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Resumen and Abstract  VII 

 

Resumen 

 

Evaluación de sistemas de generación termoeléctrica bajo condiciones no 

uniformes de temperatura 

 

Este documento presenta un análisis metodológico para el diseño y evaluación de 

sistemas de recolección de energía térmica que emplean arreglos de generadores 

termoeléctricos (TEG) bajo condiciones de temperatura no uniformes. Esta tesis presenta 

el desarrollo de tres objetivos: En primer lugar, se desarrolla un modelo matemático que 

considera la dependencia térmica de las propiedades termoeléctricas y las pérdidas de 

calor para evaluar un módulo termoeléctrico (TEM). Este modelo es fundamental para 

comprender el rendimiento de la matriz TEG bajo diferentes condiciones térmicas. En 

segundo lugar, se proponen diferentes topologías de convertidores DC-DC para extraer la 

máxima producción de energía de las matrices TEG bajo condiciones térmicas 

desajustadas. El objetivo es determinar una forma eficiente de extraer energía de las 

matrices TEG bajo diferentes condiciones térmicas, mejorando así su eficiencia. 

Finalmente, el estudio simula y evalúa la metodología propuesta utilizando datos 

experimentales de arreglos TEG comerciales bajo diferentes condiciones térmicas. Este 

paso es esencial para verificar la precisión y efectividad del análisis metodológico 

propuesto. Al utilizar datos experimentales, el estudio espera asegurar que su metodología 

sea efectiva en aplicaciones prácticas. 

 

La metodología propuesta tiene el potencial de contribuir significativamente al campo de 

la energía renovable al proporcionar una solución efectiva al problema de recuperación de 

energía térmica bajo condiciones no uniformes de temperatura mediante sistemas TEG. 

 

Palabras clave: Generadores termoeléctrico, condiciones no uniformes de temperatura, 

topologías de convertidores DC-DC, dependencia térmica de las propiedades 

termoeléctricas.  
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Abstract 

 

Evaluation of thermoelectric generation systems under mismatching thermal 

conditions 

 

This document presents a methodological analysis for designing and evaluating thermal 

energy harvesting systems that employ thermoelectric generator (TEG) arrays under 

mismatching thermal conditions. The study aims to achieve three specific objectives. 

Firstly, a mathematical model is developed that considers the thermal dependence of 

thermoelectrical properties and heat losses to evaluate a thermoelectric module (TEM). 

This model is crucial to understanding the performance of the TEG array under varying 

thermal conditions.   

 

Secondly, different DC-DC converter topologies are proposed to extract the maximum 

power output from TEG arrays under mismatching conditions. The objective is to determine 

an efficient way to extract energy from the TEG arrays under different thermal conditions, 

thereby improving their efficiency. 

 

Finally, the study simulates and evaluates the proposed methodology using experimental 

data from commercial TEG arrays under different thermal conditions. This step is essential 

in verifying the accuracy and effectiveness of the proposed methodological analysis. By 

using experimental data, the study hopes to ensure that their methodology is effective in 

practical applications. 

 

The proposed methodology has the potential to contribute significantly to the field of 

renewable energy by providing an effective solution to the problem of thermal energy 

harvesting under mismatching conditions with TEG systems. 

 

Keywords: Thermoelectric generator, mismatching thermal conditions, DC-DC converter 

topologies, thermal dependence of thermoelectrical properties. 
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Introduction 

The demand for renewable energy sources has increased significantly in recent years due 

to concerns over the negative environmental impact of traditional energy sources. One 

promising solution is to harvest thermal energy using thermoelectric generators (TEGs), 

which have interesting advantages. However, TEGs are highly dependent on temperature 

gradients, and their efficiency decreases when they are operated under mismatched 

thermal conditions. Therefore, there is a need for a methodological analysis that can 

effectively design and evaluate TEG arrays under varying thermal conditions. 

 

This doctoral thesis proposes a methodological analysis that aims to evaluate TEG systems 

under mismatching thermal conditions. The proposed models take into account the thermal 

dependence of thermoelectrical properties and heat losses to accurately assess the 

performance of TEG arrays. The proposed methodology includes different DC-DC 

converters topologies to extract the maximum power output from TEG arrays under 

mismatching conditions, thereby improving their efficiency. The study hopes to provide an 

accurate and effective method for designing and evaluating TEG arrays for thermal energy 

harvesting under mismatching conditions. 

 

This work has the potential to contribute significantly to the field of renewable energy by 

providing an effective solution to the problem of thermal energy harvesting under 

mismatching conditions with TEGs systems. The study's objectives are aligned with the 

global trend towards sustainability and the transition towards renewable energy sources. 

The proposed methodology can help reduce greenhouse gas emissions and promote 

sustainable energy usage. 

 

To verify the effectiveness and accuracy of the proposed methodology, the study simulates 

and evaluates it using experimental data obtained from commercial TEG arrays under 

different thermal conditions. Experimental data and comparative analyses ensure that the 

method is practical and can be applied in real-world applications. By proposing different 
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DC-DC converters topologies and evaluating their effectiveness under mismatching 

thermal conditions, the study provides a significant contribution to the field of renewable 

energy and smart grid integrations. 

 

In summary, this doctoral thesis proposes a novel methodological analysis that aims to 

provide an effective solution to the problem of thermal energy harvesting under 

mismatching conditions.  

 

Scientific contributions: 

 

As a constituent of the present thesis development, the presented information within this 

document has been partially or entirely published in the following papers: 
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generators  

Sliding mode control for TEG systems in microgrids 
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1. Recent developments in thermoelectric 
generation: A review 

Abstract: The world’s growing energy demand poses several concerns regarding the 

rational and efficient use of energy resources. This is also the case for many industrial 

processes, where energy losses - and particularly thermal losses - are common. 

Thermoelectric generators offer an alternative to address some of these challenges by 

recovering wasted heat and thereby increasing the overall efficiency of these processes. 

However, the successful operation of the thermoelectrical modules meant to carry this 

process, is only possible when pairing these to an external control system, such system 

plays an important role in predicting and operating such modules at its maximum power 

point. In this review chapter, recent developments in the field of thermoelectric technology 

are discussed along with their mathematical models, applications, materials, and auxiliary 

devices to harvest thermal energy. Moreover, new advancements in phenomenological 

models are also discussed and summarized. The compiled evidence shows that  the 

thermal dependence properties on the thermoelectric generator material’s modules and the 

mismatching thermal conditions play an important role in predicting power output in those 

systems, which proof the importance of including those param-eters to enhance the 

accuracy of the energy production prediction. In addition, based on the evaluation of the 

mathematical models, it is shown that more studies are required to fill the gap between the 

current state-of-the-art of the technology and adjacent modeling techniques for the design 

and evaluation of thermal energy harvesting systems employing thermoelectric arrays 

under mismatching thermal conditions. 

 

Keywords: Thermoelectric generator; phenomenological models; mismatching thermal 

conditions.  
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1.1 Introduction 

Humanity’s increased energy usage continues to be of concern. In 2015, several countries 

signed the Paris agreement and thereby committed to a series of actions targeted to slow 

down the current global warming rate. [1]. That objective can only be achieved by taking a 

series of actions focused on energy efficiency, reduction of CO2 emissions and increased 

renewable energy usage [2]. Among the options to improve the energy efficiency in 

processes, different initiatives are proposed to take advantage of waste heat sources, in 

Turkey, for instance, about 51% of the total heat used in the industry is wasted [3]; In other 

developed countries such as France, it is estimated that 30% of thermal energy is not used 

[4]. For this purpose, several investigations have focused their efforts on developing new 

materials with thermoelectric properties, which can take advantage of temperature 

gradients for the generation of electrical energy in a direct way. These materials are 

semiconductors that generate a difference in electrical potential when they are subjected 

to temperature gradients [5], using the Seebeck effect. 

 

The analysis of thermoelectric generators (TEG) systems covers different research areas 

where modeling is one of the most interesting; mathematical models allow to predict the 

performance of a TEG system in terms of energy production and support the development 

of efficient designs, new materials, alternative control systems, among others. The 

modeling of TEG systems requires a set of concepts like heat trans-fer and electric 

conductance models, external circuital elements, environmental conditions effects, and 

thermal energy sources to extract the power. To successfully do this,, it is important to 

consider the thermal effect over material properties in semiconduc-tors, which could cause 

a difference between the predicted values and experimental results, leading therefore to 

inaccurate analysis and therefore cause a significant re-duction in the efficiency of energy 

production systems. This chapter is focused on reviewing recently conducted research for 

the development of a modeling technique to  design and evaluate energy harvesting in TEG 

systems.  

 

In the following sections, the concepts and theoretical framework around energy production 

in thermoelectric systems are explained briefly. Afterward, an overview of several 

applications and industrial systems is done, followed by a summary of the new 
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developments in thermoelectric materials and their performance parameters. Finally, recent 

advances in mathematical models with complex methods, including the mate-rial’s thermal 

dependence properties, are outlined.  The last section summarizes the main problem 

regarding the mismatching condition in interconnected cells and finally, this review paper 

also presents suggestions for future studies in the field. 

1.1.1 Overview of Thermoelectric Generators 

Italian scientist Alessandro Volta first observed heat conversion into electricity in 1794 [6]; 

he conducted an experiment where an iron bar with two ends at different temperatures 

created enough energy to activate the spasm of a frog’s leg. In 1823 this phenomenon was 

rediscovered by Thomas Johann Seebeck, who joined two wires of different materials and 

perceived a magnetic effect when the magnetic field turned a compass needle towards the 

pair of cables; Seebeck continued investigating these pairs, known as thermocouples [7]. 

Subsequently, Danish scientist Hans Christian Ørsted ratified Seebeck’s experiments and 

defined this term as thermoelectricity. After the discovery of the Seebeck effect in 1834, 

Jean Charles Athanase Peltier found that by passing an electric current through a 

thermocouple, it is possible to transfer heat from or to the surroundings [8]. One of the main 

advantages of thermoelectric devices is the absence of moving parts and its low electricity 

costs; however, several parameters affect the performance of these systems, including the 

materials, phenomena that can occur inside each module, module configurations, 

maintenance, operative conditions, and mismatching energy source, among others. 

Thermoelectric devices are operated in two different modes: thermoelectric cooling 

modules (TEC) and thermoelectric power generator (TEG). TEC modules work when 

electrical current flows through de device, and the device transports energy (heat) from one 

side to the other. When the module receives heat from one side, and no current is forced 

into it, a difference in temperature is created between both sides, then, the device works as 

a TEG and transforms part of the heat into a Direct Current (DC) voltage. 

Thermoelectric cooler devices have been widely used where the conventional cooling 

mechanisms are not available or difficult to implement; the TEC are solid-state devices with 

high reliability, compact packaging, and low weight [9]. Söylemez et al. developed and 

evaluated hybrid refrigerators, which include vapor compression and thermoelectric 

cooling; the test results showed that the hybrid refrigerators had at least three times higher 

energy consumption levels over the serial ones due to  lower operating efficiencies of the 
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TECs and higher transmission losses [10]. Yuan Wang et al. present a model to establish 

the energy conversion efficiency of an alkali metal thermoelectric converter (AMTEC) by 

combining it with an absorption refrigerator (AR) [11]. Finally, in 2011 Zheng et al. presented 

a review of TEC in vehicular heating and cooling, Medical service, the food industry, and 

electronic devices [12]. The TEG modules are used in diverse and specialized applications 

such as military, aerospace, and automotive equipment, Daniel Champier in 2017 

presented a critical review of different TEG applications [13]. 

 

To obtain information about energy production and efficiency performances under different 

operating conditions, analytical and numerical methods have been used, commonly 

supported by experimental data. Modeling a TEG is not a trivial task, it is necessary to 

consider different elements and conditions that could affect the behavior realistically and 

practically. To represent the physical phenomenon occurring in a Thermoelectrical module 

(TEM), both thermal and electrical circuits should be driven. The most adopted approaches 

consider  that a TEM consists of a P-N junction connected electrically in series and 

thermally in parallel. A one-dimensional (1-D) representation of the TEM allows to 

determine analytical expressions of heat absorbed and heat rejected, where the power 

output is defined as the difference between heat ab-sorbed and heat rejected. Figure 1 

presents the P-N array (of N legs) inside a TEM, where TH, QH, and KH are, respectively, 

the heat source temperature, heat supplied from a heat source, and thermal conductance 

from the hot side of the TEM. On the opposite side TL, QL, and KL refer respectively to 

heat sink temperature, heat rejected from the module to heat sink, and thermal conductance 

of the cold side. α, k and ρ are defined as the Seebeck coefficient, thermal conductivity, 

and electrical resistivity. 
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Figure 1. One dimensional representation of a TEM. 

The electrical resistance network presented in Figure 2 shows the connections of N-legs (P 

and N type) in series through conductive material tabs. It shows that TEG system can be 

modelled as a voltage source (V) in series with a TEG internal resistance.  

 

Figure 2. Electrical representation of a TEM. 

The Rp and Rn are electrical resistance associated to P and N type semiconductor legs, 

respectively. Rcpec and Rcph, are the electrical resistance of material-conductive strips on 

the hot side, the electrical resistance of material-conductive strips on the cold side, 

respectivily, and RLoad correspond to the external load resistance. Figure 3 shows a 3D 

view of a thermoelectric generator in a flat plate geometry; the filler and the thermal interface 

layer (TIL) could vary according to the application (this is just a general representation of a 

TEG module). 
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Figure 3. Typical element configuration in a flat thermoelectrical module (TEM). a) 

Lateral view of the thermoelectric module; (b) Material elements on thermoelectric 

modules. 

 
The module in Figure 3 consists of two types of semiconductors: positive (P-type ) and 

negative (N-type ), where the P-type  has surplus holes, and the N-type  is carried by 

negative charges (electrons) to carry the thermoelectric current. The electrons move from 

one leg to another when the heat flows from the hot surface to the low-temperature surface; 

this movement converts the heat flux into electrical energy and produces power to interact 

with an electrical load. 

1.1.2 The Onsager relationships and thermoelectric effect 

In 1930, Lars Onsager published his famous work “Reciprocal relations in irreversible 

processes” [14], and it was one of the most ingenious ways to describe the interference of 

two (or more) irreversible and simultaneous transport processes (i.e. heat and electrical 

conduction). When two different materials are coupled and an electric current pass through 

the junction, absorption of heat occurs and it is called the Peltier Effect. On the contrary, if 

two opposite junctions are maintained at different temperatures, an electromotive force 

(voltage) will appear in the circuit. Onsager presented a practical way to understand, in 

general, the coupled effect under the hypothesis of linear response between the fluxes and 

forces responsible for the simultaneous transport phenomena. Eq. (1) is presented as 

follows 
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𝐽𝑘  =  ∑ 𝐿𝑗𝑘  𝐹𝑗  (1) 

 

Where 𝐽𝑘 represents the flux, 𝐹𝑗 the driven forces, and 𝐿𝑗𝑘  are the phenomenological 

coefficients.According to Curie principle [15], for isotropic systems, symmetries concerning 

the phenomenological coefficients lead to that fluxes will not be dependent on all possible 

forces, i.e. currents and forces of differing tensorial order will not interact with each other. 

The Onsager's reciprocity relations present symmetry among thermodynamic cross-effects, 

the j-th general force takes place in the creation of the k-th flux just with the same weighting 

factor as the k-th force. Mathematically it is easy to show according to Eq. (2) 

 

𝐿𝑗𝑘  =  𝐿𝑘𝑗 (2) 

 

The principle of a TEG module is the Seebeck effect. When a thermoelectric coupled has 

a heat source and it applies heat energy to create a temperature difference between both 

sides of the P-N couple an electrical current is induced in the circuit, that electric current 

indicates that a voltage is created due to the movement of heat. In 1794 Alessandro Volta 

discovered this phenomenon, but thanks to T.J. Seebeck's works on thermoelectric forces, 

the effect took his name [16]. The Seebeck coefficient can be expressed according to Eq. 

