAV([(K, 3, 4, 5, 6}, (3, 5}]
&5

i[5 3041 | KT
©s12[2|10[4 3115 4116 |51[2 |K1[3 |K][6 K]

: intl =
Spclosa[

Factor[

Spaa[2, 1]
Factor[nl /. {stb[s, a2 ] »SPBB[6, a] - zSpbb[1, a], z » —m}]
Spba[a, Sm[1] + Sm[2], 6]

Spaa[K, 6]

{SPBB—» Spbb, Spbb[a , K] » } // Factor // SpOpen //

CDnvartSpinorsToS] //. 812 » Spaa[l, 2] Spbb[2, 1]] I/
{Spab[a ,1, b ] » -Spab[a, Sm[2] + Sm[3] + Sm[4] + Sm[5] + Sm[6], b]} // Factor

i[53 2 |6)
D (s 2t g5 ) [4]31[5 4142 |3 |51+ (2 4 |51 ((6 |4 |31+ <6 |5 3D (1 [2)(1 |6)

The second BCFW diagram,

ClearAll[Al]
Second BCFW diagram
Al = BgMHV[{1, 2, 3, -K}, {1, 3}] ﬁ gMHV[{K, 4, 5, 6}, {4, 6}]
i[310* {4 |6)
s123[2 |1][3 2] (4 |5)(5 |63 [1 |K][3 |K] (K |4)(K |6}

intl =
Spbala, -Sm[4] - Sm[5], 6]
Factor[?ector[nl /7. {Spbb[a_, K] » Bpas(X, 6] H /.
{Spaa[K, &l Spba[l, Sm[2] + Sm[3], a] ,
Spbb[1l, K]

Spab[a , 2, b ] » Spab[a, -Sm[1] - Sm[3] - Sm[4] - Sm[5] - Sm[6], b]}] /.

{Spab[a , 5, b ] - Spab[a, -Sm[1] - Sm[2] - Sm[3] - Sm[4] - Sm[6], b], s123 »s[1, 2] +s[1, 3] +s[2, 3]} //
Factor

i[311 44 |6)*
sy z+s 3+sy D2 1B R4 12 |11+ @ 3 1D (6 131 +(6 |2 3]) {4 |5)(5 |6)




E. Building blocks in Scalar QCD for scalars in

(4 — 2¢)-dimensions

The Lagrangian is written as,

1
L= —ZF,‘ZVF“’“”’ + (D) (D) — mPpyp*
J— a Z-g TaAa
D, =0up — 7 uP

a a a 9 rabe 4b gc
Fi, = 0,45 — 0,45 + e AL A

E.1. Three-point tree level amplitudes

— — + —
li
k
n i 2
A3 (—gi,k 7€j) = _ﬁ (gz +£]) et (k) = —ﬁ@y e (k) = —1
{aqr 45| K]
A (R 5) ==
using parity,
- Lan 1651 k)
Az (=l k™, 0;) =1
o (S0 =T

E.2. Four-point tree level amplitudes

To compute these amplitudes we use the BCFW method with the shift [, )

(ak |65] K]

(qrk)

(E-6)
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Putting together the tree amplutes,

i | Pl ; k]
A4(_€m+’j+’€k):m§lal Z.<q<q;>2] PQZ_NQ i<q<]€qk;>3} o
States
L GG el

an - 2 _ 2 A\ 2
@y ()
here the reference vectors are g = 7 and ¢; = j
For this process the momentum conservation is given by,

U +Di+pj+,=0

where p;,p; represent the 4-mometa for external gluons, P the transferred momentum that is
defined as,

P:fl—ﬁi:ﬁj—l-fk (E-9)
and the mass-shell condition, p? = u?, implies,
P (zl : %) —9 <£k g> —0 (E-10)

the numerator in eq. (E-8)) takes the form,

G [Pin|3] = Glpir|i] =2 (P-1) G |2[3] - (] = 4(P-3) (P-3) 2P (i-3)

=4 (b)) (Be-3) =22 (i-5) = =2 () 53] = =2 tig) L (E-12)

finally, we obtain

AA A

PiP

P i

]
Ay (=i, 57 0) = W2W (E-13)
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here (i |¢;]i] = P? — 2.
Following the same procedure done before, we compute the amplitude Ay (—£;,3", 77, lx)

I <qu%}) i (,[%fk5>) i (GIPL] [l 3)
e “Z( (aiy JP=m\" ] )P G

States
(E—14)
Gt Gl
=3 : _ = : . E-15
5 GIT] sy Gl (E-15)

Ag (0%, 57, 0,) = ZM (E-16)
. sij (i1l 1]

the remaining amplitudes can be easily found by using parity

N _
A4 (_glai_aj—i_agk) = ZM (E_18)

8ij (i [y 4]



F. Building blocks in Fermionic QCD for

fermions in (4 — 2¢)-dimensions

In fermionic QCD the Lagrangian can be witten as,

1 _
Locp = —ZFéngu + 1 (i) — mdyj) ;
ig
DZM] = 8“52‘]‘ + 7%73-14@
Fi, = 0,A% — 9,A% — g, fabCAgAg

In the following calculations we will use the QR brackets,

F.1. Three-point tree level amplitudes

Kout

A (—gm, k‘+, Eout) = — U (Eout) E4 (k?) u (Em)

V2
= _@ {lout| (Jqr) (k] + 1K) (gl [€in}
= —W ((gothk> [k&n] + [goutk] <Qk61n>)

here ¢q; is an arbitrary null 4-vector
Using parity

(F-4)
(F-5)

(F-6)
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1

A (_einak_agout) = [Qkk]

([eothk] <k€zn> + <€outk> [lezn]) (F—?)

F.2. Four-point tree level amplitudes

To compute these amplitudes we use the BCFW method with the shift [j,)

i i=1i—2n (F-8)
j= =i+ (F-9)
n = 1i) [ + I (4 (F-10)
Oy,
A
j+
4
i+

Following the BCFW calculation:

A4 (_Ein7i+7j+7€0ut) = Z <_

Internal

4

wltos) = ()0 (P)) gz (-5 (P) e (i) utean)
- (< ) D91+ ] (2)) s i (2 e 9] )

= e () ] ] ) (05 ] 4] )
= e ) ) (05 ] ) )[4 G

o ] P) (P[] ¢ [tod] (P [P7] () }
:@pﬁz{?@ 3) {fone) [in] - Ctoe i ) + [t ] ] +2 (P3) [boui] (i)

ipg| L jui|
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Pis given by, P=y, - Pi = —Lout — Pj , then the pole takes the form

A

P = Em - ﬁz = _Eout _ﬁj (F'll)
N R lin, - Di
P? =y = 2(lin - pi) = p° = 2lin - (pi — 2n) = p* = z = [ (F-12)
gou - J
or z = —ﬁ (F-13)
The products 2 (]5 . j) and 2 (]5 . 5) are:
2(P5;) = 2(~lou = Bj) - B = 2ot - B = ~2bout * (pj + 1) =0 (F-14)
2 (P : ;5,) =0 (F-15)
The amplitude becomes:
. . 1 { oA Aoa
A4 (—Einyz—i—a]—i—agout) = o\ 2 (f — ‘)2 9 <<€out g Em> + [Eout Jur EZTL:|)
<Zj> in — Di 1%
1 i IR IR
= lout| | tpgwy + jpiw_ ) [€in}
a\2(f. )22 { t < HIe+
(i) Cn = =
1 ) an n
=- Cout) (i ] +w-paji ) 1in}
a2 (f. _mp)2 _ 2 { t ( +
<’L]> (Em pz) 1%
1 i

- 2 2 9 {lout| <—W+Mﬁ + W—Mﬁ + w+,u8ij> Cin}
<§j> (bin —pi)” — 1
1 i i i

- <U>2 U —p )P — 12 (o] 1758 1im} + <Z]> o — ) — 1

2 {lout| wip|lin}  (F-16)

Consider the term {£,| /L’}/E’j% |Cin},

{gout‘ /’755£ wzn} = {gout’ ‘}N’YS% Mzn} = {eout’ j/’y % Mzn} = {eout‘ (P + gout) ,U/’YS (_P + gzn) wzn}
= {Eout| (P + Eout + - ,U) /L’75 (—P + Em + p— M) wm}
= {Lout| (P — ) py° (=P + ) |lin} = {€out| (P2 - Nz) wy° [lin} =0 (F-17)

Finally,

ST J ' ig] (Cout |p] lin)
Ay (—lin, VA out) = M ! ou inf = 7 ML F-1
2 (=liny i, 5 o) e 2 {lout| wipe [lin} Z<Z]> i1l (F-18)

In agreement with [6]
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Using parity,

Y - <1_]> é W _ (1_]>[ out |14] Cin) )
.A4 ( gzna ) 7€out) [Zj] (fln - pl)g - {eout‘ © w n} [Zj] < ’ezn’ Z] (F 19)

Now, we compute the amplitude Ay (—Cin, i, 77, Lout)-

:ﬁ(@ﬁ i) + [Pi] (i) o (Wowedl (i) + (L) [iP])
1 i

)
= ) U (b — pi) — 22 ({23 ) litin] + [ Pi) (in)) (1bowai] (GP) + (o) [iP))
_ <ij>1[ji] T pi)2 — {<P,7> €in) [Cout] < JPY + (P5) itin] {Coues) [iP] +

) boud) [iF
~ T ((P3) it o) [iP] + [P1] i) ol (57))
T T 0 [P] (o] i)+ (i) )

1 7 . . q Ny
= (7Y 1G] G [ln] 4] (G Cinl 3] ([Couti] (GLin) + (Coutd) [ilin])

1

B (gzn - pi)2 - N2

e+ (1) - lin {Lout le— ()| lin}  (F-20)

here we have taking into account the folloing relations,

<pj><jp>:<j|ﬂ|j <jh5\j>— (F-21)
[Pi] [iP] = 111 o [i]7] ] = (22

Using parity,
A4 (=i o) = T 716 ) (o) i) + o] 61)) (P-23)
e () oAbt ()] i) (F24)

B (gm - Pz‘)2 - ,U2



G. The scalar integral functions

In this appendix we present the explicit results for scalar integral functions.

e The constant rp is given by

F(1+e)T?2(1+¢)

= -1
TF F (1 _ 26) Y (G )
we are working in D = 4 — 2¢ dimensions.
e The dilogarithm functios is defined as
1 T
log (1 —
Lis (z) = —/ Mdz = —/ log (1 — 2) dz, (G-2)
0 z 0
satisfyind the following identities
. . 1 1, 5
Lipg (1 —2)+Lizg (1 — =3 log® (z) (G-3)
2
Lis (1 — ) + Lis () = — log (z) log (1 — ) + % (G-4)

e In the following scalar integral functions, the indices in figures, labelling the cyclically ordered
external momenta p;, increase in the clockwise direction.