(3) 

 

𝑔𝑟𝑎𝑑(𝜑)  =  − 𝛼(𝑇)𝑔𝑟𝑎𝑑(𝑇) (3) 

 

Here, φ represent the voltage, T temperature, and α(T) is the combined coefficient related 

to material properties used in P-N coupled. Usually, α(T) of the junction between two 

materials is the difference between the two absolute parameters properties of each 

material. The Peltier effect opposites the Seebeck effect, the junction of two different 

isothermal materials with an electron current flow across them, produce a heat rejection or 

absorption according to the current direction. Usually, the Peltier effect is explained by the 

change in the average kinetic energy of a charge carrier (the electron) when the junction is 

crossed [17]. Eq. (4) shows the Peltier coefficient (𝜋) as the relation between the heat 

transfer rate from the union (Q) and the current flowing through them (I).  

𝜋 =  𝑄 / 𝐼 (4) 

 

 
(4) 



12 Evaluation of thermoelectric generation systems under mismatching thermal 

conditions 

 
In 1854 William Thomson (Lord Kelvin) discovered that there is an extra reversible heat flux 

in excess of the Joule dissipation heat when a homogeneous material is exposed 

simultaneously to thermal gradient and an electric current flow. Thermodynamic analysis 

for TEG including this effect has been widely presented. Zhang et al. [18] analyzed the 

influences of the Thomson effect on the power output of a thermoelectric generator, they 

found the difference between the conversion efficiencies with the Thomson effect and 

without the Thomson effect increases fast with the temperature difference between the hot 

and cold-ends. This effect has been also studied in different leg geometries [19], [20], and 

the authors concluded the Thomson effect lowers the performance of a thermoelectric 

generator. The Thomson coefficient can be related to the Seebeck coefficient through Eq. 

(5). 

 

𝜏(𝑇)  =  𝑇 (𝛿𝛼/𝛿𝑇) (5) 

1.2 Applications of Thermoelectric Generators 

One of the most promising areas where TEG could take an important role is “The Internet 

of things” (IoT), developments in predictive maintenance, using a wireless signal from 

monitoring variables to predict and schedule important tasks [21]. The power source of the 

IoT sensors usually comes from batteries, here, the TEG device could improve these 

technologies with constant energy provided from industrial waste heat, which is available 

in most industrial equipment. Cataldo et al. present an evolution timeline of power 

generators in space exploration; one of the most used are the radioisotope thermoelectric 

generators (RTGs) which do not use nuclear fission or fusion, but the heat from the natural 

radioactive decay of radioactive material like plutoni-um-238. Hundreds of radioisotope 

heater units have been launched in different space missions, providing thermal energy to 

critical components on missions such as the Apollo 11 and Pioneers 10/11, Voyagers 1/2, 

Galileo, and Cassini [22]. Thermoelectric devices used in industrial applications have been 

studied using heat wasted or a by-product of the process. In general, the waste heat is 

reused with conventional thermal cycles, like ORC [23] or TRC [24], [25]. However, TEG 

systems have been studied under industrial conditions. Ramirez et al [26], investigates the 

performance of a thermolectric generator with 20 modules by implementing a waffle heat 

exchanger, the experimental results showed a variable range of power recovery from 57.87 
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W to 71.13 W. Khalil and Hassan in 2019 proposed an effective way to improve waste heat 

recovery from chimneys using thermoelectric generators cooled by natural convection heat 

sinks. A modified heat sink equipped with a flap fixed at the top of its base is used in-stead 

of only the conventional heat sink; this modification increases the output power by about 

64% [27]. Aranguren et al. [28] built a TEG prototype located at the exhaust of a combustion 

chamber, provided with 48 modules obtaining 21.56 W in an area of 0.25 m2 of usable 

energy; they also analyzed the influence of the gas temperature and mass flows, finding as 

expected, that higher values of those parameters produce higher thermoelectric power. Qui 

Luo et al. [29] proposed a TEG waste-heat-recovery system to reduce heat losses from 

cement rotary kilns, using a Bi2Te3–PbTe hybrid system that generates around 211 kW 

electric power, recovering more than 32.85% of the lost thermal energy.  

 

Kaibe et al. [30] developed a TEG at a carburizing furnace of Komatsu Ltd.; they used 16 

Bi2Te3 modules and a heat exchanger, which collected approximately 4 kW. The maximum 

electrical output power was around 214 W, which represents an efficiency of 5%, but the 

power used to cool the cold side of the modules was not included in these results. Kajihara 

et al published a series of works [31–33] where a TEG system was implemented in a JFE 

Steel Corporation (JFE), with a 10-kW grid-connected TEG system for JFE’s continuous 

casting line with KELK Ltd. generate electric power using radiant heat from continuous 

casting slab. Kurokit et al. [32] used 56 Bismuth Telluride TEM with a maximum operating 

temperature of 553 K at the high-temperature side and a maximum of 423 K at the low-

temperature side. They presented a simple model [31] to calculate the heat crossing 

through the modules and estimate the maximum power output. In Eq. (6), re is the internal 

electrical resistance (𝜌), and ∆𝑇 the difference between hot and cold side temperatures. 

𝑃𝑚𝑎𝑥   =  (𝛼∆𝑇)2 / (4𝜌) (6) 

 

On the opposite scale, microsensors and small measurement devices can operate using 

TEG as an energy source, reducing the inconvenience of using long cables or static 

locations. Batteries are widely used for those purposes, but their lifetime is generally shorter 

than the designed operational time of sensors. One practical solution is a microgenerator 

with no maintenance requirements; in many factories, heat sources are available. The 

company Microplet [34] developed a small TEG device that can generate from 1 mW to 40 

mW with temperature differences between 10°C and 30°C. They connected hundreds of P-

N thermocouples in series to obtain a higher voltage that is easy to convert with commercial 
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DC/DC power converters. Perpetua [35] developed a TEG for sensors powered by 

temperature differences that already exist on surfaces of equipment such as pipes, pumps, 

fans, and motors; their device includes the internal electronics needed to store and regulate 

the renewable energy and deliver a regulated voltage to transceivers and sensors, they 

reported sacksful cases from different industries such as steel manufacturing and oil and 

gas companies. Kim et al. [36] developed a TE of 140 mm x 113 mm and produced 272 

mW of energy from a heat pipe at a temperature of 70 C, this system was used to remotely 

monitoring of the heat pipe temperature, ambient temperature, humidity, CO2 and volatile 

organic compound concentrations. Milic´ et al. [37] characterized different commercial TEG 

for wireless sensors and found they can be selected based on the power generation, figure 

of merit, or thermocouple legs length. Guan et al. [38] proposed a two-stage boost scheme 

system to harvest thermal energy and run a microcontroller unit and a wireless sensor node 

under low input voltage and power with high efficiency, reaching an open circuit voltage of 

62 mV and input power of 84 μW. TEG for human energy harvesting is also studied; power 

generation application over human body skin requires the use of flexible and biocompatible 

substrate since the human body is not a flat surface. Some fabrication techniques include 

electrodeposition, screen printing, screen printing, and inkjet printing [39]. Some prob-lems 

of human body harvesting are the thermal contacts between TEG and human skin and the 

natural air convection, which allows a small temperature difference and low power energy 

is extracted. Wang et al. developed a numerical model to investigate the performance of 

wearable TEGs on the curved human wrist; they analyzed the impact of curvature in power 

generated and found the impact was low [40]. Hylan et al. [41] tested a TEG on different 

body locations, comparing the energy produced on each, and found the highest to lowest 

power generated was on the upper arm, wrist, chest, and T-shirt, respectively. Siddique et 

al. [42] fabricated two TEG prototypes for human harvesting using a manual dispenser 

printing technique; both elements were tested and found to be very flexible, twistable, and 

durable, the power output was extremely low between 2.2 and 3.1 nW. Many other 

applications of energy harvesting using thermoelectric materials have been developed in 

other fields like aerospace [43–45] and marine [46–48] industries. 
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1.3 Materials in TEG performance 

To achieve higher efficiencies, different thermoelectric material has been studied, from 

metal to ceramics, semiconductors, and certain polymers which exhibit interesting 

thermoelectrical properties. The performance of TEG is highly related to the material’s 

properties, in Eq. (7) is presented the dimensionless Figure of Merit (ZT) used as a 

performance parameter. 

𝑍𝑇 =  (𝛼2𝑘𝑒 (𝑘𝑡 + 𝑘𝑡ℎ)) 𝑇  (7) 

 
Where 𝑘𝑒 is the electric conductivity, 𝑘𝑡 thermal conductivity due to electron transport, and 

𝑘𝑡ℎ  the thermal conductivity due to the lattice phonon [49]. High values of ZT implies the 

higher performance of TEG modules, the best TE material would be those with higher 

electrical conductivity and lower thermal conductivity, this is so-called the phonon-glass 

electron crystal materials (PGEC) [42], [49–56]. According to the Wiedemann–Frenz law, 

the 𝑘𝑡 is proportional to 𝑘𝑒 and temperature by a factor of L (Lorenz factor) and that is an 

interesting challenge to design new material with higher values of ZT. Most efforts have 

been focused on reducing the lattice thermal conductivity (𝑘𝑡ℎ) [57] to increase the figure of 

merit. Therefore, ZT variables are interrelated and require careful optimization of the 

material properties to improve it.  

 

Bismuth telluride (Bi2Ti3) has been widely used due to its relatively higher commercial 

value than other available thermoelectric materials, but its power-cost rate can reach as 

high as 1.1 kW/$10,000 [58]. Nanostructured materials have been developed in recent 

years to achieve higher performance reducing the lattice thermal conductivity and improving 

electrical transport performance [59–61]. 

 

Cai et al. [62] classified the TE materials in three categories:  

 
▪ Traditional TE materials: Included Bi2Ti3 based alloy for low-temperature 

applications, PbTe for mid to high temperatures, and SiGe alloys for higher 

temperatures (up to 1275 K). 

▪ Major materials except the traditional: Skutterudites materials (CoSb3 alloy – their 

structure is composed of eight corner-shared CoSb6 octahedrons), Mg2Si, Higher 

manganese silicides (HMS), Half-Heusler compounds (intermetallic MNiSn and 
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MCoSb where M could be Ti,Zr or Hf) and Zintl compounds (metals with a larger 

difference in electronegativity). 

▪ Sulfides and selenides: SnX where X could be Se or S; Cu2X where X could be Se 

or S; and Cu12Sb4S13 tetrahedrite. 

 
Different fabrication methods for designed engineering material techniques have been 

developed to increase the figure of merit ZT in TE materials. The highest value found in the 

literature review was reported by Chang et al. in 2018 (ZT = 2.8) [63] in a Br-doped SnSe 

single crystal. Table 1 present a list of different TE materials and their maximum ZT values 

achieved. 

Table 1. Revision of figure of merit for different TEG materials. 

Material Max. ZT Reference 

Nanocrystalline BiSbTe 1.40 @ 373 K [64] 

Bi0.48Sb1.52Te3 1.50 @ 390 K [65] 

Bi0.5Sb1.5Te3 1.30 @ 273 K [66] 

Bi0.5Sb1.5Te3 1.86 @ 320 K [67] 

Polycrystalline BiSbTe alloys with nanodiamond inside 1.25 @ 323 K [68] 

PbTe Tl doped 1.50 @ 773 K [69] 

PbTe Zn  N-type  doped 0.80 @ 800 K [70] 

AgPbmSbTem+2 1.54 @ 723 K [71] 

PbTe Na-doped 1.70 @ 740 K [72] 

Na0.03Eu0.03Sn0.02Pb0.92Te 2.60 @ 800 K [73] 

Si95Ge5 with nano Si70Ge30P3 1.30 @ 900 K [74] 

Si80Ge20 - SiO2 nanoinclusions 0.72 @ 800 K [75] 

CoSb3 with nano Yb2O3 1.60 @ 835 K [76] 

Mg2Si1-xSnx 1.30 @ 700 K [77] 

Mg2Si0.4-xSn0.6Sbx , x=0.0075 1.10 @ 773 K [78] 

Hf0.25Zr0.75NiSn0.97Sb0.03 1.00 @ 900 K [79] 

Zn4Sb3 1.35 @ 380 K [80] 

Mg3Sb2 Mn doped 1.85 @ 723 K [81] 

Br-doped SnSe single crystal 2.80 @ 773 K [63] 

Polycrystalline SnSe 2.10 @ 873 K [82] 

Cu2Se in phase transition region 2.40 @ 1000 K [83] 

 

Most common thermoelectric materials used in industrial TEGs are inorganics, such as 

bismuth telluride (Bi2Te3), silicon–germanium (SiGe), and lead telluride (PbTe) and its 

alloys [84], Bi2Te3 is the most widely used because of its relatively better thermoelectric 
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efficiency near room temperature [85]. Many research have been developed around the 

objective of increase TE efficiency with the improvement of thermoelectric properties such 

as the thermal conductivity and the Seebeck coefficient [86]–[88]. Inorganic materials are 

limited by their high prices, rare elements raw materials, complex manufacturing processes, 

and low flexibility for mobile and human energy harvesting applications [89]. 

 

On inorganic TE material, such as PbTe or BiTe based allows, N-type  materials have been 

studied to increase their TE performance because of their strong anisotropy carrier 

transport [90]. Enhancement of N-type  inorganic material is addressed mainly by two 

mechanisms: dynamic doping to optimize n for increasing electric conductivity [91], and 

engineering the band structure to increase Seebeck coefficient [92]. Yang et al. [93] 

developed a composite strategy to improve both the TE and mechanical performance of N-

type  materials with Bi-Te-Se by incorporating carbon microfibers. Mo et al. [94] optimize 

the performance of N-type  Mg3.2Bi1.4Sb0.6-based material by adding Se as an electron 

dopant. Mid to high PbTe materials have significant high thermoelectric performance, with 

a figure of merits upper than one, with Bi-doped PbTe [95] and Bi-doped PbTe/Ag2Te 

Nanocomposite [96]. N-type  polymers have less TE performance than the P-type  polymer 

elements, with a difference in electric conductivity and power factors of 100 and 50 times, 

respectively [97]. To improve TE performance of N-type  polymers, researchers have 

modified their chemical composition [98], designed novel conjugated polymers [99], 

structural modulation and doping engineering [100], and worked on more efficient dopants 

to increase electric conductivity for enhanced electron density [101]. 

 

Relevant characteristics of TE organic materials are their low cost, lower density, high 

flexibility, and, in some cases, higher performance at ambient temperature [102]. Research, 

including carbon nanotubes/polyaniline composites film, has found interesting results due 

to its low thermal conductivity [103]; the main problem for TE polymer materials is the 

difficulty of dissolving in organic solvents, but electrochemical deposition process is a 

practical solution to address this issue [104]. Research on polypyrrole [105], [106], 

polyaniline [107], [108] and poly:poly composites [109]–[111] materials have been 

conducted. Carbon nanotubes also show interesting results because of their TE and 

mechanical properties [112]; also, Blackburn et al. [113]  have previously summarized the 

carbon-nanotube (CNT) based thermoelectric materials advantages such as cost-

effectiveness, ease of fabrication, flexibility, stretchability, and lightweight, but further 
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researches are needed to develop and improve doping, functionalization, and stabilization 

of those materials; they also found promising to achieve a TE power factor greater than one 

in the next decade. Elsehly et al. [114]  found that the annealing effect on multiwall CNTs 

can increase the electrical conductivity and Seebeck coefficient while decreases 

significantly the thermal conductivity; the TE performance was evaluated over the 

temperature range of (300–450 K). 

1.4 Mathematical models for TEG devices 

One of the main interest topics of this proposal is to develop a phenomenological model for 

a TEG system, so an analysis of published works on this is presented in this section. The 

main developments and conclusions of the results studied are introduced in this section to 

recognize the key points of the current research in the modeling of TEG systems. The study 

of these phenomena, from irreversibility analysis, allows to determine the best design 

conditions and efficiency and thus maximize the electrical power output [115]. In 2014 

Tzeng et al. developed a parametric study for heat transfer in a thermoelectric generator, 

the one-dimensional heat conduction model included both the Seebeck effect and the 

generation of heat due to the Joule effect [116]. Some researchers have included the 

analysis of these phenomena solving the equations through finite differences, including in 

the models the Seebeck, Thomson, Peltier, and Joule effect, finding that the inclusion of 

the Thomson effect has an important role in the accuracy of the formulated models [117]. 

Among the phenomena mentioned above the heating due to the Joule effect, which is 

considered thermodynamically irreversible [118], and other assumptions and 

considerations, it is possible to separate into two large groups the phenomenological 

models that allow the analysis of thermoelectric devices: simplified models and complex 

models. Simplified models macroscopically analyze the phenomenon, making global 

thermoelectric balances; in many cases, these models disregard the presence of the 

Thomson effect [119], [120] mainly because they consider the value of the Seebeck 

coefficient as an independent parameter of the temperature; In these models, the properties 

of the materials are determined from the average temperatures of the cold and hot surfaces, 

and this assumption is made in the vast majority of investigations reviewed to date. On 

those cases, the heat flux and power generation equation for TEG modules becomes [121-

124]: 
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𝑄𝐻  =  𝛼𝑎𝑣𝑔𝐼𝑇𝐻  +  𝐾𝑎𝑣𝑔∆𝑇 – 𝑅𝑎𝑣𝑔𝐼2/2 

(8) 

𝑄𝐿  =  𝛼𝑎𝑣𝑔𝐼𝑇𝐿  +  𝐾𝑎𝑣𝑔∆𝑇 + 𝑅𝑎𝑣𝑔𝐼2/2 
(9) 

Where 

𝑅𝑎𝑣𝑔  =  𝐿/𝑘𝑒  𝐴 
(10) 

𝐾𝑎𝑣𝑔  =  𝑘𝑡𝐴 / 𝐿 
(11) 

𝑅𝑎𝑣𝑔 is the electrical resistance, 𝐿 is the material length and 𝐾𝑎𝑣𝑔 the thermal conductance. 

The power output is computed according to Eq. (12) 

 
𝑃 =  𝛼𝑎𝑣𝑔∆𝑇𝐼 −  𝑅𝑎𝑣𝑔𝐼2 

(12) 

Some studies present an improvement of the model, including the Thomson effect, where 

it is distributed on the two sides of the TEG module equally. In those models, the Thomson 

effect compensates the Joule effect ([18], [125]).  

 
𝑄𝐻  =  𝛼𝑎𝑣𝑔𝐼𝑇𝐻  +  𝐾𝑎𝑣𝑔∆𝑇 – 𝑅𝑎𝑣𝑔𝐼2/2 –  τI∆T/2 

(13) 

𝑄𝐿  =  𝛼𝑎𝑣𝑔𝐼𝑇𝐿  +  𝐾𝑎𝑣𝑔∆𝑇 + 𝑅𝑎𝑣𝑔𝐼2/2 +  τI∆T/2  
(14) 

The electrical power, including the Thomson effect, yields:   

 

𝑃 =  𝛼𝑎𝑣𝑔∆𝑇𝐼 −  𝑅𝑎𝑣𝑔𝐼2– τI∆T  
(15) 

Complex models describe more precisely the TEG by using local balance equations, 

including the mass, energy, and entropy equations [126], [127]. Some works present energy 

evaluation on steady-state [6], [128-130], but other present transient models [99] according 

to the following energy balance Eq. (16): 

 

𝜌 𝐶𝑝 (𝛿𝑇/𝛿𝑡)  =  𝑑𝑖𝑣(𝑘𝑡  𝑔𝑟𝑎𝑑(𝑇))  +  𝐽2/𝑘𝑒  –  𝜏𝐽∆𝑇 
(16) 

In rare cases, models including temperature-dependence properties have been carried out. 

Musland et al. [131] implement the Landauer formalism approach with ballistic quantum 

transport equations to calculate thermoelectric transport properties as follow: 

 

𝑘𝑒  =  ∫  𝑑𝐸 ∑(𝐸)𝐹𝑇(𝐸) 
(17) 

𝛼 =  −(1/𝑘𝑒  𝑒𝑇) (∫  𝑑𝐸 ∑(𝐸)𝐹𝑇(𝐸) (𝐸 − 𝜇))  
(18) 

𝑘𝑡 = (1/𝑒2𝑇) (∫  𝑑𝐸 ∑(𝐸)𝐹𝑇(𝐸) (𝐸 − 𝜇) − 𝑇𝑘𝑒𝛼
2) 

(19) 

Also, in this model is necessary to know ∑(𝐸), often referred as the transport distribution 

function and 𝐹𝑇(𝐸), which is the thermal broadening function or Fermi window:  
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𝐹𝑇(𝐸)  =  − 𝛿𝑓(𝐸)/𝛿𝐸 
(20) 

Where 𝑓(𝐸) is the Fermi function. 

 

Yamashita analyzed the TEG efficiency considering the linear and non-linear (second-

order) temperature dependence of material properties [132] finding that the non-linear 

component in the temperature dependence of Seebeck coefficient among other TE 

properties has the greatest effect on efficiency but no heat losses were considered. Wee 

[133] presented a comparison study to understand the effects on the linear and second-

order relationship between thermoelectric properties and temperature over TEG devices, 

including the Joule heat and the Thomson effect; in this work, he excluded the contact 

resistances at the ends of thermoelectric element and the heat loss from the side walls of 

each thermoelectric element; it is also demonstrated that appropriate consideration of the 

Thomson effect is essential in describing TEG behavior. Ju et al. [134] proposed an 

approximate analytical solution for a properties temperature dependence model evaluating 

the distribution of the electric resistivity and Thomson coefficient linearly and the distribution 

of electric resistivity and Thomson coefficient with a non-linear relationship; also they 

neglected the thermal losses from thermocouples sides and found that thermal conductivity 

is a critical factor on the improvement of TEG efficiency. Lee et al. [104] considered radiative 

and conductive thermal losses using effective material properties; they concluded that a 

comparison of effective material properties and averaged material properties showed that 

thermal losses and interfacial resistance reduce efficiency significantly, and the utilization 

of the effective properties accounted for most parasitic losses by a straightforward increase 

of thermal conductivity and therefore a decrease of the figure of merit. In another study 

Wee [135] also presented a PCE (polynomial chaos expansion) technique to quantify the 

uncertainties in the performance indices of TEG due to the uncertain material properties, 

he concludes that even the first-order polynomial approximation model performs accurate 

results (due to its low energy conversion efficiency) such approximation will not be useful 

for further development of novel TE materials with higher efficiency. T. Zhang [136] studied 

the dependence of TEG properties as a function of temperature in four different 

thermoelectric materials, finding large differences in temperature distribution between the 

results reported by the models that use constant properties and those predicted by those 

including variable properties. Despite the clear relationship between temperature and 
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material properties, some investigations conclude that it is possible to quantify performance 

parameters using effective properties values efficiently and practically, with no need to 

analyze their temperature dependence [17]. However, due to the nonlinearity caused by 

thermal dependence properties, the complex model has not been fully developed and they 

are presented as an opportunity for future work [137]. As far as the authors’ best knowledge, 

a complex model including temperature dependence material properties and side-leg heat 

losses due to convection and radiation has not been developed. 

1.5 Mathematical models for TEG devices 

In general, the TEG supplies low voltage or current levels [138]; one way to increase those 

values is to array several thermoelectric modules (TEM) into an array (serial, parallel, or a 

combination of both). In applications where high values of voltage and power are required, 

it is necessary to connect a high number of TEM in chains of series circuits and a group of 

a chain in parallel to create an array with enough power output. Figure 4 shows an example 

of different TEM in an array. 

 

Figure 4. An array of thermoelectrical modules under different configuration 
(serial and/or parallel) modes. 
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Characteristic operative curves for commercial TEG under uniform conditions (the same 

temperature gradient) is presented in Figure 5 It can be easily noticed that the curve has a 

maximum power point (MPP) at VMPP and IMPP 

 

Figure 5. Electrical characterization (V–I and P–I curves) of the thermoelectric 
generator GM250-449-10-12 by European Thermodynamics Ltd.  Adapted from 
[108-110]. 

To obtain the maximum power from an arrangement, a DC-DC power electronic converter 

is necessary to reach that MPP, it is possible through different algorithms to track that point 

and extract the maximum power output (MPPT) like the perturb and observe (PO), constant 

voltage (CV) and incremental conductance (INC) [139]. Those algorithms track the MPP 

using voltage and current measurements; several investigations propose different methods 

to reach that point rapidly and efficiently. According to Belboula et al. to maximize the power 

produced by the TEG, the electrical load impedance should be equal to the TEG’s internal 

resistance [139-143]. The power provided by TEG systems depends directly on the 

temperature gradient, an ideal situation for modeling would be that all the modules of an 

array were exposed to the same temperature gradient; unfortunately, this condition is not 

always possible since the TEM arrays are usually exposed to different thermal conditions. 

Other situations like the lack of maintenance, dust, and non-uniform heat sources could 

cause different temperature operating conditions between the modules. This is known as 

mismatching conditions, and the main consequence is the difference in power output 

generated by each module inside the array. Figure 6 illustrates an array of TEM under 

mismatching thermal conditions. The current generated by each module will be different 

under those circumstances, where one or more modules could produce higher current 
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values than the others. If one of the high current modules is connected in a serial chain, the 

other modules will receive it, and that would force the other modules to get an input current 

and to work improperly. In photovoltaic (PV) arrays, it is commonly used a bypass diode 

(BD) in an antiparallel configuration with the PV module. The BD is activated to let current 

flow from the high-current PV modules and avoid the modules with lower energy production 

due to shade or dust. Figure 6 presents that strategy applied to the TEG array: The B 

module has a lower production due to the mismatching condition, the current flow through 

the continuous line. When the BD in module B is activated, the energy produced by the 

module is not carried to the external load (i.e. a battery) and the total energy produced by 

the array will decrease.  The current flows through the BD because that path is the less 

resistance line, and the voltage in the TEM goes to zero; that is why the total power output 

added by the B TEM will be zero. 

 

Figure 6. Connection of two different TEM under mismatching conditions. 

The presence of the BD and its activation could cause multiple local peaks in the Voltage 

Power curve (local MPP), and the MPPT control algorithm could not find the global 

maximum power point (GMPP). However, some control techniques have been developed 

for PV systems where similar situations occur. Montecucco et al. [138] studied the effect of 

temperature mismatch on thermoelectric generators electrically connected in series and 

parallel, identifying that the mechanical clamping pressure of an individual TEG module 
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could cause a significant mismatching condition. In their model, the TEG array is presented 

as a voltage source and a serial resistance, according to [144]. 

 

Figure 7. Circuital representation as a voltage source of a TEG array. 

To analyze the array configuration, Montecucco et al. tested one TG module and an 

empirical voltage correlation was obtained according to Eq. (21), where a, b, c, d, e and f 

where determined from experimental results for different temperatures gradients ∆T [145]. 

 

𝑉 =  (𝑎∆𝑇2  +  𝑏∆𝑇 +  𝑐)  − (𝑑∆𝑇2  +  𝑒∆𝑇 +  𝑓) 
(21) 

Tang et al. [145] studied the impact of thermal mismatching on the output electrical power 

for automotive waste heat recovery systems experimentally; they found a decreased power 

output under mismatched temperature conditions; and they also concluded that a proper 

mechanical pressure applied on the modules improves the electrical performance. The 

experimental results show that the power loss of the modules in a series connection is 

significant, reaching 11% less than the theoretical maximum power. In the previous work, 

the evaluation of mismatching condition over one thermoelectric module was studied [146-

147], the results showed that non-uniform thermal distribution of TEM reduce power 

generation and decreases efficiency. 
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2. Mathematical model of thermoelectric 
generators  

Abstract: Thermoelectric generators (TEG) are an important renewable energy source as 

they can convert heat into electricity with high efficiency and have the potential to be 

integrated into a wide range of applications, from automobiles and power plants to 

consumer electronics. This work presents a mathematical model for evaluating 

thermoelectric generators that include the effect of temperature-dependent thermoelectric 

properties and conditions of mismatching. The model also includes a novel method for 

effectively solving the strongly non-linear problem with low computational cost. The one-

dimensional equation for temperature profile, electrical potential, and heat generation in 

steady-state conditions are derived using the radial basis functions and Homotopy method. 

The mathematical model and solution method are described in detail, including expressions 

for power and efficiency. The developed model is then used to estimate the power output 

for a TEG module with mismatching thermal conditions. The solutions are compared and 

validated with previous studies, with good agreement. The developments of the effective 

solution method, the inclusion of variable thermoelectric properties in the temperature 

evaluation model, and the application of the model for estimating power output in TEG 

modules with mismatching thermal conditions are new significant contributions to the field 

of thermoelectric generators. 

 

Keywords: Thermoelectric generator, renewable energy, non-linear equations, radial basis 

functions, Homotopy method. 

2.1 Introduction 

Thermoelectric devices are elements made of materials that can directly convert thermal 

energy into electrical energy. These materials, grouped together in a thermoelectric module 
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(TEM) device, can extract thermal energy from various sources, particularly waste heat. 

Thermoelectric generators (TEGs) are an exciting technology for developing and controlling 

or reducing global warming issues. TEGs are considered an environmentally friendly power 

source due to their lack of direct pollution, zero sound emissions, minimal maintenance 

costs, and no moving parts. [1], [2]. TEG for heat recovery usually uses fluids to transfer 

heat from the waste sources; different prototypes for recovery heat in automotive and 

industries have been developed [3]–[5]. Other attractive applications are Intelligent 

wearable electronics for personalized health monitoring [6], [7] and medical devices [8], [9]. 

Mathematical models are an indispensable tool for forecasting and assessing the 

optimization of thermoelectric systems. These models enable researchers to 

mathematically represent the complex interplay of the various factors that influence the 

behavior of thermoelectric devices. Various approaches have been studied to assess the 

performance of TEGs, including the examination of material and structural thermoelectric 

properties and the use of complex theoretical models involving non-linear differential 

equations. These models often consist of a series of individual TEG units, each comprising 

a p-n couple. Therefore, by modeling a single couple, the entire thermoelectric module 

(TEM) can be analyzed by summing the effects of all p-n couples. The thermoelectric 

couple effect involves the Seebeck effect [10], Peltier effect [11], Thompson effect [12], 

Joule Heat, conductive heat [13], and thermal losses [14]. By considering all these physical 

effects, it is possible to determine and improve design operating conditions, leading to an 

increase in the overall efficiency of TEMs. Parametric studies examining the influence of 

the Seebeck effect and Joule heat generation have been conducted to understand further 

and optimize TEM performance. [15]. Also, the Thompson effect is included reflecting an 

essential role in the accuracy of the formulated models [12], [16]. 

Theoretical models for thermoelectric generators (TEGs) can generally be divided into 

simplified and complex models. Simplified models analyze macroscopic thermoelectric 

balances, often ignoring the Thompson effect due to the assumption of constant 

thermoelectrical properties, such as the Seebeck coefficient [17], [18]; These models 

typically consider the thermoelectric material properties of the p-n pair to be constant (CPM) 

and independent of temperature or orientation and are usually calculated at the average 

temperature between the cold and hot sides of the thermoelectric element. On the other 

hand, complex models utilize local balance equations in the thermoelectric leg and consider 

a broader range of factors, including variable thermoelectric properties [19]–[21]. Other 
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studies have included the Thompson effect in simplified models, considering its impact on 

the TEM's hot and cold sides [22], [23]. However, it is important to note that the material 

properties of a TE may vary significantly along its length, making a constant-based solution 

for the heat transport equation potentially insufficient [24]. 

Complex models use local balance equations in the thermoelectric leg, including mass, 

energy, and entropy equations [25]–[27] in a steady state [28], [29] or transient thermal 

behavior [30]. The influence of variable thermoelectric properties in complex models has 

been studied, and some analytical models are available considering some properties' linear 

and non-linear temperature dependence [31].   

Wee [32] compared the effects of linear and second-order relationships between 

thermoelectric properties and temperature on TEG devices, including the Joule heat and 

the Thomson effect. In this study, the contact resistances at the ends of the thermoelectric 

element and the heat loss from the side walls of each thermoelectric component were not 

considered. Also, it was demonstrated that the appropriate consideration of the Thomson 

effect is crucial for accurately describing TEG behavior. Ju et al. [33] proposed an 

approximate analytical solution for a properties temperature dependence model evaluating 

the distribution of the electric resistivity and Thomson coefficient linearly and the distribution 

of electric resistivity and Thomson coefficient with a non-linear relationship; also, they 

neglected the thermal losses from thermocouples sides and found that thermal conductivity 

parameters are critical on the improvement of TEG efficiency. 