G.1. The Scalar Bubble integral

K1 _Kl

Figure G-1.: The scalar bubble integral with a leg of mass K?2.

The scalar bubble integral with massive leg K7 given in figure is defined as

I, = —i (4m)*° d L G-5
2 = —Z( 7T) (27_[_)4_26 12 (l _ Kl)gv ( - )
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and is given by

b= g gy (KD = ({ s (7) +2) (o

G.2. The Scalar Triangle integral

- >

k7] Nk

Figure G-2.: The scalar triangle with its three legs of mass K12, K22, K§

The general form of the scalar triangle integral with the masses of its legs labelled K7, K3 and
K2 given in figure is defined as

- 9 e i 1
Ta =i (4m) / M) 7R (- K1) (1+ K3)? (G

and separates into three cases depending upon the masses of these external legs.

1. If K2 = K2 =0 and K? # 0, then the scalar triangle is called “one-mass”, and it is

=" (KT (@)

2. If K3 =0 and K7, K3 # 0, then the scalar triangle is called “two-mass”, and it is

2m T (_l<2)_5 — (_ 2)_E
r log (—~K?) —log (—K3) log* (—K?) —log? (—K3
e %)j(_ ) _los )Eg( ) | e )2g( )) (G-10)

3. Finally if all three legs are massive then the integral is as given by

. 3 . .
14146, 1—146,;
Br= =3 Li (- I)) —Lip (- J 11
’ VD3 12< (1—i5j>> 12< <1+i5j>> (G11)
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where

Ay = — (K2)* = (K3)? = (K3)? + 2K} K3 + 2K3 K3 + 2K K7 (G-12)
2K?2 — (K? + K2 + K2
5] _ 7 ( 1 2 3) (G-l?))
VA3

G.3. The Scalar Box integral

e

J

)

7 Nk,

Figure G-3.: The scalar box with its four legs of mass K%, K3, K3 and K3.

)

Let s = (K| + K)? and t = (K, + K4)?
The general form of the scalar box integral with the masses of its legs labelled K7, K3, K3 and K3
given in figure is defined as

d'2 1
L= —i4 2—6/ , C-14
s i(4m) 2m)72 12 (1 - K1) (1 — Ky — Ko)? (1 + Ky)? ( )

and separates into six cases depending upon the masses of these external legs.

1. If all four momenta are massless, i.e. Ki = K3 = K3 = K7 = 0 (a special case for four-point
amplitudes), then the box integral is given by

st

om =T <€32 [(—5) ™ + (—£)™] — log? (;) . w2> (G-15)

2. If only one of the four momenta, say Ki, is massive, and the other are massless, i.e. K2 =
Kg = K? = 0, then the box is called “one-mass”, and it is given by

= 2 s+ = (kD)7

2rr |, . K? . K? 1. 5758 m
” [ng <1 . ) + Lig <1 " + 5 log (t) + 5 (G-16)
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3. In the “two-mass-easy” box, the massless legs are diagonally opposite. If K2 = K? = 0 while
the other two legs are massive, the integral is

[ o () - ()]

2rr - K2 K2 K2

T e (1) ynip (1B ) i (1o 28

st—Klng[l2< s>+ 12( t L S
KD\ [ KK\ 1 s

4. In the “two-mass-hard” box, the massless legs are adjacent. If K§ =K Z = 0 while the other

I2me _

two legs are massive, the integral is

I2m h __
2

2rp | 1 s 1. ,5/s . K? K22
” [ log <K2>log<K22>+2log (t)+L12 <1 " — Li ;

(G-18)

25612 [1 (=)™ +(—t) " - % (K7) ™ - % (53)" ]

5. If exactly one leg is massless, say K7 = 0, then we have the “three-mass” box, given by

op 11, o 1, o1, e 1, .
I3m:7_ s € Z(—t € - K2 - K2
1T S KKl & [2( ) g (0T g () -5 (K) }

2rp 1l S 1 S 1l t 1 t
st— Kok | 2 o\k?) *\k2) 2%\ k7)) \ K3
2 2 2172
+ Liog2 (f) + Liy <1 - ﬁ) + Lis (1 - ﬁ) ~ Li (1 - KlK?’)] (G-19)
2 t s s st

6. Finally, the “four-mass” box, which is finite, is given by

m _ -
I =

Mm

——log? (—x;
a(zy — z2) ]:1 [ g (=)

_K2_‘ _K2_' _K2_'
— Liy (1 + 3726%) —-n (—:Ek, 3718> log (1 + 3726%)
—5—ie —5 —i¢ —s —1ie
—Lis (1 + —toie x| — —x —toe lo + —t—ie T
S o B e A G e e

+ log (—z;) [log (— K7 —ic) + log (—s — ie) — log (—K} — ic) — log (—K3 — ic)]]
(G-20)

Here we have defined

n(x,y) =2mi [0 (—Im z) ¥ (—Im y) 9 (Im (zy)) — 9 (Im z) I (Im y) I (—Im (zy))] (G-21)
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and z1 and xo are the roots of a quadratic polynomial

az® 4+ bz + ¢ +ied = a(z — 1) (x — x9) (G-22)

with

a=tK3, b=st+ KIK? - K2K2, c=sK2, d=—K3. (G-23)



H. The higher dimensional integrals

Consider the master integrals in D = 4 — 2e-dimensions,

/ - : = (4m)> / d'p d*p (1?)
(47T)D/2 (62 _ m%) <(€ o K1)2 . m%) L ((f—l— Kn)2 o m%) (271')4 (271')—26 D,

(H-1)
Fact 7. we have the identity
r —€ d4p d_zglu #2 ' =2r+4—2¢
L [(1)"] = (47)? /(%)4 o (D) = —c(l—€e(2—€ - (r—1—¢ [P72r+i=2¢ (H.2)

Proof. Suppose that we have an integrand as:
d4p d—2elu

L [2)] = [ S () F )

(2m)* (2m) >
4 o)
:/(ZW]))4/dQ_1_25/0 (2;?—25 M—1—26+2rf (pa7u2)

d4 o] d 2 et N
:/(27TZ))4/dQ_1—26/0 2(7'“)_26 (Mz) et f(p ,u2)

o 2r—2e o4 . d4 00 d 2 . X
- )f dQ2rf—1—2el 2 / (27:;4 /0 # (1) (7 u?) (H-3)

In general, odd powers of u® cancel from one-loop integrals. The u® integration, of eq. is

formally in a sub-space that does not overlap with any contribution of the momenta associeted
with the loop. For this reason any contribution to the numerator that is odd in the vector u®
will no contribute to the integral. Accordingly, we shall only need to consider the cases where the
numerator depends on p?.

Multiplying eq. (Hz3) by % ’

- 2r L 4 00 2 —etr
()] = S L | (jﬂf; [0 [ ) )

JdQ 14002 2 (2m) %%
(27T)2deQ_l_25 d4p d2r—2eu o\ —l—e+r a 2
- fdQ—1+27‘—26 /(27T)4/(27T)2T—26 (M) f(p 7u) (H‘4)
and,
n+1
2r 2 QT €
/dQn = T (HTH) — /dQ27”—1—25 = m (H—5)
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The integral amounts

, (271')2T % d4p d27’—2e'u
ITL 1u2 = T—€ - / / T—4€ f pa’ U2
[( ) j| I?Z;_e) (27’(’)4 (27’(’)2 2 ( )

4 2r—2¢
:—e(l—e)(2—e)-~(r—1—e)(47r)r/ d'p /(d _,u f(po‘,u2)

(271')4 2ﬂ_)27“ 2e
. d4+2r—2ep N
—€e(l—€)(2—€)---(r—1—¢) (4m) /Wf(p ,uz)
4+2r—2€
(12— ) (r—1—) (4@?/(;)47_1f (0, u?) (H-6)

In general,

1P [(,u2)r] = —c(l—€e)(2—€---(r—1—¢ P

k=0
1 r—1
= 271}3”" [[(D—4+2k) (H-7)
k=0
O
In particular using the identity (H-7)), we find
Jh=4-2 [/ﬂ] = —e[P=672¢ and Jh=4-2¢ [,uﬂ = —€(1—¢) [P=872¢ (H-8)

although the loop momentum has been shifted to higher dimension, the external momenta remain
always in 4-dimensions.

Fact 8. Recursive relations
For n < 6, the master integrals can be written in terms of the (4 — 2¢)-dimensional integrals via
the integral recursion relations[57],

ID:6—2e _ QID =4—2¢ I(z D 4—2¢ H-
n (n— 5 +26) co [ Z ) (H-9)
1
ID:8—2€ — D 6—2¢ [(2 D 6—2¢ H-10
" (n— T+ 2€) co [ Z ’ ( )
5
_ -1
C; = Z Sz'j s
j=1
Cy = Z C;
i=1
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Consider the triangle integral, Igf) kf 2
1 & ) 1
D=6—2 D=4-2 i), D=4-2
(IO [2[3 ‘- Zcﬂ{ ] =5 (H-11)
the box integral, I4D,,€:48_2E ,
e R Z (0072 | _ Lppo—ze 1 (H-12)
4 360 3 3 3 6

finally, the bubble integral, 12D kzﬁ >,

o 1
=072 (p? i, ma) :/qu dod
do = ¢* +mi —ic
dy = (q+p)° +mj —ie

1 1 1
P —:/ d /dD
/ qd0d1 v 4 :Ed1+(1—33)d0]2

/ dm/dD 5
q+p:13 —I—A]

A = p*2? — p*x + miz +mi+ic

1
/dD L =T <2— B)/ da:A%_2
dodl 2 0

1 1
: D _ 1-¢
Dligi%/d dd1 F( 1+E)/0 dv 2

_ I [ e
B (—1—1—5)/0 de A
T [ 3 i )]
1 T(e)

o ) o 2 2
— g g P 3 ()]

= o [P 3 (e + ma?)] (H-13)

With this, the bubble scalar integral in D = 6 — 2¢ is given by:

D—4
I2D;K2 [“2] ~— 9 12?/:;2 [1] (H-14)
1
IzDKS [w?] = 5 [p® =3 (m1® + my?)] (H-15)



|. Integral Coefficient extraction details

1.1. Box contribution

Remembering that

1 .
m — 27TZ5 (l2 — ,uz) (I—l)
o2 [ dPh L H4 2
=1

(

treating p as complex variable and partial fractioning off terms with poles at finite u, this last

d—2e 4
= (47T)D/2/ 9 )_l;E /d4ll H5 (ZZZ - ,uz) A1A2A3A4 (1-2)
& i=1

integral can be rewritten as:

ReS“2:“22A1A2A3A4 (ZT)
(1 —

Do = (4m)P/2 / % S |, [A1A2A3A4 (Z‘{)} + (I1-3)

poles{i}

this equation represents a sum over the residues of all poles {i} at finite y; and a contribution at

infinity.
The [Infuz] is defined so that
u%li)Iloo ([Inft A1A2A3A4] (#2) - A1 (,u2) A2 (,u2) A3 (#2) A4 (,uz)) =0 (1-4)

The operator Inf yields a pole-free rational function reproducing the large—u? behavior of an
amplitude [52].The first term represents the pure quadrupole cut coefficient and the second the
contribution that comes from the pentagon, however, this contribution is not taken into account,

ol — % STty [A140 4544 (17)] . (I-5)

1.2. Triangle contribution

The triangle integral is:

Co = (4m)*™ / AP D AP (K, DAY (K]
0 (27‘(‘)4—26 (12 o Iu2) ((l _ K1)2 o #2> ((l + K2)2 . ,U2>
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with the mass-shell conditions,

Co = z/% (2mi)® 6 (12 — p2) 6 ((z K ,f) 5 ((z +Kp)? ,ﬂ) AD (51,1) AY (K, 1) AV (K3, 1)

— (i)' [ (2‘“) JAY () AP (1) AP (¢) (1-7)

treating t as complex variable,

Resi—y, A AY) AY)
t— 1

t
CO = (271'2)3 Z/ d 1 Jt [Inft A(j) ] + Z
(2m) "

(1)

In Cj is important to see that the term corresponding to the sum of residues does not give any
contribution to the triple cut, since this sum only gives contributions to the box coefficient. By the
way, triangle contributions of the triple cut come exclusively from the terms at infinity,

Co = (2mi) / ( dt)4Jt [Inft Agﬂ')Agﬂ')Agﬂ] (t)

2T

For the integral we get the relation,

dt
z'(—2m')3/ (27T)4Jtt" =0 Forn#0

Then, the coefficient takes the form,

= Zlnf [Inft [ )Agj)Agj)LO]

12

We must also sum over the two solutions, o, for the loop momentum. For the massless case when
S1 =0 and S3 = 0 it is sufficient to sum over the two solutions for ;3.

1.3. Bubble contribution

The bubble integral is:
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2

9 . 9 d4 2el
(47)2~¢ (—2mi) T Ha )A1 Ay

ReSy:yjAlAg ([‘f)
Y—Yj

—2€
— () / gﬂ% / dtdyJiy 3 [ ey 4 A (@)]) + 30

poles{j}
26
= — (4m)2¢ / 4 / dtdy.J; ,

x> | [Infy[Inf, A Ay (I9)] ()] (1) + |Infy [

poles{s}

Resy:yj A1A2 (if)
Yy—y;

(t)

Res,_, | oovmviArAz(D)
ReSt tl Inf A1A2(l )]( ) =Uu Y=y,
I-
+ D r— + Z — ’ (19)
poles{l} poles{j},{l}

Here we have integrated over the delta functions and done change of variables from [* to ¢ and y,
similar to our treatment of the triple cut. The last term of the final expression has two additional
propagators on shell, and its numerator has no dependence on t or y. It corresponds to box
contributions and it is not taken into account. The second and third terms correspond to triangle
contributions to the bubble coefficient. the first term is the pure bubble contribution to the bubble
coefficient.

To compute the triangle contribution to the bubble coefficient we fix y to parametrize the loop
momentum, however, this parametrization of the loop momentum may differ from that of section
L2l With the new parametrization, integrals over positive powers of ¢ that before vanished now
they will not necessarily vanish here,

/ dtJit" # 0, (I-10)

where J] is the Jacobian corresponding our new loop momentum parametrization. These tensor
integrals are not in our integral basis and must be reduced. Passarino-Veltman reduction shows us
that there are both scalar triangle and scalar bubble integrals within these tensor integrals,

/ dt Tt = C3Iy ™™ + Coly ™™,

then we must extract the bubble integral coefficients.
we get the value of y by imposing a third on-shell condition in our momentum parametrization,

By + /B +4ByB
1 + 450 2 (I-11)

Y+ = 2B,
By =5, <X | K| Kl} (I-12)
By =t (K} | K| K3] = Sut (x [ K| x] + 81 (x [ K| 53 (I-13)

Bo = 3t (I3 [ K| x| = 12 (x [ 1| 3] + 7885 + 181 (x [ K| ] (I-14)
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as we saw befores, the triple cut is given by
‘ . d 25,&
i(4m)? Z dtJ][Inf; Ay Ag Az (15%)] (1), (I-15)

where the sum is over the solutions in eq. .
Studying the behavior at infinite of the product of three tree amplitudes, we obtain the following
information,

e The t¥ term gives us the double-cut scalar triangle,

e while positive powers of ¢ return, among other pieces, cut scalar bubble coefficients. We
evaluate the integrals over positive powers of ¢ and retain only the contributing bubble integral
to our particular double cut,

(47)? / dtJH = Ty L

(S KK (K - Kg) ! St
__(71> 3 IAJ 1- K3 <ZC]1 = >I§ , (I-16)

where[35], 53]

1
Cn = 3 (I-17)
3 3
Co1 = 3’ Cop = 3’ (I-18)
1 A 1 5 5 5
A= (K- K3)? — 5155, (I-20)
4;cut . 2 -\ 2 d4ll 2 7
1" = (=) (4m)*(—2mi) / @) i];[la(zi). (I-21)
Some relevant terms of t" are[35] [49]
Ty =0 (1-22)
__Si(x| K| K]
= T 23A (1-23)
39, (x | K| K217
T =— 1 <8’3|/2A32‘ 1] (5153 + K7 - K351), (I-24)
K3’
Ty = — (X[ K| K] (155753 + 30K, - K3S5S5 + 11(K - K3)2S7 + 45195 + 164> STA)

4873 A3
(1-25)

then have the contribution of the single residue terms to the bubble coefficient is given by

1
~3 > [Inf; Ay Ao A3 (t) |1, (1-26)

Ty
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After averaging over solutions. Single residue terms arise from every possible third leg that
can go on-shell.

Lastly we need the bubble coefficients due to the first term in eq. ([29)),

25
—(4m)2 / d- L / dtdthyZInft Inf, A1 As (1)) ()] (£)-

Once again we expand around infinity to evaluate these integrals. Because of our choice of mo-
mentum parametrization, integrals of positive order in ¢ vanish. This is not the case with y, so we
must keep terms of the form t°3™. These evaluate to[35]

Y,, = (27?)2 /dtdthyym

1 lm/2] m— i _p i
—_ — . 1-27
T m+1 4 ( i ) < S1 ) (-27)
=0
In our calculations, the most relevant integrals are
1 1 M2 1 M2 1 M2 M4
Yo=1, YT=m-, YYo= 1—— Ys=-(1-2"— Yi=-(1-3—4—+=].
0 ) 1 m2 ) 2 — 3 ( Sl > 3 4 < ) 4 5 +
(I-28)

The term is then

—26
_(477)2—5/(;) /dtdthyZ [Inf;[Inf, A1 A2 (19)](y)](t)

—2€
_ / (;TWZ [nt,[Inf, Ay Ao ()] ()] ()0 v, ] / dtdyJ;,, (1-29)

in which we identify the double-cut scalar bubble integral,
2

—2e 4—2¢
i(4m)2e / (;lﬂj‘; / dtdy s, = (=) (47)2~ (—2ri)’ / d 41; Ha ). (1-30)

Adjusting a factor of i, we can easily identify the bubble coefficient from the first term of eq. ([=9)
as

— il [Inf, A1 As] (9)] (1) >0, v (131)

We then have for our total bubble coefficient, in the case where our calculation falls into a polyno-
mial in g2,
. 1
Oy’ + 1?0y = —ilInfInf, Ay Ao (1)) ()04 v, — 5 D D _[Infr A1 AeAg)(D) oy, (1-32)
Chri 0y

where Ci; denotes a sum over all possible triangles attainable from cutting one more leg of our
two-particle cut. Most generally, we have

. 1
Oy = = ilInf[Inf, A1 Ao (1) (1)li—0m v, — 5 D D [InfeAi Ao As] (D), (1-33)

Ciri 0y



J. Quadrupole, triple and double cut with
Mathematica

In this appendix we show how compute quadrupole, triple and double cut coefficients using s@m in
Mathematica.

J.1. Quadrupole cut coefficient for one-loop five gluons amplitude in
pure YM

By sewing tree-level amplitudes,

C5 = gMAV[{-11, 1, 2, 13}, {1, 2}] BgMHV[{-13, 3, 14}, {3, 14}] gMHV[{-14, 4, 12}, {-14, 12}]
BgMEV[{-12, 5, 11}, {-12, 5}] // SpClose

(12Y [5 |12 |14 |37
N {1 | |5] {2 |13 |14|4)(4 |12 113 |3]

Using momentun conservation and writting the explicit solution for lg4,

12 = 14 - Sm[4];

13 =14 + Sm[3];

11 = 14 - Sm[5] - Sm[4];
14 = + SmBA[4, 3];

Finally, with the Schouten identity,

Spaa[4, 5]
Spaa[3, 5]
s[4, 5] s[3, 4] }

{Spbb[s, 4] » et T Spbb[4, 3] - ey

Schoutan[cs fl.t=> // SpOpen // Factor, 1, 4, 3, S] e

§3 484 _-',(l '2)3
{L|5)(2 |3)(3 |4} (4 |5)

We recover the result (3-93)).

J.2. Triple cut coefficient for gluon production by quark anti-quark
annihilation

Sewing tree level amplitudes,

i
A= —— Al
Al = QMHV([14, 1, 11] BgMHV[4, 13, 14] QMHV[12, -13, 3] BgMHV[11, 2, 12] // SpClose {312 3]

(1|11 |27 {3 |13 |4] {111 2] 3 |13 |42

(3!12|11 |14i4]_ (3|12|3](3|12|11|14|4]
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Using mometum conservation and writting the explicit solutions for Iy,

13 =12 + Sm[3];
12 = 11 + sm[2];
14 = 11 - sm[1];
11 = t SmBA[1, 2];

Taking Inf; (see appendix

Inft[A] // SpOpen // Factor // ConvertSpinorsToS
isy 2 ([3 1104 21— [3 2][4 |1])?
3 1P [4 1]

Finally, using Schouten identity and spinor identities,

Spopen[Spclose[Schouten[%, T e o ) ) A {Spbbtz, 1] s[1, 3] , Spbb[2, 1] » s[1, 2] }
Spaa[l, 3] Spaa[l, 2]
1] /7. (Spabl2, 1, 4] + -Spab[2, 3, 41}] //. {spbbI4, 3] » ———21_}
Spaa[3, 4]

is; 2*{1 13)3
st 37 (1]2)(2|3)(3 |4)

We recover the result (3=123)).