Lee et al. [34] proposed an approximate analytical solution for a model evaluating the 

temperature dependence of material properties, including the distribution of electric 

resistivity and Thomson coefficient with both linear and non-linear relationships. However, 

this study did not consider the thermal losses from the sides of thermocouples. The authors 

also found that thermal conductivity parameters play a critical role in improving the 

efficiency of TEGs. T. Zhang [24] studied the dependence of TEG properties on the 

temperature in four different thermoelectric materials and found significant differences in 

temperature distribution between the results obtained from models using constant 

properties and those obtained from models considering variable properties. While there is 

a clear relationship between temperature and material properties, some investigations have 

found that it is possible to quantify performance parameters using effective property values 

efficiently and practically without the need to analyze their temperature dependence. 

However, due to the nonlinearity caused by the thermal dependence of properties, complex 

models have not yet been fully developed and present an opportunity for further study [35] 
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improving the design of interconnected TEMs through the development and refinement of 

these models is a promising area of research [36]. 

This work presents a general mathematical model for evaluating a thermoelectric module 

and a numerical method for solving complex equations involving boundary conditions, 

convective thermal losses, and temperature-dependent thermoelectric properties. The one-

dimensional equation and steady-state solutions for temperature profile, electrical potential, 

and heat generation are obtained.  Section 2 describes the mathematical model and 

solution method in detail, including expressions for power and efficiency. In Section 3, the 

solutions are compared and validated with previous studies. Section 4 presents a practical 

application for the methodology developed to evaluate the power production of a TEG 

module under mismatching conditions in practical applications. Finally, the results and 

conclusions are presented. 

2.2 Mathematical Model 

The heat energy balanced equation is given by Eq. (1), considering the thermal 

dependence on thermoelectrical properties. It is valid over the thermoelectric material within 

the control volume presented in Figure 4. This equation considers complex interactions 

between the thermoelectric material and the surrounding environment, allowing a more 

accurate prediction of the system's behavior under different conditions. By incorporating 

the thermal dependence of thermoelectric properties, Eq. (1) provides a more 

comprehensive understanding of the underlying physics of thermoelectric systems and 

facilitates the development of more effective design strategies. Therefore, it represents a 

valuable contribution to the field of thermoelectric research and has significant implications 

for developing sustainable energy technologies. 

𝛻 ∙ (𝑘𝑖(𝑇)𝛻𝑇) +
𝐽𝑒
2

𝑘𝑒𝑖(𝑇)
− 𝜏𝑖(𝑇)(𝐽𝑒 ∙ 𝛻𝑇) =

𝜕𝐻𝑇

𝜕𝑡
  (1) 

Since there are no significant variations of electrical potential in the operating conditions, 

the properties will only depend on the temperature. Where 𝑘 is the thermal conductivity, 𝑘𝑒 

is electric conductivity, and 𝜏 is the Thomson coefficient; the subscript on properties 

indicates the semiconductor p-type or n-type. 𝐽𝑒⃗⃗⃗ ⃗ Is the electric current density vector and 

∇𝑇 the thermal gradient inside the legs. 𝐻𝑇 represents the total enthalpy of the material.  

The Fourier heat conduction, Joule heating, and Thomson effect represent the three terms 

of the left side of Eq. (1), respectively. On steady-state conditions, the right side 
𝜕𝐻𝑇

𝜕𝑡
 is 0.  

The electric current balanced equation inside the thermoelectric leg is presented in Eq. (2) 
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−∇ ∙ 𝐽𝑒⃗⃗⃗ ⃗ =
𝜕𝐶

𝜕𝑡
  (2) 

Where C is the electric charge density, considering the electrical neutrality principle is 

fulfilled, there is no accumulation of the density of electrical charge; therefore, the right side 

of Eq. (2) is 0. 

𝐽𝑒⃗⃗⃗ ⃗ = (−𝜀𝑘𝑒𝛻𝑇 − 𝑘𝑒𝛻𝜑) (3) 

Where 𝜑 is the electric potential and 𝜀 is the Seebeck coefficient, and it is related to the 

Thompson coefficient by the following equation.  

𝜏 = 𝑇
𝑑𝜀

𝑑𝑇
 (4) 

This problem can be simplified as a one-direction heat flux from the hot side to the cold 

side. In the steady-state and one-dimension approach, 𝑥 represents the heat flow direction 

according to Figure 4.  

 

Figure 4. Thermoelectric n-p pair scheme. 

One dimensional demonstration of Eq. 1 is achieved by energy and electron species 

conservative equations. 

𝜕(𝜌ℎ)

𝜕𝑡
= −

𝜕𝐽𝑢

𝜕𝑥
 (5) 

𝜕𝜌𝑒

𝜕𝑡
= −

𝜕𝐽𝑒

𝜕𝑥
 (6) 

Due to the mixed phenomena, energy flux 𝐽𝑢⃗⃗⃗⃗  is the addition of heat and electric fluxes. 
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𝐽𝑢⃗⃗⃗⃗ = 𝐽𝑞⃗⃗⃗⃗ + 𝜑𝐽𝑒⃗⃗⃗ ⃗ (7) 

Where  

𝐽𝑞⃗⃗⃗⃗ = −𝑘𝛻𝑇 + 𝜀𝑇𝐽𝑒⃗⃗⃗ ⃗ (8) 

Considering steady-state conditions and substituting Eq. (7) and (8) in Eq. (5)  

0 = −
𝜕

𝜕𝑥
(𝐽𝑞⃗⃗⃗⃗ + 𝜑𝐽𝑒⃗⃗⃗ ⃗) (9) 

−
𝜕𝐽𝑞

𝜕𝑥
− 𝑗

𝜕𝜑

𝜕𝑥
− 𝜑

𝜕𝑗

𝜕𝑥
= 0 (10) 

According to Eq. 2 in steady state, 𝑗 is a constant one-dimensional electric current density 

due to the divergence-free; Eq. (10) yields to 

−
𝜕𝐽𝑞

𝜕𝑥
− 𝑗

𝜕𝜑

𝜕𝑥
= 0 (11) 

Using Eq. 3, and substituting 𝐽𝑞 

−
𝜕

𝜕𝑥
(−𝑘

𝜕𝑇

𝜕𝑥
+ 𝜀𝑇𝐽𝑒) +

𝑗2

𝑘𝑒
+ 𝑗𝜀

𝜕𝑇

𝜕𝑥
= 0 (12) 

𝜕

𝜕𝑥
 (𝑘

𝜕𝑇

𝜕𝑥
) +

𝑗2

𝑘𝑒
− [

𝜕

𝜕𝑥
(𝜀𝑇𝐽𝑒) − 𝑗𝜀

𝜕𝑇

𝜕𝑥
] = 0 (13) 

𝜕

𝜕𝑥
 (𝑘

𝜕𝑇

𝜕𝑥
) +

𝑗2

𝑘𝑒
− 𝑗𝜏(𝑇)

𝜕𝑇

𝜕𝑥
= 0 (14) 

Incorporating the impact of thermal losses, as well as building on the mathematical 

framework outlined previously, Eq. (1-3) in one dimension are presented as follows: 

𝑑

𝑑𝑥
(𝑘(𝑇)

𝑑𝑇

𝑑𝑥
) +

𝑗2

𝑘𝑒(𝑇)
− 𝜏(𝑇) (𝑗

𝑑𝑇

𝑑𝑥
) − 𝑞𝑙𝑜𝑠𝑠𝑒𝑠 = 0 (15) 

𝑑𝑗

𝑑𝑥
= 0 (16) 

𝑗 = 𝜀(𝑇)𝑘𝑒(𝑇)
𝑑𝑇

𝑑𝑥
− 𝑘𝑒(𝑇)

𝑑𝜑

𝑑𝑥
 (17) 

And,  

𝑄𝑙𝑜𝑠𝑠𝑒𝑠 = ∫ 𝑃ℎ(𝑇(𝑥) − 𝑇0)𝑑𝑥
𝐿

0
  (18) 

𝑞𝑙𝑜𝑠𝑠𝑒𝑠 =
𝑃

𝐴
ℎ(𝑇 − 𝑇0) (19) 
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Where 𝐴 and 𝑃, are the cross-section area and the perimeter of each leg, respectively;  ℎ 

is the heat transfer coefficient (assumed constant with temperature variations) the 𝑇0 is the 

ambient temperature surrounding the thermoelectric device. 

The material dependence properties can be expressed as an n-order polynomic as follow: 

𝜀(𝑇) = ∑ 𝜀𝑙
𝑛
𝑙=0 𝑇𝑙 , 𝑘𝑒(𝑇) = ∑ 𝑘𝑒𝑙

𝑛
𝑙=0 𝑇𝑙 , 𝑘(𝑇) = ∑ 𝑘𝑙

𝑛
𝑙=0 𝑇𝑙 (20) 

Where 𝜀𝑙, 𝑘𝑒𝑙
, 𝑘𝑙 are constants found by fitting experimental material data. 

 

2.2.1 Boundary conditions: 

The constant temperature at each end of the leg is fixed. Therefore, the Dirichlet Boundary 

conditions on each leg material are: 

𝑇(0) = 𝑇𝐻 , 𝑇(𝐿) = 𝑇𝐿  (21) 

Thermal and electrical fields are predicted by the non-linear coupled differential Eq. (5) and 

Eq. (6), and the boundary conditions.  In this case, the heat losses are included in Eq. (5) 

and are not a boundary condition due to the one-dimensional approach. The ambient 

temperature (𝑇0) is assumed to be 300 K. Eq. (5) has no analytical solution directly, and for 

most existing TE materials, the thermal conductivity is several orders larger than the others 

TE properties [36]. It implies that the thermal conductivity term represents an important role 

in the evaluation of TEM. 

For the electric field, the electric current density is known and equal to (𝑗 = 𝐼/𝐴 ), where 𝐼 

is the load current. Also, 𝜑 = 0 at the bottom side of the p-type 

2.2.2 Constant properties solution  

When thermoelectrical properties are temperature independent, and there is no heat 

convection on the leg side, the Thomson effect is neglected, and the solution of the 

temperature profile may be found as follow with a double integration of a simplified version 

of Eq. (15): 

𝑘
𝑑2𝑇

𝑑𝑥2 +
𝑗2

𝑘𝑒
= 0 (22) 

𝑇 = [−𝑗2
1

2𝑘∗𝑘𝑒
] 𝑥2 + 𝑐1𝑥 + 𝑐2 (23) 

Where 𝑐1 and 𝑐2 are found applying the boundary conditions given by Eq. (21), and yields 

to  

𝑇 = [−𝑗2
1

2𝑘∗𝑘𝑒
] 𝑥2 +

1

𝐿
[𝑇𝐿 − 𝑇𝐻 + 𝑗2 𝐿2

2𝑘∗𝑘𝑒
 ] 𝑥 + 𝑇𝐻 (24) 
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Results considering independence temperature thermoelectric properties and heat 

convection from the leg side, with 𝑐3 and 𝑐4 found from Dirichlet thermal boundary 

conditions is presented as follows: 

𝑘
𝑑2𝑇

𝑑𝑥2 +
𝑗2

𝑘𝑒
−

𝑃

𝐴
ℎ(𝑇 − 𝑇0) = 0 (25) 

𝑇 = 𝑐3 exp (𝑥√
𝑃ℎ

𝐴𝑘
 ) + 𝑐4 exp(−𝑥√

𝑃ℎ

𝐴𝑘
 ) + (𝑇0 +

𝑗2𝐴

𝑘𝑒𝑃ℎ
) (26) 

This model is known as Constant Properties Model (CPM).  

 

2.2 Solution Method for thermal dependent properties 

An iterative numerical method is proposed to solve the coupled differential equation for 

temperature and electrical potential. 

Differential Eq. (15) can be expressed as: 

𝑘(𝑇)
𝑑2𝑇

𝑑𝑥2 +
𝑑𝑘(𝑇)

𝑑𝑥

𝑑𝑇

𝑑𝑥
+

𝑗2

𝑘𝑒(𝑇)
− 𝜏(𝑇) (𝑗

𝑑𝑇

𝑑𝑥
) −

𝑃

𝐴
ℎ(𝑇 − 𝑇0) = 0 (27) 

To solve the differential equation, we employed a meshless method, which is a numerical 

approximation scheme that uses the placement of differential operators on a set of points 

or nodes to approximate the solution of the differential equation, utilizing radial basis 

functions [37]. A radial basis function (RBF) is a real function whose value depends on the 

distance between two points or nodes to a source node that acts as the center and a field 

node where the function is evaluated.  

The approximation of the solution 𝑇(𝑥) of a differential equation in a domain Ω with 

boundary 𝛤 discretized on a set of 𝑁 nodes 𝑆 =  [𝑥1, 𝑥2, . . . , 𝑥𝑁]  ⊂  Ω ∪  𝛤 can be expressed 

using an expansion of the form: 

𝑇(𝑥) = ∑ 𝛼𝑖𝜔(𝑟(𝑥, 𝜀𝑖))
𝑁
𝑖=1  (28) 

Where 𝜑 is the RBF, 𝑥 the interpolation node, and 𝑟 represents the distance between a 

center point 𝜀𝑖 and any other point 𝑥 , therefore 𝑟 = ‖𝑥 − 𝜀𝑖‖.  𝛼𝑖 is a coefficient to be 

determined. More generally, Eq. (28) could include a linear combination of orthogonal 

polynomials. However, selecting an appropriate RBF, such as a multiquadric function 𝜔𝑀𝐶, 

this problem can be simplified easily without the need for polynomials [38].   

𝜔𝑀𝐶 = √𝑟2 + 𝑐2  (29) 
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Where c is an adjustable parameter, and it is advisable to select smaller than the distance 

between each stencil node [39]. To find 𝛼𝑖, the Eq. (28) is applied to each node defined on 

the domain and solves the following algebraic system. 

[
𝜔(𝑟(𝑥1, 𝜀1)) ⋯ 𝜔(𝑟(𝑥1, 𝜀𝑁))

⋮ ⋱ ⋮
𝜔(𝑟(𝑥𝑁, 𝜀𝑁)) … 𝜔(𝑟(𝑥𝑁, 𝜀𝑁))

] [

𝛼1

𝛼2

𝛼3

] = [
𝑇(𝑥1)

⋮
𝑇(𝑥𝑁)

] (30) 

To solve the differential equation, the method of particular approximate solutions (MAPS) 

uses radial functions as particular solutions of the differential equation and directly 

approximates a PDE by expressing the operator 𝐿(𝑢) in terms of RBF, as outlined by Chen 

et al. [40]: 

𝐿(𝑇) = ∑ 𝛼𝑖𝐿(𝜔(𝑥, 𝜀𝑖))
𝑁
𝑖=1 = 0 (31) 

This problem is addressed using local approximations that are applied in small subregions 

or subdomains of the problem. The solution formulation is utilized using RBF, and in each 

node of a stencil, an approximation of the form defined by the following system of equations 

can be applied: 

𝑨𝛼 = 𝑻 (32) 

𝑨 = [
𝜔(𝑥1, 𝜀1) ⋯ 𝜔(𝑥1, 𝜀𝑁)

⋮ ⋱ ⋮
𝜔(𝑥𝑁 , 𝜀𝑁) … 𝜔(𝑥𝑁 , 𝜀𝑁)

] (33) 

𝑻 = [
𝑇(𝑥1)

⋮
𝑇(𝑥𝑁)

] (34) 

By solving this system, the values of the coefficients 𝛼 are in terms of the nodal values of 

𝑇 as follow: 

𝛼 = 𝐴−1𝑻 (35) 

The local nature of the problem, coupled with a small number of points in the stencil, allows 

for the possibility of using 𝐴−1. This condition facilitates easy matrix inversion with minimal 

numerical error accumulation. After solving for the values of α, the approximation of the 

solution in terms of the temperature values at the nodes of the stencil can be completed 

using the following equations: 

𝝎 = (𝜔(𝑥, 𝜀1), … , 𝜔(𝑥, 𝜀𝑁)) (36) 

𝑇(𝑥) = 𝝎𝛼 = 𝝎𝑨−1𝑻 (37) 

In the same way, it is possible to find a local approximation of the k-order derivate [41] for 

𝑇 and 𝑘 in each node: 
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𝜕𝑘𝑇

𝜕𝑥𝑘 =
𝜕𝑘𝜔

𝜕𝑥𝑘 𝑨−1𝑻 (38) 

𝜕𝑘𝑘

𝜕𝑥𝑘 =
𝜕𝑘𝜔

𝜕𝑥𝑘 𝑨−1𝒌 (39) 

At each point x within a stencil, the differential Eq. (27) can be expressed as a non-linear 

algebraic equation. 