J.3. Double cut coefficient for gluon production by quark anti-quark
annihilation

First we compute the pure bubble coefficient.
Defining and sewing tree-level amplitudes,

Rl2 = i (Spaa[l2, 1] "3 » Spaa[l4, 1]) / (Spaa[l2, 2] Spaa[2, 1] Spaa[l, 14] Spaa[l4, 12])

i2 |1y
222y @ 4

i
A34 = SpClose|QMEV([12, -13, 3] R BquAV[4, 13, 14]] //.

Spab[a , 13, b ] -> Spab[a, Sm[12] + Sm[3], b] // SpOpen
i[4 122
1312114 |14]
C24 = SpClose [SpClose [SpClose[Al2 » A34] = Spbb[12, 4]] /Spbb[12, 4]] //.
Spbb[a , 14, b ] - sSpbb[a, Sm[12] + Sm[3] + Sm[4], b] // SpOpen
[4 1272 (2 1Y
43141 1203 12142 12y (2 13)

Writing the explicit solution for ls and 4,

c24//. {Spea[l-L a_ ] -—+tSpaa[2, a] + (1 -y) Spaa[l, a],
Spaa[l2, a ] -+ Spaa[2, a] - % Spaa[l, a], Spbb[a , 12] » (y - 1) Spbb[a, 2] + t Spbb[a, 1],
Spbb[a , 14] » { Spbb[a, 2] + Spbb[a, 1]} // Factor

) (1234 1]+ y[4 2] - [4 |2])2
yI4310e[3 1]+ ¥ [3 2] - [3 12D (242 |3) - y (1 |3D)
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Taking Infy,

Infy[int3, 1]
0

Now we compute the contribution that comes from the triangles.
following the same procedure done before for the triple cut

A432 = SpClose[Al2 + BgMHV[12, -13, 3] « QMHV([4, 13, 14]] //. 13 » 12 + Sm[3] // SpOpen
i[3 12142 |1 (14 |39
{1 |2)(12|2)(14 |4) (12 |14)

Writing the explicit solution for ls and 4,

R432 //. {Spaa[ld, a_] »tSpaa[2, a] + (1-y) Spaa[l, a],

Spaa[l2, a ] » Spaa[2, a] - ‘—1: Spaa[l, a], Spbb[a , 12] - (y - 1) spbb[a, 2] + t Spbb[a, 1]} //
Factor

~(1 311+ y[3]21- 312D @[3 -y {1 |3+ [37) /0 @4 -y (1|4 + (1|4

Using some spinors identies, we get

Atotal =
ConvertSpinorsToS |
SpClose [ConvertSpinorsToS [Ab[ym] // SpOpen // Factor // ExpandSToSpinors], 4] //.
Spab[a , 4, b ] - Spab[a, -8Sm[1] - Sm[2] - S8m[3], b] // SpOpen // Factor] //.
{s[1, 3] » -s[1, 4] -s[1, 2], s[2, 3] - s[1, 4], s[2, 4] »s[1, 3]} // Factor

P32 38
51 o4 (1 |4)

Another one contribution comes from the following triangle,
By sewing tree-level amplitudes

Al2 = -i (Spbb[2, 14] “3 +Spbb[2, 12]) / (Spbb[12, 2] Spbb[2, 1] Spbb[1, 14] Spbb[14, 12])
i[2 |4

[2 1111 14] [14 |12]

432 = SpClose[Al2 « QMEV[12, -13, 3] » BgMAV[4, 13, 14]] //. 13 + 12 + Sm[3] // SpOpen

if4 2P [2 |47 (2 3)
T2 1000 |14] [4 4] [14 |12]

Writing explicit solutions,

R432 //. {Spaa[l#, a ] » tSpaal[2, a] + (1-y) Spaa[l, a],
Spaa[l2, a ] » Spaa[2, a] —% Spaa[l, a], Spbb[a , 12] » (y - 1) Spbb[a, 2] + t Spbb[a, 1],
Spbb[a , 14] - % Spbb[a, 2] + Spbb[a, 1]} // Factor

ir(e[4 1]+ y[4 2] = [4)2]7 (22 |3) = y{1 [3)
y(t[4 1) +y[4)2D

Using some identities,
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Atotal =
Factor [Schouten [Ab[yp] // SpOpen // ExpandSToSpinors // Factor, 1, 4, 2, 3] //
ConvertSpinorsToS] //. {s[1l, 4] - -s8[2, 4] -s[1, 2]} // Factor
st 220 (rCL 2043 14+ (1|3} (1|4
L4+ (145 2r-[412]{1 |4)

Studying the contribution that comes from Inf;m_,7, for the case of 11,

Abl =
SpClose [

ConvertSpinorsToS [
Factor[
Factor[

Spf.‘lose[Con\rertSpinorsTos[Sr.'houten[tl InfT[Atotal, 1], 1, 3, 2, 4] // Factor] //.
Spab[1, 4, 2]

{Spaa[l, 4] -» TR

, Spab[1, 4, 2] » -Spab[1, 3, 2]} // Spopen //
Factor // ConvertSpinorsToS, 4] //.8pab[3, 4, 2] » -Spab[3, 1, 2] // SpOpen //
ConvertSpinorsToS // Factor] f/. {8[2,3] +s[2, 4] »-8[1, 2], s5[2, 4] »8[1, 3]}] *
Spaa[2, 3]]/ (Spaa[2, 3] »Spbb[4, 3]), 4] *s[1l, 2] /Spaa[3, 4] //.

s[1, 3]
}

{sPab[z, 4,3] » -Spab[2, 1, 3], s[2, 3] »s[1, 4], Spab[2, 1, 3] -» Spaa[2, 1] s, B
paa[3,

2isy 38 4(1|3)'3
s 2R P6 8

And Tg,

Ab2 =
Spopen [
ConvertSpinorsToS [
SpClose|[
ExpandSToSpinors [
ConvertSpinorsToS|
SpClose [SpOpen[t2 InfT[Atotal, 2] //. Spab[a , 4, b ] »
Spab[a, -Sm[1l] - Sm[2] - Sm([3], b]], 2] //.
Spab[a , 2, b ] » Spab[a, -Sm[1] - Sm[4] - Sm([3], b] // SpOpen] //.
s[3, 4] > s[1, 2]] /Spbb[4, 3], 4] «Spbb[4, 3] «+Spaa[3, 4]] /Spaa[3, 4] //.
{spab[a , 4, b ] -+ Spab[a, -8m([1] - Sm[2] - Sm([3], b], s[3, 4] »s[1, 2]}] //.
s[1, 3] s[1, 4]
{stb[z, 1] » el Spbb[3, 2] » T 3]}
3is; 4(138

spo3(12)(213)3 |14

Finally, we get

Abl + Ab2
————— // Expand

3is; 4(1)3)° is; 25 4(1)3)
25 SRR PIB| 5 2112233 [4)




K. Rational Contributions for amplitudes of four
gluons in Scalar QCD

K.1. Quadrupole cut coefficients

Figure K-1.: Quadrupole cut for the process of four gluons in scalar QCD.

K.1.1. ¢l (1+,2+, 3+, 4%)
The product of the tree amplitudes:
Alyee (—El, 1T, 62) Alyee (—Eg, 2+,€3) Alyee (—63, 3+,€4) Alyee (—64, 47, El) =
_ (2]2] 1] (1[€5] 2] (4 ]€4] 3] (3[£1]4]
(21) (12) (43) (34)
1
p [12] [43]

= Ty i)y ) 212 B8 = ki

We have used momentum conservation in each corner (see figure [K-1l), we obtain
[2]1)1[2 = —[2[2}51 = —#2}751 (K-2)
[17)4[1 - _[1[17)4 - _“2p4 (K-3)
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The coeflicient then takes the form

Cif (1t 2% 3% at) = Lo (K-4)

K.1.2. ¢l (1-,2+,3+,4%) and CI (1, 2%, 3% 4%)

The product of the tree amplitudes:

A?ee (—51, 1_,52) Agree (—@2, 2+,€3) Agree (—@3, 37, 54) A?ee (—54, 47t 51) =
[2]62] 1) (1[£3]2] (4]£4] 3] (3 ]61]4]
[21] (12) (43) (34)
(162 2) (4]61]3] (3]44] 4]
(12) [21]  (43) (34)
p [43]

= T pa ) po e B = K e

(Lle2]2]” (K-5)

Consider the solution for #5 as:

2
1
=c{2|y*|1] - — (1 |¥*|2 K-
2= c 2|1 - 22— (1172 (K-6)
—2819814 + \/457557, + 16u2s12 (1]4] 2] (2 ]4] 1]
C+ = (K—?)
8812 (2 |4| 1]
And the term, (1|¢3] 2]
(11€2] 2] = 2¢(12) [12] = —2s19¢ (K-8)
(1162] 2)* = (=2s19¢)” (K-9)
uisng the explicit solution for c,
1 52,82 (114]2] [42]% (1 s%2 [42)? st
1]0g]2)? = - —12714 Zs == =— 2L K-10
the product of the tree amplitudes becomes
43] [42])% /1 522 st
AtreeAtreeAtreeAtree — 2 [ - 2°% K-11
1 2 3 4 H <12> [21] (43> [41]2 2 12 +u U ( )
2 242
9 [42] 1s°t 8t
_ ks st K-12
H 2] (23) (34) [41] <2 w2 TH (K-12)
the coefficients of u* and p?:
A [42)? st
: > K-1
P T9] (23) (34) [41] w (K-13)
1 [42]? s%t2
2.2 K-14
P9 T12] (23) (34) [41] 2 (K-14)
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Finally we obtain,

[4 (1= ot ot 4+) _ [42)? st ]
Cyt(17,2%,3% 4 )_1[12]<23><34>[41]u (K-15)
2] (1= ot at g+) _ L [42]” 5%t .
i (17,27,37.47) = 2 [12] (23) (34) [41] u? (K-16)
K.1.3. ¢! (1-,2-,3+,4%)
The product of the tree amplitudes:
AT (—01,17,0p) A (—l2,27, £3) AYC (—03,37,04) AF (—04,47,01) =
_[2162]1) [11€2]2) (4]£4] 3] (3 [€1] 4]
[21] [12]  (43)  (34)
1
4
- p L02)[34]
= A @) oy P BRI = ey
easily the coefficient,
4] (1— 50— o+ +_<12>[34]__ tree (1— o— o+ +£ _
Cy(17,27,37,4 )_2[12]<34>_ A7 (17,27,3% .4 )s (K-17)
K.1.4. ¢! (17,2+,37,4%)
The product of the tree amplitudes:
AT (—ly,17 0p) AFC (—09,27,43) AN (—L3,37,0y) A (04,47, 01) =
_ [2]6]1) (1 [62| 2] [4]64]3) (31a[4] 1 2 SR
TR (12) 3] (34)  [21](12) [43] (34) (Ll 27731047 (K-18)
Studying the products (1]¢5]2]* and (3]¢1]4]?,
2 o _ o (1]4/2] i
(1[62|2]" = (1]1] 2" = pu 25 ] (K-19)
o _ 9. (3]2]4] )
(3161[4]" = p”s34 e (K-20)
the product of tree amplitudes
114]2] (3]2]4]
AtreeAtreeAtreeAtree — 4< K-21
AT AT S e s 2
14) [42]* (32)  (12)[21
_ il ) 02) ey 22)
(24)%[41] 23] = (12)[21]
_1(12) (34) [42)° (K-23)
(24)%[21] [43]



172 K Rational Contributions for amplitudes of four gluons in Scalar QCD

and the coeflicient,

2
e - e
u
we also have a contribution from p2:
2] (1- _ ey ATARIA2 A4 EB14) S e - -
Cyl(17,27,37,4%) = ETCIRE =3 A (17,2%,37,4T) (K-25)

K.2. Triple cut coefficients

3+

Figure K-2.: Triple cut for the process of four gluons in scalar QCD.

K.2.1. Cp, (1%,2+,3%, 4%) Coefficients
The product of the three tree amplitudes is:

Airee (—Ely 1—1—’ 2+’£3) Agree (_€3’3+’g4) AgTee (_£474+,€1) =

e 12 @lalgenlg 02 @6 elel
(12) (1[64|1]  (43)  (34) (12) (1[64 1] (43)  (34)
Lo D2 lesnle o, [2) a4
= M@ ey (A ) e e )
and, the triple cut coefficient takes the form
O, (1F,24,3%,4%) =0 (K-27)

this result is because we have 1 = £y —4 =t (1 |v*|2] + 451; (2|y*| 1] — K and the power of ¢ and

t—1 arise.
The contributions form other channels also vanish.
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K.2.2. C?Ez} (17,2%,3%,4™) Coefficients
CP, (17, 2+,3%,4%)

The product of tree amplitudes

i(1]0112]7 (3]¢1]4) (4]£4]3]

A (—y,17,27% 03) AL (—5,3%,04) AL (=L, 47, 01) = K-2
4 ( 1, ) ’ 3) 3 ( 373 ) 4) 3 ( 4 ) l) 312<3’4>2<1’€1’1] ( 8)
now, let’s consider the solution for ¢; = ¢4 — 4,
e By using the solution of 4,
12
=t (3l#14) — T (a3 (K-29)
534t4

we obtain:

Inf, [Infy [AF° (=01, 17,27, 63) AT (=03, 3", 2) AT (=00,47,0)] ] o =
_ i[3[21(2[3[1][4]2] — [3[2][4[1])[4]3](1]4)
s12(3[1]2(3[4)
i[34][4]2]? s23 —514524 + $14512 )
(12) (3)4) [12] [14° < > (K-30)

i[34][4]2)% 514503
(12) (3]4) [12] [14]? 594513

(—s24 + 512) =

2
524
Here the sum —s14894 + $14S812 can be written as,

1
—S814824 + 814812 = B} (— (334 + 3%4 - 3%2) + (3%2 + 3%4 - 334)) = (—2334 + 23%2) (K-31)

N —

with this simplication,

Infuz [Inft [At4ree (—61, 17, 2+,€3) Agree (—63, 3+,€4) Agree (—64, 4+, gl)]to],ﬁ =

a2 <1_i>
(12) (34 12 147\ 5,

e Now we study the contribution from the conjugate solution

Infuz [Inft [A4 (—ll, 1_, 2+, lg) Ag (—lg, 3_, 14) Ag (—14, 4+, ll)]to];ﬂ =
_AMI2PAB4)  i[24) [34] s

s12[4]1](3]4) (12) (3|4) [12] [14]?

the total coefficient is

2 (q- 1 i[24]7 [34] 50 53
o (02340 = s et (0 3F)
i 32 o,
2 (23) (24) (34) [21] [31] V2

) =3 [12] (23) (34) [41] w
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Ol (17,2+,3%,41)
The product of tree amplitudes
012 [3]2][4]¢2[1) (1]41]4]

At47‘66 (—EQ, 2+, 3+, €4) At3’r‘66 (_€4, 4+7 El) Agree (_Elv 1_7 62) = [4|1]<1|4> <2|3> <2|€2 |2] (K_33)
e Consider the solution for ¢;
12
0 =t (L"4] = o= (4 1] (K-34)
814t
we obtain:
Inf,» [Inft [Affee (—62, 2t 3+,£4) Alree (—64,4+,€1) Alree (—El, 1_’62)]”]#2 =
_ i[3[2][4[1](21[2](1]4) _ [24)? t*s (K-35)
[211]2(213)(2[4)> [21] (23) (34) [41] w?
e With the solution /7:
2
4 =t (a1 = = (4, (K-36)
S14t
we obtain,
Inf,, [Inft [Aﬁ’"eeAtQT’eeAé’"ee] to],ﬂ =0 (K-37)
Finally, the coefficient takes the form:
2
2] (1= ot ot 44+ [24] stts
59 (17,2 47) = — K-
C3,23( ,27,37,47) [12] (23) (34) [41] u su (K-38)
cl (1=,2+,3%,4%)
3;34 9 ’ 9
The product of tree amplitudes,
AZTee (—63, 3+, 4+,€1) Agree (—61, 1_,62) Agee (—62, 2+7€3) =
, 34 [3[62]1) (3]¢3] 2] : [34]
_ 2| = —ip? 1|62302] 2
CENGIEE ] (w2 | ehE e e e
. 34
o T m—e ((3162/3] 162/ 2] — 2 (113)2])

(34) [31] (32) (3 |5/ 3]

e The solution for /¢ is:

2
& =t{1h¥2) - = 2 (K-39)
Slgt

we obtain,

. 812[43][32]

Infe [Inf; [ATCAYCAY],] L =i =0
nf 2 [ nf; [ I 9 3 ]tO] Z<23> (34) [31]2

2 (K-40)
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e The solution ¢5 does not contribute to this calculation because we obtain powers of t",n > 1.
Taking into account this argue, the coefficient is:

_ ' 43] [32] i [24)? st st
O, (17 2% 3% at) = L o] = 22 K-41
i34 ( ) 2(23) (34) [31]%  2[12](23) (34) [41] w ut ( )
0[2] (1~ o+ g+ 4—1—)
3;41 ) I I
The product of the tree amplitudes
_ i(3[13]2](1|14|4]%(2]14]3
Airee (—f4,4+, 1 7€2) Agree (_62’ 2+’£3) Ag (—53,3"',&1) — < ‘51’42;3‘>;l<’4]‘lj’i]4’ ] (K—42)
Taking into account that Iy = l3 — 3
e By using the solution for I%,
2
=13 2113~ 7o (311" (K-43)
52313
we obtain:
tree ptree ptree _ <12> 354
e [Inf LAY AT oo = 4 o ey ey
e and the conjugate solution,
2
1
=15 (3112 - T (21173 (K-45)
52313
we obtain:
Inf,; [Infy [AYCAT AT o] » =
i[3121% ([413)(112)%(3]4) — 2[4]3](1[2)(1[3)(24)) . (1]2) 2 2
= _ 5 =1 5 (324 —'323)
514523(2/4) (23) (2[4)* (34) [41]
The total contribution is:
S 2 2 - 2
2] — oF oF 4+ (3 (323 - 2324) <12> (3 [24] st 2 2 1
17,2 47) = = == — (t* =2 — K-46
Coan (17,27,37,47) 2 (23) (24)2 (34) [41]  2[12] (23) (34) [41] u ( w) ut ( )

K.2.3. CI)(17,27,3% 47) Coefficients
Oy (17,27,3%,4%)

(12)  (4]€a]3] 3]41]4]
[12][1]en] 1) (43)  (34)
(12)[34] 1
[12] (34) [L]62] 1)

Airee (_Ely 1, 2+’£3) Aéree (_€37 3+’ €4) Aéree (_€4’ 4+’ El) = _iﬂ2

2 (12)

=~ i) gy ey sl == i
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e the solution for ¢4

2
ol
¢ =314 - = Bly|4 (K-47)
Slgt
2
0=t — 4=t (3|4 - L (374 - K} (K-48)
4812t

2

W
1161]1) =2t (3|1]4] — —— (3|1]4] —
[L161]1) = 26 (311]4] = 35— (31114) — ous

1
Sy (4512 (3[1]4] 2 — 2512514t — p® (3 |y*] 4]) (K-49)
Slgt

1 1

[1 |£1| 1> - 1 ( _ 4812<3|1‘4]t2—2812814t)
2u2 (3]y+[4]s12t 12 (3[y+14]

4812(3‘1’4Jt2-— 2812814t
= —2u2% (3|7*] 4] s1at (1 — K-50
e 2 B (He20)
e With the conjugate solution we also obtain
1
Infy | ————| =0 K-51
). s
The coefficient:
Ol (17,27,37,4%) =0 (K-52)

Ol (17,27,3%,4%)

The productof tree amplitudes,

AZTee (—62, 2+, 3+,€4) Agree (—64, 4+, 61) Agree (—61, 1_762) =
C[3162]2)2 (3]61]4] [3]62] 1) 3 |¢2] 2)2
_ _ 410,30,]1
Yo 216:12] 34 [31] Voan (2[02] 2] [31] (34) 41636]11)
L (3102’
ss2 (262 2] [31] (34)

(3164]3) [4]64] 1) — p® [413[ 1)) (K-53)

e The solution for ¢

2
=t (14 - = |1 (K-54)
S14t
the contribution,
[3161]3) [4]61] 1) [3]¢2] 2)° 1
Inf, X K-55
t EIEE g (1)