 𝑓(𝑥) =  𝑘(𝑇)
𝜕
2
𝜔

𝜕𝑥2 𝑨−1𝑻𝑇
+

𝜕𝜔
𝜕𝑥

𝑨−1𝒌
𝑇 𝜕𝜔

𝜕𝑥
𝑨−1𝑻𝑇

+
𝑗2

𝑘𝑒(𝑇)
− 𝜏(𝑇) (𝑗

𝜕𝜑
𝜕𝑥

𝑨−1𝑻𝑇
) −

𝑃

𝐴
ℎ(𝑇 − 𝑇0)    (40) 

with Dirichlet boundary conditions presented in (21) the non-linear system of algebraic 

equations 𝐹(𝑥) = 0; where 𝐹(𝑥) = [𝑓(𝑥)]  

At every space step (𝑥), the equations create a non-linear boundary-value problem that 

commonly requires iterative methods for solving. Nevertheless, in this scenario, we will 

pursue a different approach by defining a Homotopy function 𝐻(𝑥, 𝑡). A Homotopy is a 

formal definition of a continuous function 𝐻 that connects two continuous functions, 𝐹(𝑥) 

and 𝐺(𝑥), from a topological space 𝑋 to a topological space 𝑌 [42]. H maps the product of 

𝑋 with the unit interval [0,1] to 𝑌, and is continuous. 𝐻 satisfies the conditions that, for 𝑥 in 

𝑋, 𝐻(𝑥, 0)  =  𝐹(𝑥), and 𝐻(𝑥, 1)  =  𝐺(𝑥). Let us denote the set of continuous real functions 

in the interval 𝑎 ≤  𝑥 ≤  𝑏 as 𝐶[𝑎, 𝑏]. If a continuous function 𝐹(𝑥) in 𝐶[𝑎, 𝑏]can be 

continuously transformed into another continuous function 𝐺(𝑥) in 𝐶[𝑎, 𝑏], then a Homotopy 

can be constructed as follow: 

𝐻(𝑥, 𝑡) = (1 − 𝑡) ⋅ 𝐹(𝑥) + 𝑡 ⋅ 𝐺(𝑥) ;  𝑡 ∈  [0,1]  (41) 

Suppose we have a mapping function, 𝐺(𝑥), defined as the Eq. (22) along with a known 

analytical solution for the system 𝐺(𝑥) = 0, as presented in Eq. (26). As 𝑡 increases from 0 

to 1, we can vary the mapping function 𝐻(𝑥, 𝑡) from 𝐺(𝑥) to 𝐹(𝑥), where 𝐹(𝑥) is a mapping 

function whose zeros are unknown.  Writing the Eq. (39) equal to zero, taking the first-order 

derivative and considering 𝑫 as the Jacobian matrix of the equations systems: 

𝜕𝐻(𝑥,𝑡)

𝜕𝑡
= (1 − 𝑡)𝑫𝐺(𝑥)

𝑑𝑥

𝑑𝑡
 − 𝐺(𝑥) + 𝑡𝑫𝐹(𝑥)

𝑑𝑥

𝑑𝑡
+ 𝐹(𝑥) = 0  (42) 

[(1 − 𝑡)𝑫𝐺(𝑥) + 𝑡𝑫𝐹(𝑥)]
𝑑𝑥

𝑑𝑡
= 𝐺(𝑥) + 𝐹(𝑥) (43) 

It should be noted that the zeros 𝐻(0, 𝑡) of 𝐺(𝑥) are known a priori and serve as the initial 

condition for the differential equation Eq. (31). As a result, the initial value problem 

mentioned above can be solved using numerical techniques, such as Runge-Kutta's 

method. This approach allows us to obtain 𝑋(𝑡, 1), which represents the zeros or fixed 

points of 𝐹(𝑥) system. Using the same approach RBF local methods and Homotopy, we 

can solve for the electric potential 𝜑 in Eq. (17). The derivatives are calculated in the same 

way as in Eq. (36). 
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2.2.3 Performance model of thermoelectric generators 

Conversion efficiency must be calculated to evaluate the thermoelectric performance. The 

power generation (𝑃) and thermoelectric efficiency (𝜂) are computed as follows: 

𝑃 = 𝑞𝐻 − 𝑞𝐶 − 𝑄𝑙𝑜𝑠𝑠𝑒𝑠 (44) 

𝜂 =
𝑃

𝑞𝐻
 (45) 

Where 𝑞𝐻 and 𝑞𝐶 are the heat supply on the hot side and heat removed from the cold side, 

respectively. The heat flux (𝑞") inside any thermoelectric material corresponds to the pure 

thermal conduction and the heat associated to the electric current crossing through the 

section area [43].   

𝑞"(𝑥) = −𝑘(𝑇)
𝑑𝑇

𝑑𝑥
+ 𝜀(𝑇)𝑗𝑇 (46) 

𝑞𝐻 = 𝑞"(0) , 𝑞𝐶 = 𝑞"(𝐿) (47) 

𝑞𝐻 = −𝑘(𝑇𝐻)
𝑑𝑇

𝑑𝑥
|
𝑥=0

+ 𝜀(𝑇𝐻)𝑗𝑇𝐻 (48) 

𝑞𝐿 = −𝑘(𝑇𝐿)
𝑑𝑇

𝑑𝑥
|
𝑥=𝐿

+ 𝜀(𝑇𝐿)𝑗𝑇𝐿 (49) 

2.3  Model Validation 

The TEG model presented is also compared with an approximate analytical model 

presented by Ju et al. [33]. They assume a linear temperature profile solution to evaluate 

the Seebeck and the electric conductivity. Also, with the results presented by Wee [42] from 

an explicit equation of temperature profile. The mathematical models and numerical 

solution are applied to a commercial 𝐵𝑖2𝑇𝑒3 material. Polynomic approximation for 

thermoelectrical properties for p-type materials is presented in Table 1 and Figure 5. 

Thermoelectric 
properties 

Polynomic approximation Units 

Thermal conductivity (𝑘) 𝑘(𝑇) = (0.4131𝑇2 − 277.7𝑇 + 62605) 𝑥 10−4   𝑊/𝑚𝐾 

Seebeck coefficient (𝜀) 𝜀 = (−0.9905𝑇2 + 930.6𝑇 + 22224)𝑥10−9  𝑉/𝐾 

Electrical conductivity 
(𝑘𝑒)  𝑘𝑒 =

1010

(0.6279𝑇2 + 163.4𝑇 + 5112)
   

𝑆/𝑚 

Thompson coefficient 

(𝜏 = 𝑇
𝑑𝜀

𝑑𝑇
) 

𝜏 = (−1.981𝑇2 + 930.6𝑇)𝑥10−9  𝑉/𝐾 

Table 1. Thermoelectrical properties of the commercial thermoelectric Bi2Te3 
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Figure 5. Comparison of thermoelectrical properties of the commercial thermoelectric 
Bi2Te3 [44] 
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Thermoelectric properties Effective constant value Units 

Thermal conductivity (𝑘) 1.90   𝑊/𝑚𝐾 

Seebeck coefficient (𝜀) 23.26 𝑥 10−5 𝑉/𝐾 

Electrical conductivity (𝑘𝑒)  60833.11 𝑆/𝑚 

Table 2. Constant Thermoelectrical properties of the commercial thermoelectric Bi2Te3 
between 𝑇𝐻 = 500 𝐾 and 𝑇𝐻 = 300 𝐾. 

 

Figure 6. Constant properties model comparison between exact solution (continuous 
lines) and Homotopy method (plus sign) for different current densities (j in A/m^2) when 

side convection is neglected. 

As shown in Figure 5, thermal conductivity duplicates its ambient value at 500 K and 

reaches seven times its magnitude when it is about 700 K. A reverse behavior is presented 

for electric conductivity. For the same temperature ranges, the Seebeck and Thompson 

coefficient are at least five magnitude orders smaller than thermal conductivity for any given 

temperature, and they do not suffer such extreme variations as the thermal and electrical 

conductivity, which allows studying the terms associated with those properties like minor 

perturbations of the pure conductive and joule heat case. For comparison purposes, a 

thermoelectric leg of length and a cross-sectional area of 𝐿 = 1.4 𝑚𝑚 and 𝐴 = 𝐿2 were 

considered; results are presented in Figure 7. 



52 Evaluation of thermoelectric generation systems under mismatching thermal 

conditions 

 

 

Figure 7. Temperature profile for a given 𝑗 = 9.0𝑥105 𝐴/𝑚2 with constant boundary 

thermal conditions 𝑇𝐻 = 500 𝐾 and 𝑇𝐻 = 300 𝐾, for different models. 

Numerical results obtained using our solution method show good agreement with the 

explicit models for temperature presented in previous studies [33] and [42]. These explicit 

solutions, which are only valid when Dirichlet conditions are available, and the temperature 

is constant on the hot and cold sides, tend to predict slightly higher values than those 

obtained using the numerical solution. Constant material property (CMP) results may not 

be reliable due to significant differences between thermal conditions, as the mean values 

of thermoelectric properties may underestimate the actual temperature profile. On the other 

hand, the Homotopy method provides a more accurate solution for the temperature profile 

because it does not rely on any assumptions about linear behavior or fixed boundary 

conditions. It can also be applied to more general cases, such as when heat flux boundary 

conditions or time-dependent variations of current density are present. 

2.4 Results and discussion 

The model presented in the preceding section is applied to a single thermoelectric leg 

constructed from 𝐵𝑖2𝑇𝑒3, a material commonly utilized in commercial applications due to its 

well-characterized thermoelectric properties [36]. The material properties are represented 

in Table 1 as second-order polynomials. As a p-type material, the Seebeck coefficient is 

positive in the temperature range from 300 K to 750 K, with a maximum value of around 

475 K, at which point the Thomson coefficient becomes zero. The temperature at the cold 

side of the thermoelectric module is fixed at 𝑇𝐿 = 300 𝐾 for all simulations. The electric 

power output and overall efficiency, in relation to electric current density, are presented in 

Figure 8 and Figure 9, respectively, for different mesh sizes (number of divisions in the 

length of the leg). The model proposed by Ju overestimates both power output and 

efficiency. Additionally, for refined mesh sizes of n=500 and n=100, the results are similar 

but display a slight difference for current densities higher than the maximum power point, 
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around 9.0𝑥105 𝐴/𝑚2. This indicates that the proposed solution method is accurate and 

can be used to study and analyze the power generation of TEM. Based on the models 

described in Section 2, the thermoelectric performance will be studied for different values 

of temperature in the hot boundary conditions (𝑇𝐻 = 400, 500, 600 𝑎𝑛𝑑 700 𝐾) and a given 

current density of 𝑗 = 9.0𝑥105 𝐴/𝑚2. Figure 10 and Figure 11 depict the electric voltage 𝜑 

with respect to electric current density, characteristics curves that are relevant and decisive 

for the design of DC power converters and control systems to extract the maximum power 

output in practical engineering situations. Additionally, the value of open circuit voltage (𝑉𝑂𝐶) 

in Figure 11 can be useful to extract the maximum power, as explained in detail in [45]. The 

shape of the characteristic curve can also provide insight into the thermoelectric material's 

performance at different temperatures. For instance, a steep slope in this curve at high 

temperatures indicates that the material has a high figure of merit and is, therefore, a good 

candidate for use in high-temperature thermoelectric generator systems. On the other hand, 

a flatter slope at high temperatures would indicate that the material may not be as efficient 

at higher temperatures. Additionally, analyzing those curves at different temperatures can 

provide information on the material's thermal conductivity, which can be used to optimize 

the thermoelectric generator's thermal management design. This can include the use of 

materials with lower thermal conductivity to reduce heat loss or the use of heat exchangers 

to improve the temperature gradient.  

 

Figure 8. Comparison of Electric Power generation between the proposed numerical 
solution and an approximate analytical model. 
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Figure 9. Comparison of overall efficiency between the proposed numerical solution and an 
approximate analytical model. 

 

Figure 10. TE power output for different hot side temperatures. 𝑇𝐿 = 300 𝐾 
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Figure 11. TE Voltage for different hot side temperatures. 𝑇𝐿 = 300 𝐾 

As indicated by Eq. (46), the heat flux (q) within the thermoelectric leg is composed of pure 

conduction (q1) and the electric current traversing the leg (q2). The results in Figure 12 

demonstrate that the numerical solution agrees with the explicit model proposed by Ju. 

 

Figure 12. Comparison between the proposed numerical solution and an approximate 

analytical Ju's model of heat flux variation along leg length for a given 𝑗 = 9.0𝑥105 𝐴/𝑚2 

and ∆𝑇 = 200 𝐾. 

The energy conversion efficiency is closely related to the temperature gradient 𝑑𝑇/𝑑𝑥. To 

fully comprehend the thermoelectric performance, it is crucial to analyze the derivative of 

the temperature profile, which has not been adequately examined in previous studies. The 

results of the proposed model, as illustrated in Figure 13, are consistent with the predictions 

made by Ju et al. even when they assume a linear temperature profile in the second and 

third terms of Eq (27). However, when the temperature profile deviates from a linear shape, 
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their approximations may not be appropriate for boundary conditions other than Dirichlet's 

constant and known temperatures, which can result in deviation from numerical results. 

 

Figure 13. Temperature gradient profile along the thermoelectric leg. 

2.5 Evaluation of TEG module in mismatching 
thermal conditions 

In industrial applications, thermoelectric generators (TEGs) are commonly constructed 

using a series of several p-n types of TE materials interconnected in series, as illustrated 

in Figure 14. To extract the maximum power output from a hot surface, the TEG module is 

placed over the heat source, with the opposite face exposed to an ambient temperature. 

However, due to the variable and non-homogeneous nature of many industrial heat 

sources, achieving a homogeneous temperature distribution on the hot side of the 

thermoelectric material can be challenging. As a result, mismatched temperature conditions 

are often encountered, with some of the TE pairs experiencing a 𝑇𝐻 temperature different 

from others. This can have a significant impact on the overall performance of the TEG 

module, and there is a need for comprehensive modeling approaches to predict the 

behavior of these systems under these conditions accurately. Therefore, the development 

of strategies for effectively dealing with mismatched temperature conditions is a critical area 

of research in the field of thermoelectric systems, with important implications for the design 

and optimization of these technologies in industrial applications. 
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Figure 14. Schematic representation of a TEG module for industrial applications, including 
boundary conditions and temperature variations. A) Boundary condition of TEG cold side 
(300 K), B) Reference voltage condition, C) Hot side at 500 K, D) Hot side at 510 K, and 

E) Hot side at 515 K. 

To assess the power output of the thermoelectric generator (TEG), the mathematical model 

and solution technique described in Section 2 are employed. Specifically, the model is used 

to analyze a TEG module consisting of 31 TE pairs at a 𝑇𝐻  of 500 K, 64 TE pairs at a 𝑇𝐻 

of 510 K, and an additional 31 pairs at a 𝑇𝐻 of 515 K, with all pairs maintained at a 𝑇𝐿 of 

300 K. The material properties utilized in our analysis are based on the commercial TEG 

module TEG1-12611-6.0, which is manufactured by TECTEG MFR. In addition, it is difficult 

to find the cross-sectional area of a TEG commercial module unless the manufacturer 

provides that information [45], for this case and considering the manufacturer don't provide 

these value we assume that the cross-sectional area of each TE leg is 5.76 𝑚𝑚2. These 

material and geometric parameters are critical inputs in our mathematical model, and they 

allow us to accurately capture the behavior of the TEG module under a range of thermal 

conditions. Due to the electrical series connection, the power generated by each 

thermoelectric pair under specific boundary conditions and current levels is combined with 

that of other pairs to obtain the total power output and resultant total voltage.  
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a) 

 
 

b) 

 
Figure 15. Power and voltage output of a) TE pairs at different hot-side boundary 

conditions and b) TEG module. 𝑇𝐿 = 300 𝐾 

Figure 15 depicts the power and voltage output characteristics for the three sections (C, D, 

and E) illustrated in Figure 14, where each section has different boundary conditions 

resulting in different maximum power points (MPPs). The total power output and voltage 

are the sums of the power produced by all three sections at a given current. The highest 

power output is delivered by the section with the highest temperature difference, although 

it should be noted that section D, which has twice the number of TE pairs compared to the 

other two sections, will deliver a higher power and voltage output than the other sections.  