+0
e For the conjugate solution, we have the same behavior
With this,
O (17,27,37,4%) =0 (K-56)
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o, (17,27,3%,4%)

We have symmentry between the channels: O?E?;’A (17,27,3%,4%) = C?E]m (17,27,3%,4™),

O, (17,27,3%,4%)

cy (17,27,37,4%) =0

We have symmentry between the channels: C’%g (17,27,3%,4%) = C?[,?Ju (17,27,3%,4™),

C (17,27,37,4%) =0

K.2.4. CI) (1~ 2+ 3 47) Coefficients

Oy (172,37, 4%)

The product of the tree amplitudes

A4 (_lb 1_7 2+7 l3) A3 (_l37 3_714) A3 (_l474+7ll) =

[ 4]la]3) (1[4 ]2]* (311 ]4]

Taking into account that [y =1, — 4

e By using the solution for Iy

we obtain:

Infuz [Inft [A4 (—ll, 1_, 2+, lg) Ag (—lg, 3_, 14) Ag (—14, 4+, ll)]to];ﬂ =

_ 20([3[1][4[2] — [3]2][4[1])*(1|3)
2[1][3[1]?(1]2)

e The conjugate solution

2

=ty (3|7 |4] — —— (4]4]3]

4534ty

s12[4]3](3[4)(1[11[1]

_ tree
= _A4

Infuz [Inft [A4 (—ll, 1, 2+, l3) As (—13, 37, l4) As (—l4, 4+, ll)]to];ﬂ =0

The total contribution:

Ol (17,24,37,4%) = —Afee

s2t

u3

s2t

ud

(K-57)

(K-58)

(K-59)

(K-60)

(K-61)

(K-62)

(K-63)
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Ol (172,37, 4%)
The product of the tree amplitudes

a[4]2]1) (11 |4)(3]12]2]?

A2 30 A ) s ) = R o
Taking into account that lo =11 — 1
e By using the solution for Iy
12
=ty 41 = e (1 (K-65)
s14t1

we obtain:

Inf,2 [Infy [Ag (=1, 17,27, 13) A3 (—13,37,la) As (10,47, 1) ] 0] o =
_ 2i[412]((1[3)(204) — (1[2)(3]4))® _ 2is25(13)(23) e St

B s23(2/4)* B RV
e The conjugate solution
Inf“z [Inft [A4 (—lg, 2+, 3_, l4) Ag (—14, 4+, ll) Ag (—ll, 1_, 12)]t0]u2 =0 (K—66)
The total contribution:
2] — o+ q— 4+ tree st?
Cyp3 (17,27,37,47) = A} "l (K-67)

o, (17,27,3%,4%)

We have symmentry between the channels: C’?%A (17,2%,37,4%) and 03[?}12 (17,2%,37,41),

3

9 _ 1512524 ree
Ci[i;g’A (1 ,2+,3 ,4+) = —W = —AZ -y (K-68)

Cigfz]ll (1_7 2+7 3_7 4+)

We have symmentry between the channels: Cg}% (17,2%,37,47%) and C?Eﬂll (17,27,37,4™)

2] — — _ Z323<13><23> __ Atree st?
Cyp (17,2%,37,47) = R (K-69)



L. Rational Contributions for amplitudes of four

gluons in Fermionic QCD

L.1. Quadrupole cut coefficients

Figure L-1.: Quadrupole cut for the process of four gluons in fermionic QCD.

L.1.1. ol 1+, 2% 3+, 4%)

Aéree (_gl’ 1+’ €2) Aéree (_62’ 2+,£3) Agree (_£37 3+,f4) A?Ee (_€4, 4"'7 El) =

- ! (o) [161] + [621] (q1£1)) (L2} [260] + [£52] {gata))

(q11) (922) (g33) (q44)
X ((Cag3) [303] + [€43] (g303)) ((£1q4) [4] + [€14] (qals))

(L-1)
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Let’s study the products ((f2q1) [101] + [€21] (q141)) ({(¢3q2) [202] + [¢32] (g2l2)) and
((Caqs) [30s] + [€43] (asls)) ((Crqa) [44] + [(14] {quls)) :

((C2q1) [101] + [€21] (q1£1)) ((€3q2) [262] + [€32] (q2l2)) =
= ((€22) [101] + [€21] (261)) ((€31) [2€5] + [€52] (142))
= (£22) [Ll1] (€31) [20o] + (€22) [LE4] [€32] (L2) + [€21] (2£1) (€31) [262] + [€21] (2£1) [€52] (142)
=2(l - 2) [61 [1] £3) + [€1 (1] £2) [€5 (2] £2) + [€2 1] £3) [€2]2] £1) + 2 (€2 - 1) [€5]2] 41)
= [0y [1]£2) [€5[2[ £2) + [l2 |1 €3) [€2 |2] £1) = — (12) [21] {€1 |wp| L3}
= [0 Ny p2[ 3] + (01 |20-_pl] l3) = — (12) [21] ({1 |p| £3)  (L-2)

((Cags) [3€3] + [€43] (gsls)) ((C1qa) [4€] + [614] (qala)) = — (34) [43] (€3 |p| €1) (L-3)
With this,
ageeageeageaye = LB (0 il o) el ) (L-4)
= 822] gi (€1 |y pups] £1) (L-5)
- 2<[1122; gi (01 ]61] 1] (L-6)
[12] [34]

_2N4m (L-7)

The coefficient is given by
cif (1t 2% 3% at) = —2 <[1122; gi (L-8)

L.1.2. ¢i(1-,27,3+ 4%) and C¥ (17,2, 3*,47)

Aéree (_Ely 1—’€2) Ag’ee (_627 2+,£3) Agree (—63, 3+, 54) A?ee (—54, 4+7 El) =

- : ([baar] (161) + {021) [ 1)) ((Caa] (262) + (£52) [2ts])

[911] [g22] (g33) (944)
x ((fag3) [303] + [€43] (g3f3)) ((£1q4) [4€] + [€14] (qals))

Using parity in eq. (L-2))

([L2qn] (1e1) + (€21) [q11]) ([€3q2] (2€2) + (€32) [q2la]) = — (12) [21] [ || £5] (L-9)
((Cags) [303] + [€43] (g303)) ((C1qa) [4€) + [€14] (qals)) = — (34) [43] (€3 || €1) (L-10)
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we obtain,

(12) [43]

AN CATCAT = o [l 6] (Bl ) (L-11)
Ell ]><[43§ o { <1 275> WW} (L-12)
- { (HTW 5“3} i) (L)
=4 E1122]><[j ; (20" = s12) (L-14)
4 (12) [43] 5 (12) [43]

S12 (L—15)

~ M 2] (43) —w [12] (43)

Let’s call s = s19 and ¢t = s14.
The coefficients of the power p* and p?:

4 . <12> [43] _ E tree
Wt 2 = 2-Af (L-16)
2., <12 [43] _ tree
JZ [12] <43> S12 = tA4 (L 17)
The coeffcients take the form:
i (17,27, 3%, 4) = —2- L gtree (L-18)
cPl(17,27,3%,4%) = tA““ee (L-19)

L.1.3. ¢ (17,2737 4%) and CP (17,2+,37,4%)

1
[911] {g22) [g33] (q44)

AT CATCAT AT = ([foan] (1e1) + (£o1) [ 4a]) ((€3g2) [2£o] + [€32] (g2l2)) x

X ([£ag3] (3€3) + (€43) [q3f3]) ((£1q4) [4€] + [€14] (qals))
(L-20)

Let’s study the products ([l2q1] (141) + (¢21) [q141]) ({(¢3q2) [202] + [¢32] (g2l2)) and
([laqs] (3l3) + (£43) asls]) ((Crqa) [40] + [€14] (qals)):

([laqn] (1&1) + (€21) [a16a]) ((€3g2) [202] + [€32] (g2l2)) =
= ([622] (141) + (€21) [2641]) ((€31) [2£o] + [€32] (1L2))
= [£22] (141) (€31) [2€a] + [€22] (141) [€32] (Lla) + (€21) [264] (€31) [202] + (€21) [261] [£52] (142)
= — (622 (160) (€1) + (L1€a] 2] (161) [£32] + (1 [2] 2] [261] (£a1) — (£21)* [261] [¢52]
= (1161 2] ((Le1) [£32] + (L1€5) [(22]) = (12) [21] €4 (2) - au (6) ¢ (L) u(l3) (L-21)

([€aqs] (3€3) + (€43) [q3ls]) ((C1qa) [4€] + [€14] (qals)) = (34) [43] e4 (4) - bra (€3) ¢_ (3) u (f1) (L-22)
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for this calculation,

[622)* = —[2|u[ 2] = 0 (L-23)
(1) = = (1|p|1) =0 (L-24)

With the sum over internal states, we can obtain the traces:

Alree Alyee Alree AlTee — = (2) - 0@ () ¢_ (1) u(b) ey (4) - 47 (€3) #_ (3) u (1) (L-25)
e () b () T (6 ) f (1) (s + ) £ (3)) (L-26)
— e (2) ey (4) -6 [Te {fhe- (1) fye— (B)} + Tr {ue (e (3)}]  (L-27)
=e1(2) by (4) 01 [Tr{lre_ (1) lse— (3)} + p?Tr{e_ (1)e_ (3)}]  (L-28)
= 4€+ (2) . fl€+ (4) . fl [[51 E_ (1) 53 cE_ (3) — fl . 536_ (1) cE_ (3) —I—]
e (3) b (1) + e (1) e (3)] (L-29)
=dey (2) - lier (4) 41 [201 e (1) by - e (3) + (—l1 - L3+ p®) e— (1) -e_ (3)]
(L-30)
From momentum conservation, we know that
by ={l3+p1+p2 (L-31)
= 01 - 43+ ,u2 =p1- P2 (L—32)
Then, the product of four tree-level amplitudes is given by:
Alree glree gtree glree — 9 (9) 1o, (4) - £1 [461 -e_ (1) €1 - e— (3) + s126_ (1) - £_ (3) (L-33)
=84 (2) - liey (4) - £1ly e (1) €y -e— (3) + 251264 (2) - 1t (4) - 1e_ (1) -e_ (3)
(L-34)
The first term was obtained when we did this process in the scalar loop
8€+ (2) 5164_ (4) flfl e_ (1) fl e_ (3) 2 <24> [ ] [ ] (L 35)
28126_;,_ (2) . €1€+ (4) . 616_ (1) e (3) _ < Ml‘ 2] <3 Ml’ 4] [2 hﬂu‘ 1> [4 "Y‘u’ 3> (L-36)

PVE(2) V2(34) V2R1] V2[43)

= s Al GBI 21 8 (L7

~ i a2 el (-39

The explicit solution: ¢} = ¢ (1 |y*]4] + ﬁzc (4y*|1] (L-39)
, ) 14

a2 3114 = (55 ) 00 12 (30) 4] = (1-40)

LAY
= — < > [12] (34> S14 (L'41)

28146
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and c is:
k) (421
c= :|:§ S (L1214 (L-42)
_ o (412[1]
(2¢)? = Mzm (L-43)
with this:
(1162 (316 4] =~ 2 12 () (L-44)
214072
23224 (2)- ey (1) e (1) -2 () =L PR @B )
the product of the tree-level ampitudes is given by:
tree ptree ptree ptree __ 4(12> <34> [ ] 2 (13>2 [42]2
A A = e P (1-40)
[4} - - _ Z<12> <34> [ ] _ S_t tree _
Cy(17,27,37,4%) =2 —<24>2[21H I u2A4 (L-47)
Cf} (1—724-73—744-) - _ <13>Z[42] — ZtAZree (L—48)

Another way

Previously we obtained the coefficient for the amplitude of Cz[ﬁz (17,27,3%,4™") putting the tree
level scattering amplitudes in this form:

Oty (17,27,3%,47) = ST AYee (<01, 17, 05) A (—y, 27, £3) AY® (—03,3%, £4) AFC (—L4,4",01)
(L-49)
— Z Alree (—01,17,27, £3) b3 A (—3,3,4741) il5 (L-50)

S0, if we put the tree amplitudes in this way:

04[14]12 (17,27,3%,4%) = ZAQMA?E@ (=04, 47, 01) (01,17, 85) A (—o,27,43) AFC (—L3,3%, 4y)
(L-51)
— Z Al (=04, 47,17 by) 0T AL (02,27, 3% 4y) 03, (L-52)

we will obtain:

Oy (17,27,3%,4%) = 3 AYee (<04, 4%, 17, 0) i3 Ay (—,27,374y) il3, = —22/15{66 (17,27,3%,4%)
(L-53)
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Now we study the term 04[14} (17,27,3%,4™):

ol (17,27,3%,4%) = —2§A5{66 (17,27,3%,4%) = 207 <2§1>2<>;4> <41>§ (L-54)
g =l ekl s

S A (0 157, A (7 k) = i O UH ] (120
=2 <2<31>3<>j1> <13<>?;2<>2f>3%31] . 83; gji (1-58)

iy (o i -

3
(L-60)
= C (17, 2%,37,4%) = —2iAlee (17, 2,37, 4%) z—z (L-61)
and the term Cf} (17,27,3%,4™):
2l (41— 9= o+ 4+ tree (1— 9— o+ g+ ; <12>4
Cy'(17,27,3%,4%) =tAf* (17,27,3%,4 ):z<12><23> (34><41>t (L-62)
. a4
) = i i 09 (E68)
tree -— tree -— s <Zj>4 .
ZA4 (=€, 1% 07 bo) AYC (02,5, kT ly) = T Gk Rl ) (7k) [ki] (L-64)
tree — tree — 3 <13>4 <12> <34>
D AT (<4, 4T 17 0y) AT (—lp,37,274y) = i 3y (30) (24) (A1) (32) [23] x 12 (5 (L-65)
o (13)* (32) [23] (12) (34)
Ty ey ey %)
_ ptree (1— - t(12) (34)  [31][42]
= AT (T2 (13) (24) "~ [31] [42]
(L-67)
= A (17,2%,37,47) [31] (13) (12) [21] %
(L-68)

= ol (17,2%,37,4%) = Ayee (17,2%,37,4%) %t (L-69)
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L.1.4. Cl (17, 2% 3+ 4%)
Oyl (17,20, 3% 4%) = 3 A (<0, 17, 6) AFC (~£y,27 eg) Aee (—0s,37,04) AL (—Ly, 4%, 61)

— | (a2 160 + (1) )| |~ (Gt 28]+ (142 162)|

X [ <4é> ((£44) [303] + [€43] <4€3>)} [ <3;1> ((613) [404] + [614] <3g4>)}

-] ><43>< 3y (22 (100) + (21) 200]) (D) [262] + [£a2] (162))

(1
X ((€44) [305] + [€43] (463)) ((€13) [4€4] + [£24] (3¢4))
- —% (1]61]2] ((101) [632] + (103) [€12]) (€3 || £1)
- _% (L161] 2] (€3 |pl €1) ((161) [€32] + (Le3) [€12])
_ [43]

=2 (1) (a9
2 M3
21] (12) (43)
— 9,4 [24]2 st
=M 23) (34 [41] w

Previously we obtained the same result of the scalar loop.

(12)

(L] 2] ([2]63] 1) + [2]62] 1))

— 2 (1Ll 2P

(L-70)

2
Ci (172", 8% 4%) = 2 [12] (2?>4<]34> [41]5 (E-71)

L.2. Triple Cut Coefficients
L.2.1. CP(1+ 2% 3+ 4%)
The product of tree amplitudes
Alree (—0y, 1%, 2% 05) AT (—l3, 3%, £4) AL® (—4,4%,01) =

[12] (L3 |pulf)

_ [12][34] (l3]u] 02)
o (12) (34)7 (16 1]

(L-72)
the term in the numerator is given by:
1— 5
(] ) = (6l )l ] = T { (257 ) gt | = 20 (L-73)
the solution for ¢1,
2
1
=t B4 - 2 (49 - K (L-74
2
07 =t @3] = — (3|y"|4] — K} (L-75)

4834t
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Figure L-2.: Triple cut for the process of four gluons in fermionic QCD.

and the term in the denominator

2 2 2
- _ 1% _ o _/L <14> [31] B 4834 <13> [41] t4 — 2834814t
(L] 1] = 26 (13)[41] = 5o (14) [31] — 514 = ——— = (1 214 5]
(L-76)
2 2 2
_— o o we(13)[41] 1 Asza (14) [31]1F — 2534514t
(1|67 1] = 2t (14) [31] .y (13) [41] — s14 = D5aat 1 2 (1) [A1]
(L-77)
We find the coefficient,
<€3 ],u\ €1>2 . 4834tu2 1 . 4834tu2 <1 4834 <14> [31] t2 - 2834814t>
11641~ (13)[41] (7 _ 4ssa(0)BUR2ssas1at  (13) [41 2(14) [41
(A1)~ {13) (1] — iRy~ (13) 41 i (14 i)
(L-78)
sl e)? | sl )]
W [ ey | T ey | = (79)
finally,
Cl, (17,2%,37,4%) =0 (L-80)

in the same way

Oy (1F,2F,37,4%) = O), (1+,27,3%,4%) = ¢}, (1F,2%,3%,47) =0 (L-81)
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L.2.2. ¢l (1- 2+ 3+ 4%)
ngf]lz (1_7 2+7 3+7 4+)
The product of the three tree amplitudes is:

ATEE (=00, 17, 2% 02) AT (—f, 3%, ) AT (~b3,4%,01) =

. 1 RIGTEY
= i En s (1] (G 261+ 62 0) (G lul &) (L-82)

where the second term in the prodcut is given by,

((€s1) [261] + [€52] (141)) (3 |p[ 1) = (L3) (€3 |p] £1) [€2] + [2€3] (€5 [p| €1) (€11)
= (Ulunba| 2]+ (Uupla] 2] = =242 (1]02] 2] (L-83)
the product of tree amplitudes than becomes

[43]  [2]1] 1)?
(12) [21] (34) (1]e1] 1]

At4ree (_Ela 1, 2+’€3) Agree (—63, 3+’£4) Agree (—f4,4+,£1) = _22'#2 (L-84)

This result was obtained in the scalar loop.

[24]? st
[12] (23) (34) [41] u

O, (17,2%,3%,4%) =

Ol (17,2+,3%,41)

23] (lap[ L)
(23) (14) [41] (2[¢2|2]
X ((011) [40y] + [€14] (104)) ([€24] (Le1) + (€21) [441]
(L-85)

A0 (09,27, 3%, 4y) AF (—L4, 47 01) ATCC (—01,17 4y) = —i

((011) [4a] + [614] (1L4)) ([€24] (Le1) + (l21) [461]) = (€11) [4L4] [€24] (141) + (£11) [4€4] (21) [461] +
+ [€14] (14y) [€24] (1€1) + [€14] (1£4) (€21) [441]

(L-86)

= (1|61 4] ((£21) [4€4] + [24] (1£4)) (L-87)

23] (1144

AtreeAtreeAtree — _
CA S T i el

o |pl b2) ((€21) [44] + [€24] (144))
(L-88
(Ca |l €2) ((€21) [4€4] + [€24] (1L4)) = [4€4] (La || €2) (Lal) + (Lly) (Cq || L2) [€24] (L-89
= [A]lapup| 1) + [4|Copp| 1) = —p® [4]04] 1) — 4 [4]€2] 1) (L-90
= =242 [4]01] 1) (L-91

23] (1]6n]4]
(23) (14) [41] (26| 2]

)
)
)
)

AlireeAéreeAgree — 2i,u2 (L—92)
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The explicit solution for ¢}

2
¢ =t (1|74 — 2 @y 1] (L-93)
4814t
2
ly =t (1]y"[4] - (4y"1] - K} (L-94)
4814t
s
1141|4]° = — L-95
(L] 4 = £ (L-95)
2 2 2
o 7 <4|2|1] 4514 <1|2|4]t — 251987141
2105 2] =2t (112|4] — —— (42| 1] — = — 1-—
(21621 2) = 26 (1]2] 4] = 52— (41201] = 512 = =5~ AT
(L-96)
<1 |£1| 4]2 _ ,u2314 1 _ ,u2314 < + 4814 (1 |2|4] t2 - 2812814t>
2005 2]  2(4|2| 1]t (1 _ 4s1a(U204)2—2s12s1at  2(4]2|1]¢ 2(412|1
L]~ 2URITE () 2 Zeat) — 2(2[) p? (4 2]
(L-97)
2 2
ing [(LAM) - siosiy (L-98)
21602 |, (@]2/1]

et 23] s12803
inf linf AtreeAtreeAtree = 9 [
[ [ 1 2 3 ]to]uz <23> <4|2|1]2

2
2l R [24] st ts
1,2 4H) = —2 ——
Coag (17,2587 47) = =2 e D T w su

(L-99)

(L-100)