The power output of the mismatched module exhibits similar behavior to that shown in 

Figure 7, with a maximum power point (MPP) occurring at a current around 9.64𝑥105 𝐴/𝑚2, 
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at the same current density of the highest temperature difference between the cold and hot 

faces. However, due to the thermal imbalances on the hot surface, the MPPs of each 

section do not align exactly with the other MPP current values. To operate a commercial 

module, control techniques must be employed to match the electric load of the module to 

reach the MPP on the module [44]; therefore, this methodology allows for finding the optimal 

operating point for control and delivery of power output. It is essential to acknowledge that 

the simulation presented in this study is based on certain assumptions. Firstly, the model 

does not consider the effect of thermal losses that may arise due to Joule heat conduction 

on connectors between TE pairs. Additionally, we assume a convective heat transfer 

coefficient of 0, which may not accurately represent actual conditions and could be 

challenging to estimate in practical settings. Furthermore, the model assumes a uniform 

temperature on the cold side of the TEG module, whereas in real-world industrial 

applications, there may be slight temperature variations that can affect system 

performance. Despite these limitations, our model offers a valuable framework for 

evaluating and optimizing TEG systems. Future research efforts could focus on 

incorporating additional factors and refining the model to better reflect real-world behavior. 

2.6 Conclusion 

This chapter presents a mathematical model and numerical method for evaluating 

thermoelectric modules. The model considers boundary conditions, convective thermal 

losses, and temperature-dependent thermoelectric properties to derive the one-

dimensional equation and steady-state solutions for temperature profile, electrical potential, 

and heat generation. The mathematical model and solution method were described in 

detail, including expressions for power and efficiency. The results of the proposed model 

were compared and validated with previous studies and found to agree with their 

predictions. This study provides a comprehensive and accurate method for evaluating 

thermoelectric modules and can be used as a valuable tool for studying and analyzing the 

power generation of thermoelectric modules.  In addition, an interesting solution method for 

the thermoelectric generators model, using radial basis functions and homotopy method, 

were developed for the first time to solve the TEG complex model. Smart grids rely on the 

integration of various renewable energy sources, including thermoelectric generators, to 

ensure a stable and reliable power supply. By using the proposed model, designers and 

engineers can optimize the performance of thermoelectric generators and ensure they are 

working at their highest potential, making them a more viable option for integration into 

smart grids. The ability to accurately evaluate the power generation capabilities of 

thermoelectric generators is crucial for the successful implementation and operation of 

smart grids. The mismatching conditions over the hot side of the TEG module have a 

significant impact on the overall performance of the TEG module, and there is a need for 

comprehensive modeling approaches to predict the behavior of these systems under these 

conditions accurately. Therefore, the development of strategies for effectively dealing with 

mismatched temperature conditions is a critical area of research in the field of 
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thermoelectric systems, with important implications for the design and optimization of these 

technologies in industrial applications. 
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3. Evaluation of Thermoelectric Generators 
under Mismatching Conditions 

Abstract: Due to the wide usability of thermoelectric generators (TEG) in the industry and 

research fields, it is plausible that mismatching conditions are present on the thermal 

surfaces of a TEG device, which induces negative-performance effects due to uneven 

surface temperature distributions. For this reason, the objective of this study is to 

characterize numerically the open-circuit electric output voltage of a TEG device when a 

mismatching condition is applied to both the cold and hot sides of the selected N and P-

type  semiconductor material 𝐵𝑖0.4 𝑆𝑏1.6𝑇𝑒3. A validated numerical simulation paired with a 

parametric study is conducted using the Thermal-Electric module of ANSYS 2020 R1, for 

which different thermal boundary and mismatching conditions are applied while considering 

the temperature-dependent thermoelectrical properties of the N and P-type  material. The 

results show an inverse relationship between the open-circuit voltage and the mismatching 

temperature difference. When a mismatching condition is applied on the hot side of the 

TEG device, the temperature-dependent electrical resistance has lower values, deriving in 

higher voltage results (linear tendency) compared to a mismatching condition applied to the 

cold side (non-linear tendency). 

 

Keywords: thermoelectric generator; TEG; mismatch; mismatching condition; numerical  

Simulation 
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3.1 Introduction 

A single thermoelectric generator (TEG) is a device composed of semiconductor materials 

(N and P-type ) connected electrically in series and thermally in parallel (More than two 

modules can be electrically connected either in series or parallel) that produces electric 

power from a temperature difference (Seebeck effect), or cooling from an electric potential 

source (Peltier effect) [1]. These devices are used in a wide range of applications i.e., bio-

integrated wearable devices [2], pipe heat energy waste [3], automobile exhaust heat [4,5], 

heat exchangers [6], combustion engines [7,8], photovoltaic systems [9–11], and space 

exploration [12–14]. Thermoelectric devices are subject to non-uniform temperature 

distributions, i.e., mismatching conditions due to environmental-operating conditions. It has 

been reported that the performance of working thermoelectric arrangements is lower than 

expected under mismatched temperature conditions [15]. Tang et al. [16] found a power 

loss of 11% in the performance of a TEG module under mismatched temperature conditions 

for automobile exhaust heat recovery, while asserting that proper isolation could reduce the 

losses down to 2.3%. Hakim & Lim [17] compared the performance of two interconnected 

thermoelectric modules, one of them under temperature mismatching conditions and the 

other one without them. They found an electric power difference of 45.73% at a temperature 

difference of Δ𝑇 = 340.15 𝐾, with the non-mismatched module producing the higher power. 

Experimental studies on coupled TEG-Photovoltaic (TEG-PV) systems reported negative 

effects of mismatching temperature conditions, hindering efficient heat transfer, and thus 

lowering the expected design performance [18,19]. Material-wise, Bismuth Telluride 

(Bi2Te3) is used widely for industrial applications due to cost-benefit reasons. However, the 

scarcity of these materials in the earth’s crust [20] compelled research laboratories to find 

other types of usable materials for thermoelectric applications [21]. Therefore, new 

materials for this application e.g., half-Heusler, skutterudites, Calcium/Manganese oxides, 

Magnesium silicide, and tetrahedrites are currently being used for temperature difference 

ranges of (300 ≤ Δ𝑇 ≤ 750) 𝐾 and withstanding maximum temperatures of (573 ≤ 𝑇𝑚𝑎𝑥 ≤

1073) 𝐾 [22,23]. Furthermore, numerical studies on TEG devices have been performed 

underlining simulation methodologies [24,25], while others allow visualization that the 

methodology to mathematically model the mismatching temperature conditions for both 
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photovoltaic cells and thermoelectric devices are similar [26,27]. Wang et al. [28] proposed 

a mathematic model which takes into account the temperature-dependent thermoelectrical 

properties and effects of convection but did not consider the temperature mismatching. 

Montecucco et al. [15] performed an experimental study of interconnected thermoelectric 

devices in series and parallel considering the temperature mismatching effect over the 

circuital model, not directly on the thermoelectric couples but on the whole arrangement. 

Wee [29] developed a theoretical analysis to solve the differential equations governing the 

thermoelectric devices based on the assumption of the linear variation of the temperature 

over P-N couples, but he neglected real physical phenomena such as temperature 

mismatching conditions. Ju et al. [30] performed a similar investigation considering only a 

linear variation of the Seebeck coefficient and electrical resistivity; no mismatching 

conditions were considered in the analysis. Therefore, current models neglect the combined 

effect of physical phenomena like thermal dependence of properties and the mismatching 

boundary conditions. In literature, there are no reported models to evaluate the thermal 

mismatching on individual thermoelectrical couples considering the thermal variation of 

physical properties like Seebeck coefficient, thermal conductivity, electrical resistivity, and 

the dimensionless figure of merit. Therefore, this chapter addresses such a problem by 

introducing the following contributions: first, a mathematical model to evaluate the 

mismatching conditions even on the cold and hot side; second, a thermoelectric simulation 

including the effect of temperature gradient on the thermoelectrical properties; and third, 

the evaluation of the efficiency of thermocouples under mismatching conditions. 

 

The objective of this study is to characterize by means of numerical simulation the open-

circuit electric output available power of a TEG device when a mismatching condition is 

applied to both the cold and hot sides of the TEG device considering temperature-

dependent properties of the N and P-type  semiconductor material Bi0.4Sb1.6Te3. Section 2 

of this chapter describes the governing equations, the thermoelectrical properties, and the 

methodology for the simulation. Section 3 presents the results of temperature and voltage 

contours and trend curves. Finally, Section 4 concludes the present work highlighting the 

main results. 

 



70 Evaluation of thermoelectric generation systems under mismatching thermal 

conditions 

 

3.2 Governing Equations 

Figure 1 shows a thermoelectric generator (TEG) device, which is composed of 

thermocouples of P-type  (positive) and N-type  (negative) materials, and copper 

electrodes. A set of 𝑛-th materials can be connected electrically in series, and thermally in 

parallel to form a thermoelectric array. If a temperature difference Δ𝑇𝑇𝐸𝐺 = 𝑇ℎ𝑜𝑡 − 𝑇𝑐𝑜𝑙𝑑 is 

applied to the TEG device, then an open-circuit voltage 𝑉𝑜𝑐 is generated due to the Seebeck 

effect. When an electrical load 𝑅𝐿 is connected to both ends of the TEG device, an electric 

current 𝐼 flows from the N to the P material. Eq. (1) defines the open-circuit voltage 𝑉𝑜𝑐 

produced by the TEG device. The term 𝛼 = 𝛼𝑃 − 𝛼𝑁 is the combined Seebeck coefficient, 

which relates the Seebeck coefficient for both the N and P-type  materials [31]. 

𝑉𝑜𝑐 = 𝛼𝛥𝑇𝑇𝐸𝐺  (1) 

Figure 1 also shows the heat energy 𝑄 inputs and outputs present in a leg of the TEG 

device, whose energy balance equation must follow that 𝑄ℎ = 𝑄𝑒 + 𝑄𝑐𝑜𝑛𝑣 + 𝑄𝑠, where 

ℎ, 𝑒, 𝑐𝑜𝑛𝑣, and 𝑠 represent the heat input, heat to electrical energy conversion, heat loss 

due to convection, and heat energy on the heatsink, respectively. Then, the general steady-

state heat flow equation is defined by (2)  [32]. 

𝛻 ⋅ 𝑞⃗ = 𝑞̇ (2) 

 

Figure 1. General configuration and energy flow of a thermoelectric generator device. 

The left side of Eq. (2) represents the divergence of the heat flux vector 𝑞⃗, which is defined 

in terms of the Fourier’s law of thermal conduction −𝑘∇𝑇 involving the thermal conductivity 

𝑘, the heat generation due to the Peltier effect 𝛼𝐽𝑇, and the electric current density vector 

𝐽, given by(3). According to [33], the electric current density can be computed as(4), where 

    

          

Õ        
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𝐸⃗⃗ = −∇𝜙 is the electric field intensity vector, and 𝜌 is the electrical resistivity. In addition, 

the electric scalar potential 𝜙 is defined by (5). 

𝑞⃗ = −𝑘𝛻𝑇 + 𝛼𝑇𝐽 (3) 

𝐽 =
1

𝜌
(𝐸⃗⃗ − 𝛼𝛻𝑇) (4) 

−𝛻𝜙 = 𝜌𝐽 + 𝛼𝛻𝑇 (5) 

The right side of Eq. (2) is the heat generation rate per unit volume 𝑞̇, which is defined as 

(6). 

𝑞̇ = 𝜌|𝐽|
2
+ 𝛼𝐽 ⋅ 𝛻𝑇 − 𝑞𝑐𝑜𝑛𝑣  (6) 

where 𝜌|𝐽|
2
 is the Joule heating, 𝛼𝐽∇𝑇 is the work done against the Seebeck field, and 

𝑞𝑐𝑜𝑛𝑣 = [ℎ𝑃(𝑇 − 𝑇0)]/𝐴 is the heat loss on the side of the TEG’s legs due to convection, 

where the term ℎ [𝑊/𝑚2𝐾] is the heat transfer coefficient, 𝑇0 the ambient temperature, 𝑃 

and 𝐴 are the perimeter and area of the TEG’s leg cross-section, respectively [28]. The 

divergence of Eq. (3) using the product rule yields(7). 

𝛻 ⋅ 𝑞⃗ = −𝛻 ⋅ (𝑘𝛻𝑇) + 𝛼𝑇(𝛻 ⋅ 𝐽) + 𝛼𝐽 ⋅ 𝛻𝑇 + 𝑇𝐽 ⋅ 𝛻𝛼 (7) 

For a steady-state analysis, the divergence of the electric current density vector is     ∇ ∙ 𝐽 =

0, which ensures the continuity of the current density [34]. Furthermore, if the Seebeck 

coefficient is a function of temperature 𝛼(𝑇), then the Thomson coefficient is defined as 

𝛽 = 𝑇(𝜕𝛼/𝜕𝑇) [35]. Hence, substituting Eq. (6) and (7) into (2), and accounting for the 

temperature dependency of the properties of the materials, Eq. (2) can be rewritten for a 

three-dimensional case as a second-order partial differential equation with variable 

coefficients as(8). 

𝑘(𝑇)𝛻2𝑇 − 𝛽(𝑇)𝐽 ⋅ 𝛻𝑇 + 𝜌(𝑇)|𝐽|
2
−

𝑃

𝐴
(𝑇 − 𝑇𝑜) = 0 (8) 

The voltage distribution throughout a control volume of a TEG device considering the 

electric current density vector ∇ ∙ 𝐽 = 0 for a steady-state condition, can be derived  using 

Eq. (5) resulting in(9), [34]. 

𝛻 ⋅ [𝜎(𝑇)𝛻𝑉] + 𝛻 ⋅ [𝜎(𝑇)𝛼(𝑇)𝛻𝑇] = 0 (9) 

where 𝜎(𝑇) = 1/𝜌 is the electrical conductivity as a function of temperature 𝑇. The first and 

second terms of Eq. (9) represent the electric conduction, and the distortion on the electric 

field caused by the thermoelectric effect, respectively [34]. Therefore, Equations. (8)and (9) 

describe the existing thermoelectric phenomena in a TEG device. The TEG electrical output 
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available power 𝑃𝑒 can be approximated using the open-circuit voltage and the temperature-

dependent total internal electrical resistance 𝑅𝑡𝑜𝑡𝑎𝑙(𝑇), as Eq. (10) shows, [36]. 

𝑃𝑒 =
𝑉𝑜𝑐

2

4𝑅𝑡𝑜𝑡𝑎𝑙(𝑇)
 (10) 

The maximum efficiency of a thermoelectric material, either when the TEG device is 

generating electrical power or cooling, can be determined using the factor of merit 𝑍, 

defined by(11), with 𝛼𝑃, 𝛼𝑁; 𝑘𝑃, 𝑘𝑁; and 𝜌𝑃 , 𝜌𝑁 being the Seebeck coefficients, the thermal 

conductivities, and the electrical resistivities of the P and N materials, respectively [37]. If 𝑍 

is multiplied by the average temperature 𝑇 = (𝑇ℎ − 𝑇𝑐) 2⁄ , then the dimensionless figure of 

merit 𝑍𝑇 is obtained, given by (12), [38]. 