The another solution of £ does not give contribution because inf [A (—a, 27,37, 04) A (=04, 47, 01) A (01,17, 62)],0
0

cl, (17, 2,34, 41)
The product of tree amplitudes

AL (—03,37,4%,0) Y (—01,17,65) AYe (—£o,2F,63) =

— it ST (02 (1) 4 (6a1) 261]) (6a1) 2]+ 602 (1)) (L201)

studying each term

([622] (11) + (€21) [261]) ((€31) [2€2] + [€32] (1)) = (1 |€2] 2] ((161) [€52] + [261] (¢31))  (L-102)
with this, the amplitude,

4]  (1]62]2]

AtreeAtreeAtree == —4
o (34) (12) [21] (3[¢5] 3]

(1 |l £3) ((Le1) [€32] + [2£1] (€51)), (L-103)
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where,

(01 [p] £3) ((101) [€32] + [2€1] (€31)) = (1€1) (€1 |p| €3) [€32] 4 [201] (€1 ] £3) (£31)
= (1 |ppls] 2] + (1 |pply| 2]

— 22 (1]¢] 2 (L-104)
Consider the solution for 6‘2‘
" p
05 =1t (1|4*]2] — 2[v* 1
§ =t (12 - 22— el
2
B “lol _ Bl peh
€=t 12 - 2 1) - K
4
1]69]2]% = £
(116127 = £
2 2 2
1% 1% <2‘3’1] 4812 <1’3‘2]t —2812823t
3143] 3] =2t (13|2] — 213|1] — = — 1-
[1 |fg| 2>2 _ ,u2812 < 4812 <2 |3| 1] t2 — 2812823t>
(3¢5 3] 2(1[3|1]¢ p? (23] 1]
. [[1 [ 2>2] _ shom
G163 |, 23/
With these prescriptions,
. . _ i 34] 82 5923
f [inf [A (—03,3%,47,01) A(—01,1 A(—ty,27 = 24> [ 12
m [ln [ ( 6373 ) 761) ( Ely 7€2) ( €27 753)]1‘/0]#2 t <34> <12> [21] <2|3|1]2
[42]? st st

Coipa (17,285 47) = 2o e N i w it

O, (17,2+,3%,4%)

The product of the tree amplitudes

Airee (_€4’ 4+’ 1_,62) Aéree (_€27 2"‘7 Eg) A?“ee (_Eg, 3"'7 €4) =

= (L) (] 16 + (1) ) (a2
1 2 2
— o a4 (eat) (1) + (ea1) i) = 2= ER S (109
We have already obtained this result,
2 S
Cl, (17,27, 3%,4%) = ~itg) <2£,2>4<]34> i (% — 2u?) 5% (L-106)
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L.2.3. ¢ (1-,2-,3+,4%)
CP, (17,27,3%,4%)

(12) [34] [€3 |l £1] {41 || £3)
[12] (34) (1]61]1]

a1 1 ol ) =10 { ‘2”5) bt} = 1 { ‘2”5) e}

=200y - by = pi® (2% — 512)
12)[34] 1
[12] (34) [1]61] 1)

A (—61, 17, 2_763) A (—63, 3+,€4) A (—64, 4+, 61) =1

A(—01,17,27,43) A (—03,3",04) A (—Ly, 47, 01) = ip® (2% — 512)

CPl, (17,27,37,4%) =0

The other coefficients vanish



M. Completeness relation of generalized spinors

Writting explicitely wy (k,q) and uy (k,q) for A = &, we find

Z U (ka Q) uy (k7Q) =

A==+

- (11#} s |q1> (M v <q|> + (\kb] + |q>> ((kb\ vl [q|>

:y+m“”%+“”“”w[ﬂ—%ﬂw><m 2 (1) =10 )

IR AN (o
m? 2 m-+ip)l — m—iu)l
— T I (g ) 4 S I (4 g
m2 & 2
:%b-i— 2k:_/; g+m—z,u7 (M-1)

finally,

> un(k,q) s (k,q) = F+m—ipy° (M-2)

A=+

g (1 %W(ﬂqD g (10 (e} (][] () )
= gy a0 () []) + (] () v )}
U

1 — % 1+75 1 V5 1+75k
To g | 2 7 173

2k"1 % {g k } 2’Y5 (M-3)




N. Three point amplitudes with gluons in 4 — 2¢

dimensions

N.1. Az (17,0, 1)

_ ) » y v _
A (1405, —17) = L [9“ (K1 — 1)+ g™ (o + ) + g™ (—h — K1) | e} (1) e, (o) el (—l)

V2

(N-1)

_ 19 [T (1) e (Io) (K1 — ) - (=) +e (o) - e (=) (g + 1) -7 (1) +

V2
+ e (1) et (<h) (<= K e ()]

studying each term in (N=2),

et (1) e (I) = — <qlg> [le]

(a1) 1
(K1 — o) - et (—1y) =2 [lg\\/g/jﬁ
e (1) -e* (<) = - <l§lli2[l?lz]
(2 +11) et (1) = 2%
et (1) e (h) =~ <qiz>1>[l£1] =0
= - ) — 2K

V2p
(N=2)) amounts,

As (1%, 05, —1F) = —szm Hzi | l‘1> <ng> 1] + <zgz‘1> [ziz}} <q ‘zg( 1”

we choose the reference vector of pjas,

(N-2)

(N-9)

(N-10)
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finally the amplitude,

j |
_ M21<gl_1> o] (ms) quay [ = () (6] (25 [ ]]

PERTTY ERTY
A I L S L1 _
B O AN TN (N1

N.2. A3 (11,15,17)

7 v _ _
Ay (117, —17) = 2L [9”” (K1 =)+ g (o + 1) + g™ (=l — K1) | e} (1) &, (o) ey (=)

V2
(N-12)
= % [T (1) e (lp) (K1 —1g) - e () +e (Ig) - e () (la+ 1) -e" (1) +
+ E+ (1) o (—ll) (—ll — Kl) o (lg)] (N—13)
each term,
gy tats) [1o1]
et (1) e (Iy) = — <21> p (N-14)
-
(K1 —lg) e (=) = 2% (N-15)
bib\ [7.7.
e () (-h) = —7«2[122[[1[2] =0 (N-16)
b
(lg+1;)-eT (1) = 2%12113 (N-17)
oy fa) (]
et (1)-e™ (=1y) <; iy (N-18)
) 17
(=l — K1) e (lo) = 2% (N-19)
The amplitude takes the form,
A (117 ~17) = =y () (1] (1 110] = (att) (1] (53112 (N-20)

with the reference vector,

q= 12 = ll = l_ (N'Zl)
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we obtain,

3 4
0 e\ (g2 g (N-22)
3 (Bi) (] BEy Ty )

N.3. Ay (17,05,17)
By parity in eq. (N=11])

Az (17,17, -17) =g (11)° (N-23)
T ) @) (4

N.4. A (17,15, 17)
By parity in eq. (N=22])

B3] (24

N.5. A (17,1, —19)

As (1F,15, 1) = % [9“” (K1 — )M+ g™ (Lo + 1) + g™ (=11 — Kl)"] ef (W&l (I2) e (—h)
(N-25)

= % (et (1) e (lp) (K1 — o) - 9 (=) +et (o) - (=) (o + 1) - et (1) +
+ et (1) . 60 (—ll) (—ll — Kl) et (lg)] (N-26)
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studying each term,

et (1) et (ly) = <ql<iz>[l:2bl] =0 (N-27)

(K1 —1lg)-€°(=h) =0 (N-28)
et (lp) &% (—1h) = [%/flf” (N-29)

, (q]%3]1]
(1) (1) = 20 (N-30)
et (1)-&"(-h) = \</q_|<lb‘ >1 } (N-31)
b
(~h — K1) " (I) = [l \’/1—!2> (N-32)

the amplitude,

g | [B8]5) Cali[1]  (ali[1], [ [1]1)
Ay (11,17, -19) = [ o 2\/§<q1>—2<q1>uz Vo

AL ATTA [z5|1|z‘2>]=%<q‘l“1]<£llg>‘_g“—2>=0 (N-33)

N.5.1. Ay (17,15, —09)

A3 (1%,05,-19) = % [9“” (K1 = )+ " (I + )" + g™ (= — Kl)u] ef (D e, (la) ey (=h)
(N-34)

= % [E+ (1) - (lg) (Kl — lg) . EO (—ll) +e (lg) . EO (—ll) (12 + ll) et (1) +
+ et (1) . 60 (—ll) (—ll — Kl) -e (lg)] (N—35)
each term,

N
(1) (1) = — <qi2q>1>[lj” (N-36)
(K1 — lg) . 60 (—ll) =0 (N—37)

b |ib|7.

() -<° (1) <lz‘¢;ﬂf] (N-38)

, RCIAR
(lo+1)-e" (1) =2 V2 {a) (N-39)

0/ __<<J|l?\1}
et (1)-% (=) = NATY (N-40)
b

(=l —Ki)-e (I2) = <12\)1§|M12] (N-41)
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finally,
g (B lnlk] (i) (ala|1]
Ay (1,15, —19) = -9 s |4 L MR g N-42
= ZE T [Ty e ()
N.5.2. A3 (1_, 5, —l(l))
By parity in eq. (N=33])
Az (17,05, -19) =0 (N-43)
N.5.3. A3 (1_, I, —l(l))
By parity in eq. (N-35)
A3 (1_713_7 _l?) =0 (N_44)

N.5.4. As (1,19, —19)

Finally, consider a gluon in 4 dimensions and the other two in 4—2¢ dimension with zero polarization,

i v
Ay (11,19, -19) = A [9’“’ (K1 — )+ g (la + )" + g™ (= — K)) ] ef (1)ey (I2) €3 (—11)

V2
(N-45)
= Z—\/gi [€+ (1) . 60 (lg) (K1 — lg) . 60 (—l1) + 60 (lg) . 60 (—ll) (l2 + l1) . €+ (1) +
+ et (1) (=) (=l — Ky) - €° (1y)] (N-46)
each term is given by,
y 7
et (1) () = % (N-47)
(K1 —12)-€° (i) =0 (N-48)
e9(ly) -9 (=) =1 (N-49)
_ _ (B V2 (g 1] _
(la+ 1) et (1)=2 2 ) = () (N-50)
b7
et (1) &% (~h) = —% (N-51)
(—ll — Kl) . 60 (l2) =0 (N-52)
the amplitude takes the form,
Ay (17,19, -19) = z'gM (N-53)

(q1)



N.5 Az (11,15, 1) =

N.5.5. As (17,19, -19)

By parity in eq. (N=53))

(N-54)
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