𝑍 =
(𝛼𝑃 − 𝛼𝑁)2

[(𝑘𝑃𝜌𝑃)1/2 + (𝑘𝑁𝜌𝑁)1/2]2
 (11) 

𝑍𝑇 =
𝛼2𝑇

𝜌𝑘
 (12) 

The efficiency of the thermoelectric generator device can be determined by relating the heat 

transfer rate on the hot side 𝑄̇ℎ and the electric output power generated 𝑃𝑒 by the TEG 

device(13). The efficiency expression can be written in terms of the temperature difference 

Δ𝑇 = 𝑇ℎ − 𝑇𝑐, the dimensionless figure of merit 𝑍𝑇, and the cold and hot temperatures 𝑇𝑐, 

𝑇ℎ, respectively [37]. 

𝜂𝑇𝐸𝐺 =
𝑃𝑒

𝑄̇
=

𝛥𝑇

𝑇

√1 + 𝑍𝑇 − 1

√1 + 𝑍𝑇 +
𝑇𝑐

𝑇

 (13) 

3.3 Thermoelectric Properties of Materials 

For this article, a total of five materials constituted the studied thermoelectric module: 

copper, solder (Sn96.5Ag Cu0.5), filler (silicone elastomer), thermal interface layer (TIL), and 

the N and P-type  material (Bi0.4Sb1.6Te3). On the one hand, Table 1shows the isotropic 

properties of thermal conductivity 𝑘, the Seebeck coefficient 𝛼, and the electrical resistivity 

𝜌 of the temperature-independent materials, except for 𝜌 of the copper. 

Table 1. Thermoelectric properties of the material used for the numerical simulation. 

Material  
𝒌 

(𝑾/𝐦𝐊) 
𝜶 

 (𝝁𝑽/𝐊) 
𝝆 

 (𝛀𝐦) 
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Copper 400 [34] 1.80 [39] 
Variable, see 

Figure 2 

Solder 
(Sn96.5Ag Cu0.5) 

64 [40] − 1.25×10−7 [41] 

Filler (silicone 

elastomer) 
0.27 [42] − − 

Thermal interface 

layer (TIL) 
4 [43] − − 

𝑘: thermal conductivity; 𝛼: Seebeck coefficient; 𝜌: electrical resistivity. 

Figure 2 shows the copper electrical resistivity 𝜌 as a function of the temperature 𝑇, which 

is defined in the range of (273.15 ≤ 𝑇 ≤ 373.15) 𝐾. However, for the present numerical 

simulation purposes, the copper 𝜌 can be extrapolated for higher values of 𝑇. 

 

Figure 2. Copper electrical resistivity 𝜌 as a function of temperature 𝑇 for a range of (273.15 ≤ 𝑇 ≤ 373.15) 𝐾 

[44]. 

On the other hand, Figure 3 (a) shows the thermoelectrical isotropic temperature-

dependent properties of the N and P-type  material as the thermal conductivity 𝑘, the 

Seebeck coefficient 𝛼, and the electrical resistivity 𝜌. A range of temperature of (300 ≤ 𝑇 ≤ 

500) 𝐾 was selected based on the experimental study of Chen et al. [45] on the Bi0.4Sb1.6Te3 

material. Figure 3 (b) shows the dimensionless figure of merit 𝑍𝑇 calculated using Eq. (12), 

which reached a maximum value of 𝑍𝑇 = 1.52 at 𝑇 = 350 𝐾. 
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(a) (b) 

Figure 3. Thermoelectric isotropic properties of the N and P-type  material Bi0.4Sb1.6Te3: (a) Thermal 

conductivity 𝑘, Seebeck coefficient 𝛼, and electrical resistivity 𝜌 as a function of temperature 𝑇; (b) 

Dimensionless figure of merit 𝑍𝑇 [45]. 

Table 2 shows the polynomial regressions of the isotropic thermoelectric temperature-

dependent properties of the N and P-type  material Bi0.4Sb1.6Te3 and the performance 𝑍𝑇, 

where the coefficient of determination 𝑅2 (COD), and the temperature range of the 

properties is specified. 

 

Table 2. Polynomial regressions of the temperature-dependent thermoelectrical properties 

of the N and P-type  Bi0.4Sb1.6Te3 material for a temperature range of (300 ≤ 𝑇 ≤ 500) K. 

Thermoelectric Properties of 𝐁𝐢𝟎.𝟒𝐒𝐛𝟏.𝟔𝐓𝐞𝟑 Polynomial Regressions  

𝑘(𝑇) ∶ Thermal conductivity 

1.4919 + 0.0022𝑇 − 2.1333 ×

10−5𝑇2 + 3.1168 × 10−8𝑇3, 𝑅2 =

0.9952 

𝛼(𝑇) ∶ Seebeck coefficient 

−546.7325 + 4.9569𝑇 −

0.0102𝑇2 + 6.4221 × 10−6𝑇3, 𝑅2 =

0.9821 

𝜌(𝑇) ∶ Electrical resistivity 
138.8930 − 1.0964𝑇 + 0.0029𝑇2 −

2.4851 × 10−6𝑇3, 𝑅2 = 0.9956 

𝑍𝑇(𝑇) ∶ Dimensionless figure of merit 

−22.5035 + 0.1753𝑇 − 4.1546 ×

10−4𝑇2 + 3.1614 × 10−7𝑇3, 𝑅2 =

0.9996 

According to Mackey et al. [46,47] the largest contributing sources of uncertainty on 

thermoelectric properties are electrical resistivity that includes the thermocouple tip radius, 

sample uniformity, and probe separation length. They estimated that typical samples 

measured with the ZEM-3 equipment, similar to ZEM-2 used by Chen et al. [45] to report 
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the thermoelectrical properties presented inFigure 3, was about ± 7.0 % across any 

measurement of temperature. 

 

3.4 Validation Study of the Numerical Model 

Figure 4 shows an isometric view of the studied TEG device and the general dimensions. 

The model is composed of one pair of P-type  material (red), and one pair of N-type  material 

(dark blue), 5 copper electrodes (orange), which is composed of 3 large and 2 small-size 

copper electrodes. A filler (light blue), and the thermal interface layer TIL (purple). The 3D 

model was meshed using the module Mesh of ANSYS 2020 R1.  

 

 

Figure 4. Isometric view of the TEG device and general dimensions of the three-

dimensional model. 

 

Additionally, Figure 5 (a) presents the mesh independence study of the model, in which 7 

iterations were executed, and the open-circuit voltage was considered as the parameter of 

interest. A mesh with 32,832 elements with 141,375 nodes and a maximum mesh element 

size of 1×10−4 𝑚 was selected due to the percentage error of 0.06% compared to the next 

iteration. Figure  (b) presents a three-dimensional view of the hexahedral selected mesh 

used for the numerical simulation.  
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(a) (b) 

Figure 5. (a) Mesh independence study relating the open-circuit voltage, the mesh number of 

elements, and the relative error between iteration points; (b) Three-dimensional view of the 

hexahedral-based mesh. 

Table 3 shows the quality parameters of the mesh that are relevant for the aggressive 

mechanical criterion of the APDL Mechanical solver of ANSYS such as the element quality 

and the Jacobian ratio (corner nodes), which limit values of 0 and 1 are bad and good 

quality, respectively [48,49]. The minimum and maximum values of the quality parameters 

are given, as well as the standard deviation and the error limit for the 3-D problem. 

Table 3. Hexahedral mesh quality parameters for the aggressive mechanical 

criterion of Mechanical APDL of ANSYS. 

Mesh 

Quality  

Parameter

s 

Minimu

m Value  
[−] 

Maximu

m Value  
[−] 

Average 

Value  
[−] 

Standard  

Deviation  
[−] 

Error 

Limit 

Threshold  
[−] 

Element 

quality 
0.9512 1 0.9981 

3.9829×10
−3 

<5×10−4 

Jacobian 

ratio 

(corner 

nodes) 

0.8568 1 0.9965 
8.6903×10

−3 
<0.025 
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3.4.1 Comparison Between Experimental Data and Numerical 
Model Results 

Validation of the simulation was performed comparing the numerical open-circuit voltage 

𝑉𝑂𝐶 of the TEG device model used in the simulation with the experimental open-circuit 

voltage of the commercial thermoelectric generator module GM250-449-10-12 of the 

manufacturer (European Thermodynamics Ltd., Kibworth, United Kingdom) [50]. The 

boundary temperatures of the hot 𝑇ℎ and cold 𝑇𝑐 side of the TEG device were applied 

uniformly on the surface (no mismatched temperatures). The thermoelectric properties of 

the N- and P-type  materials of the thermoelectric generator module GM250-449-10-12 

used for the numerical model are reported in Figure 6. 

  

(a) (b) 

Figure 6. Thermoelectrical properties of the commercial thermoelectric generator GM250-449-10-12 

of the European Thermodynamics Ltd. manufacturer. (a) For the N-type  material. (b) For the P-

type  material. [50]. 

Montecucco et al. [15] studied the same commercial thermoelectric generator (GM250-449-

10-12) and reported that the module was composed of 449 thermoelectric couples/pairs of 

N- and P-type  materials. This allowed to scale up the voltage of the numerical simulation 

according to the couples contained in the commercial TEG module. The comparison of the 

numerical and experimental open-circuit voltage 𝑉𝑂𝐶 is reported in Figure 7. A good 

agreement between the experimental and numerical values can be seen, confirms the 

validity of the numerical model used in the manuscript. 
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Figure 7. Validation of the numerical model comparing with the experimental open-circuit 

voltage of the commercial thermoelectric generator device GM250-449-10-12. The dotted 

lines represent the experimental (Exp.) data of the commercial TEG device obtained from 

[50]. The continuous lines represent the simulation (Sim.) results. 

 

3.4.2 Verification of Numerical Thermal Efficiency 

A comparison between the numerical and theoretical thermal efficiencies was carried out 

only for non-mismatching conditions cases, as shown inFigure 8. The theoretical values of 

thermal efficiency for non-mismatching conditions are calculated using Eq. (13). That 

equation does not consider any uneven temperature distributions on both the hot and cold 

sides of the TEG device neither the thermoelectric variable properties. Numerical thermal 

efficiency results are higher than those computed with Eq. (13). A temperature-independent 

mean value of the dimensionless figure of merit was used (𝑍𝑇̅̅̅̅ = (𝑇ℎ + 𝑇𝑐) 2⁄ ), where 𝑇ℎ 

and 𝑇𝑐 represent the temperature on the hot and cold sides of the TEG device. Lastly, we 

consider the relative error acceptable due to the assumption of ZT to compute the 

theoretical thermal efficiency. 

320 360 400 440 480 520
0

5

10

15

20

25

30
O

p
e
n

-c
ir

c
u

it
 v

o
lt

a
g

e
 (

V
)

Temperature on hot side (K)

 Exp. TC=303.15 K

 Sim. TC=303.15 K

 Exp. TC=323.15 K

 Sim. TC=323.15 K

 Exp. TC=353.15 K

 Sim. TC=353.15 K

 Exp. TC=373.15 K

 Sim. TC=373.15 K



 79 

 

 

Figure 8. Theoretical and numerical comparison of the thermal efficiency of the TEG 
device for non-mismatching conditions. For the theoretical thermal efficiency, a constant 
mean value for the dimensionless figure of merit was used, defined as 𝑍𝑇̅̅̅̅ = (𝑇ℎ + 𝑇𝑐) 2⁄ . 

3.5 Boundary Conditions and Parametric Studies 

The thermoelectric device shown in Figure 4 was simulated with the commercial solver 

code of Mechanical APDL using the Thermo-Electric module of ANSYS 2020 R1. Two 

simulations, which considered two cases of mismatching conditions, were executed by a 

12-core Intel ® Xeon CPU E5-2667 at 2.90 GHz, and 32 GB of RAM workstation. Both 

simulations assumed no heat transfer by convection 𝑄𝑐𝑜𝑛𝑣 = 0 nor the effects of radiation 

𝑄𝑟𝑎𝑑 = 0 due to the considered low temperature gradients [51]. 

3.5.1 Numerical Simulation of the Mismatching Condition on the 
Heat Side (Bottom Sur-faces) of the TEG Device: 

Figure 9 shows the Dirichlet thermoelectric boundary conditions for this simulation, which 

are assigned as follows: firstly, a thermal boundary condition 𝑇𝑐𝑜𝑙𝑑 is placed on the three 

upper surfaces of the model, which represent the ambient temperature or heatsink. Also, 

an electromagnetic boundary condition 𝑉𝑟𝑒𝑓, which represents the reference voltage, is 

placed on the electrode of the P-type  material, see Figure 9 (a). Secondly, the bottom 

surface has two thermal boundary conditions that represent the mismatching condition 

(𝛥𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 𝑇ℎ𝑜𝑡,𝑚𝑎𝑥 − 𝑇ℎ𝑜𝑡,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒), where one of them is the surface temperature 
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𝑇ℎ𝑜𝑡 𝑚𝑎𝑥, which remain constant and is the highest temperature value; next to the previous-

mentioned surface, lies the variable temperature 𝑇ℎ𝑜𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒, which generates the 

mismatching temperature gradient on the bottom surface of the TEG device, see Figure 9 

(b). An example of the definition of the thermoelectric boundary conditions, e.g., the 

temperature on the cold side 𝑇𝑐𝑜𝑙𝑑, the voltage reference 𝑉𝑟𝑒𝑓, and the temperatures of the 

hot side 𝑇ℎ𝑜𝑡,𝑚𝑎𝑥 and 𝑇ℎ𝑜𝑡,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒, is given in Figure 9representing the first row of the 

parametric conditions described in Table 4. 

  

(a) (b) 

Figure 9. Dirichlet thermoelectric boundary conditions for the mismatching condition 

simulation on the heat side surfaces (bottom surface). (a) Thermal boundary condition 

temperature 𝑇𝑐𝑜𝑙𝑑 (ambient, upper surface), and electromagnetic voltage reference 𝑉𝑟𝑒𝑓 

(ground) boundary conditions; (b) Thermal boundary conditions 𝑇ℎ𝑜𝑡,𝑚𝑎𝑥 and 𝑇ℎ𝑜𝑡,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 on 

the bottom surfaces (mismatching condition on heat side). 

 

Table 4 describes the parametric study simulation of the mismatching condition on the heat 

side, see Figure 9. The temperature 𝑇ℎ𝑜𝑡,𝑚𝑎𝑥, and the electromagnetic boundary condition 

𝑉𝑟𝑒𝑓 remained constant throughout the simulation at a value of 500 𝐾 and 0 𝑉, respectively. 

The temperature 𝑇ℎ𝑜𝑡,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 changed within a range of 300 ≤ 𝑇ℎ𝑜𝑡,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 500) 𝐾 with 

steps of 10 𝐾 as the ambient temperature 𝑇𝑐𝑜𝑙𝑑 increased from 300 to 450 𝐾. 
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Table 4. Parametric study values of the thermoelectric boundary conditions of the mismatching 

condition on the heat side (bottom surfaces) of the TEG module. 

𝑻𝒉𝒐𝒕 𝒎𝒂𝒙 
[𝐊] 

𝑻𝒉𝒐𝒕 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆 
[𝐊] 

𝑻𝒄𝒐𝒍𝒅 
[𝐊] 

𝑽𝒓𝒆𝒇 

[𝐕] 

500 

(300 ≤ 𝑇ℎ𝑜𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 

500), steps of 10 K 
300 

0 

(350 ≤ 𝑇ℎ𝑜𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 

500), steps of 10 K 
350 

(400 ≤ 𝑇ℎ𝑜𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 

500), steps of 10 K 
400 

(450 ≤ 𝑇ℎ𝑜𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 

500), steps of 10 K 
450 

 

3.5.2 Numerical Simulation of the Mismatching Condition on the 
Heatsink (Upper Surfaces) of the TEG Device: 

 

Figure 10 shows the Dirichlet thermoelectric boundary conditions for the mismatching 

condition on the heatsink surfaces, which are assigned as follows: firstly, the upper surface 

has two thermal boundary conditions that represent the mismatching condition 

(Δ𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 𝑇𝑐𝑜𝑙𝑑,𝑚𝑖𝑛 − 𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒), which are the surface temperature 𝑇𝑐𝑜𝑙𝑑,𝑚𝑖𝑛 and 

𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 that generate the mismatching temperature gradient on the upper surface of 

the TEG device. Also, an electromagnetic boundary condition 𝑉𝑟𝑒𝑓, which represents the 

reference voltage, is placed on the electrode of the P-type  material, see Figure 10 (a). 

Secondly, a constant thermal boundary condition 𝑇ℎ𝑜𝑡 is placed on the bottom surface of 

the model, which represent the heat side temperature, see Figure 10 (b). Additionally, an 

example of the definition of the thermoelectric boundary conditions e.g., the temperatures 

of the cold side 𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 and 𝑇𝑐𝑜𝑙𝑑,𝑚𝑖𝑛, the temperature on the hot side 𝑇ℎ𝑜𝑡, and the 

voltage reference 𝑉𝑟𝑒𝑓, is given in Figure 10representing the first row of the parametric 

conditions described in Table 5. 
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(a) (b) 

Figure 10. Dirichlet thermoelectric boundary conditions for the mismatching condition 

simulation on the heatsink surfaces (upper surface). (a) Thermal boundary conditions 

𝑇𝑐𝑜𝑙𝑑,𝑚𝑖𝑛 and 𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 (mismatching condition on heatsink), and the voltage 

reference 𝑉𝑟𝑒𝑓 electromagnetic boundary condition; (b) Constant thermal boundary 

condition 𝑇ℎ𝑜𝑡 on the bottom surfaces. 

Table 5describes the parametric study simulation of the mismatching condition on the 

heatsink (upper surface), see Figure 10. The temperature 𝑇ℎ𝑜𝑡, and the electromagnetic 

boundary condition 𝑉𝑟𝑒𝑓 remained constant throughout the simulation at a value of 500 𝐾 

and 0 𝑉, respectively. The temperature 𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 changed within a range of (300 ≤

𝑇ℎ𝑜𝑡,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 500) 𝐾 with steps of 10 𝐾 as the temperature 𝑇𝑐𝑜𝑙𝑑,𝑚𝑖𝑛 increased from 300 to 

450 𝐾. 

Table 5. Parametric study values of the thermoelectric boundary conditions of the mismatching 

condition on the heatsink (upper surfaces) of the TEG module. 

𝑻𝒉𝒐𝒕 
[𝐊] 

𝑻𝒄𝒐𝒍𝒅,𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆 
[𝐊] 

𝑻𝒄𝒐𝒍𝒅,𝒎𝒊𝒏 
[𝐊] 

𝑽𝒓𝒆𝒇 

[𝐕] 

500 

(300 ≤ 𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 

500), steps of 10 K 
300 

0 

(350 ≤ 𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 

500), steps of 10 K 
350 

(400 ≤ 𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 

500), steps of 10 K 
400 

(450 ≤ 𝑇𝑐𝑜𝑙𝑑,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ≤ 

500), steps of 10 K 
450 
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3.6 Results and Discussion 

 

To calculate the total internal resistance of the TEG device, the geometric properties of the 

temperature-dependent materials are needed. In this manner, Table 6shows the geometric 

properties of the copper, which has two sizes (see Figure 4), the N and P-type  materials, 

and the solder. 

Table 6. Geometric properties of the N and P-type , copper, and solder materials. 𝐻: height; 𝑊: 

width; 𝐷: depth; 𝐴: area. 

Material  

Number  

of 

Compon

ents 

𝑾 

𝒙-

Coordina

te 
[𝐦] 

𝑯 

𝒚-

Coordina

te 
[𝐦] 

𝑫 

𝒛-

Coordina

te 
[𝐦] 

𝑨 
[𝐦𝟐] 

N and P-

type  

4 (2 N 

and 2 P) 
0.00150 0.00120 0.00150 2.25×10−6 

Copper 

(large) 
3 0.00150 0.00030 0.00350 5.25×10−6 

Copper 

(small) 
2 0.00150 0.00030 0.00175 2.63×10−6 

Solder 8 0.00150 0.0001 0.00150 2.25×10−6 

 

However, the total internal resistance in every point of the thermoelectric material is hard 

to calculate due to the three-dimensional temperature gradients induced by the 

mismatching conditions on the TEG device. For this reason, the total internal resistance of 

the copper and the N-P-type  materials of the TEG module was calculated applying the 

mean value theorem to the polynomial regressions of the resistivities of the copper 

𝜌𝑐𝑜𝑝𝑝𝑒𝑟(𝑇) and the N and P-type  materials 𝜌𝑁−𝑃(𝑇), see Figure 2and Table 2for the 

polynomial regressions, respectively. On the one hand, the mean value of the resistivity of 

the N and P-type  materials 𝜌𝑁−𝑃(𝑇) for the simulation of the mismatching condition on the 

heat side (see Section 2.4.1) is defined by the piecewise-defined functionin Eq. (14). 

𝜌̄𝑁−𝑃, mismatching on T𝐻
(𝑇)

= {

𝜌𝑁−𝑃(𝑇), if 𝑇hot,variable = 𝑇cold

(
1

𝑇hot,variable − 𝑇cold
∫ 𝜌𝑁−𝑃(𝑇) 𝑑𝑇

𝑇hot,variable

𝑇cold

) + (
1

𝑇hot,max − 𝑇cold
∫ 𝜌𝑁−𝑃(𝑇)

𝑇hot,max

𝑇cold

 𝑑𝑇) , if 𝑇hot,variable ≠ 𝑇cold 
 

(

1

4

) 

On the other hand, the mean value of the resistivity of the N and P-type  materials 𝜌𝑁−𝑃(𝑇) 

for the simulation of the mismatching condition on the cold side (see Section 2.4.2) is 

defined by the piecewise-defined functionin Eq. (15). 
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𝜌̄𝑁−𝑃, mismatching on T𝐶
(𝑇)

= {

𝜌𝑁−𝑃(𝑇), if 𝑇hot = 𝑇cold,variable

(
1

𝑇hot − 𝑇cold,min
∫ 𝜌𝑁−𝑃(𝑇) 𝑑𝑇

𝑇hot

𝑇cold,min

) + (
1

𝑇hot − 𝑇cold,variable
∫ 𝜌𝑁−𝑃(𝑇)

𝑇hot

𝑇cold,variable

 𝑑𝑇) , if 𝑇hot ≠ 𝑇cold,variable 
 
(15) 

The temperature-dependent total internal resistance 𝑅𝑡𝑜𝑡𝑎𝑙(𝑇) of the TEG device is 

calculated using(|6), where 𝑊𝑁−𝑃, 𝐴𝑁−𝑃, and 𝜌𝑁−𝑃(𝑇) are the width, area, and the variable 

resistivity of the N and P type materials, respectively. 𝑅𝑐𝑜𝑜𝑝𝑒𝑟,𝑙𝑎𝑟𝑔𝑒, 𝑅𝑐𝑜𝑝𝑝𝑒𝑟,𝑠𝑚𝑎𝑙𝑙 and 𝑅𝑠𝑜𝑙𝑑𝑒𝑟 

are the constant resistivities of the temperature-independent materials. 

𝑅𝑡𝑜𝑡𝑎𝑙(𝑇) =
2𝑊𝑁−𝑃[𝜌𝑁−𝑃(𝑇)]

𝐴𝑁−𝑃

+ 𝑅copper,large + 𝑅copper,small + 𝑅solder (16) 

Figure 11shows the temperature-dependent total internal resistance 𝑅𝑡𝑜𝑡𝑎𝑙(𝑇) of the TEG 

device compared to the mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔. Figure 11 (a) 

presents 𝑅𝑡𝑜𝑡𝑎𝑙(𝑇) for the mismatching condition on the heat side (bottom surfaces), in 

which can be observed the decreasing electrical resistance as the delta of mismatching 

Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 increases. This is because as Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 on the hot side is higher, the 

temperature on the bottom surfaces gets colder, thus decreasing the electrical resistance 

of the N and P-type  materials. Similarly, Figure 11 (b) shows 𝑅𝑡𝑜𝑡𝑎𝑙(𝑇) for the mismatching 

condition on the heatsink (upper surfaces) of the TEG device, where the increment of the 

mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 causes the increment of the temperature 

of the upper surfaces, then raising the electrical resistance of the N and P-type  materials. 

 

 

 

 

(a) (b) 
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Figure 11. Temperature-dependent total internal electrical resistance 𝑅𝑡𝑜𝑡𝑎𝑙(𝑇) of the thermoelectric 

generator (TEG) device compared to the mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔. (a) 

𝑅𝑡𝑜𝑡𝑎𝑙(𝑇) for the mismatching condition on the heat side (bottom surface). (b) 𝑅𝑡𝑜𝑡𝑎𝑙(𝑇) for the 

mismatching condition on the heatsink (upper surface) at a constant temperature on the heat side 

𝑇ℎ𝑜𝑡 = 500 𝐾. 

3.6.1 Numerical Results and Contours of the Mismatching 
Condition Simulation on the Heat Side (Bottom Surface) of 
the TEG Device 

Figure 12 presents the numerical results of the mismatching condition simulation on the 

heat side (bottom surfaces) of the TEG device compared to the mismatching temperature 

difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔, which spans from 0 to 200 𝐾. Figure 12 (a) presents the open-

circuit voltage 𝑉𝑜𝑐. Figure 12 (b) shows the electric available power 𝑃𝑒, calculated with Eq. 

(10). Figure 12 (c) shows the thermal efficiency 𝜂𝑇𝐸𝐺, computed as the ratio of the electric 

power 𝑃𝑒 and the heat energy input 𝑄ℎ, Eq. (13). The above-mentioned numerical results 

are presented for different cold side temperatures ranging between (300≤ 𝑇𝑐𝑜𝑙𝑑 ≤450) 𝐾. 

Furthermore, an inverse relation can be seen between the numerical results and the 

increment of Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔. In other words, the open-circuit voltage 𝑉𝑜𝑐 generated by the 

TEG device decreases because the temperature gradient between the hot and cold 

surfaces gets smaller as when Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 is higher. Thus, the electric power 𝑃𝑒 and the 

thermal efficiency 𝜂𝑇𝐸𝐺 also have the same behavior. Additionally, the mathematical 

tendency of 𝑉𝑜𝑐 and 𝑃𝑒 is linear, whereas the tendency of 𝜂𝑇𝐸𝐺 is exponential. 

 

 

 

 

(a) (b) 
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Figure 12. Numerical results of the mismatching simulation condition on the hot side (bottom 
surface) compared to the mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 on the hot side of the 

thermoelectric generator device. (a) Open-circuit voltage 𝑉𝑜𝑐; (b) Electric power 𝑃𝑒; (c) Thermal 

efficiency 𝜂𝑇𝐸𝐺 . 

Figure (13) presents the temperature and the voltage contours of the TEG device for the 

mismatching condition on the heat side (bottom surface) at an ambient temperature of 

𝑇𝑐𝑜𝑙𝑑 = 300 𝐾. On the one hand, Figure 13 (a-c) show the two-dimensional 𝑥𝑦-plane 

temperature contour distributions located at the middle of the 𝑧-coordinate of the TEG 

device 𝑧 = −𝐷/2 (𝐷: depth) at a mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0, 

100 and 200 𝐾, respectively. On the other hand, Figure 13 (d-f) present the three-

dimensional open-circuit voltage contour distributions at Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0, 100 and 200 𝐾, 

respectively. According to the contours, the Figure 13 (a,d) correspond the maximum 

electric voltage and output power production, and thus the maximum efficiency points due 

to the zero mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0. Once a mismatching 

temperature difference is induced on the heat side (bottom-right surface), e.g., Figures 13 

(b) and (c) the open-circuit voltage 𝑉𝑜𝑐, the electric output power 𝑃𝑒 and the thermal 

efficiency 𝜂𝑇𝐸𝐺 decrease. The above-mentioned behavior is generated by the mismatching 

condition on the right side of the temperature contours, which causes a reduction in the 

temperature gradient between the upper and bottom surfaces. The voltage not only 

decreases due to the reduction of the temperature gradient but also because of the Joule 

heating due to the flowing electric current that is generated by the left side of the TEG 

device, as can be seen in Figures 13 (e) and (f). 
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Figure 13. Contour distribution results of the mismatching condition simulation on the heat 

side (bottom surfaces) of the thermoelectric generator TEG device at 𝑇𝑐𝑜𝑙𝑑 = 300 𝐾. Figure 

(a), (b), and (c) are the two-dimensional 𝑥𝑦-plane temperature contour distributions located 

at the middle of the 𝑧-coordinate of the TEG device 𝑧 = −𝐷/2 at a mismatching temperature 

difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0, 100 and 200 𝐾, respectively; Figure (d), (e), and (f) are the 

three-dimensional open-circuit voltage contour distributions at Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0, 100 and 

200 𝐾, respectively. 

3.6.2 Numerical Results and Contours of the Mismatching 
Condition Simulation on the Heat Side (Bottom Surface) of 
the TEG Device 

Figure 12 presents the numerical results of the mismatching condition simulation on the 

heat side (bottom surfaces) of the TEG device compared to the mismatching temperature 

difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔, which spans from 0 to 200 𝐾. Figure 12 (a) presents the open-

circuit voltage 𝑉𝑜𝑐. Figure 12 (b) shows the electric available power 𝑃𝑒, calculated with Eq. 

(10). Figure 12 (c) shows the thermal efficiency 𝜂𝑇𝐸𝐺, computed as the ratio of the electric 

power 𝑃𝑒 and the heat energy input 𝑄ℎ, Eq. (13). The above-mentioned numerical results 
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are presented for different cold side temperatures ranging between (300≤ 𝑇𝑐𝑜𝑙𝑑 ≤450) 𝐾. 

Furthermore, an inverse relation can be seen between the numerical results and the 

increment of Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔. In other words, the open-circuit voltage 𝑉𝑜𝑐 generated by the 

TEG device decreases because the temperature gradient between the hot and cold 

surfaces gets smaller as when Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 is higher. Thus, the electric power 𝑃𝑒 and the 

thermal efficiency 𝜂𝑇𝐸𝐺 also have the same behavior. Additionally, the mathematical 

tendency of 𝑉𝑜𝑐 and 𝑃𝑒 is linear, whereas the tendency of 𝜂𝑇𝐸𝐺 is exponential. 
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Figure 12. Numerical results of the mismatching simulation condition on the hot side (bottom 

surface) compared to the mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 on the hot side of the 

thermoelectric generator device. (a) Open-circuit voltage 𝑉𝑜𝑐; (b) Electric power 𝑃𝑒; (c) Thermal 

efficiency 𝜂𝑇𝐸𝐺 . 
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Figure (13) presents the temperature and the voltage contours of the TEG device for the 

mismatching condition on the heat side (bottom surface) at an ambient temperature of 

𝑇𝑐𝑜𝑙𝑑 = 300 𝐾. On the one hand, Figure 13 (a-c) show the two-dimensional 𝑥𝑦-plane 

temperature contour distributions located at the middle of the 𝑧-coordinate of the TEG 

device 𝑧 = −𝐷/2 (𝐷: depth) at a mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0, 

100 and 200 𝐾, respectively. On the other hand, Figure 13 (d-f) present the three-

dimensional open-circuit voltage contour distributions at Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0, 100 and 200 𝐾, 

respectively. According to the contours, the Figure 13 (a,d) correspond the maximum 

electric voltage and output power production, and thus the maximum efficiency points due 

to the zero mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0. Once a mismatching 

temperature difference is induced on the heat side (bottom-right surface), e.g., Figures 13 

(b) and (c) the open-circuit voltage 𝑉𝑜𝑐, the electric output power 𝑃𝑒 and the thermal 

efficiency 𝜂𝑇𝐸𝐺 decrease. The above-mentioned behavior is generated by the mismatching 

condition on the right side of the temperature contours, which causes a reduction in the 

temperature gradient between the upper and bottom surfaces. The voltage not only 

decreases due to the reduction of the temperature gradient but also because of the Joule 

heating due to the flowing electric current that is generated by the left side of the TEG 

device, as can be seen in Figures 13 (e) and (f). 
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Figure 13. Contour distribution results of the mismatching condition simulation on the heat side 

(bottom surfaces) of the thermoelectric generator TEG device at 𝑇𝑐𝑜𝑙𝑑 = 300 𝐾. Figure (a), (b), and (c) 

are the two-dimensional 𝑥𝑦-plane temperature contour distributions located at the middle of the 𝑧-

coordinate of the TEG device 𝑧 = −𝐷/2 at a mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0, 

100 and 200 𝐾, respectively; Figure (d), (e), and (f ) are the three-dimensional open-circuit voltage 

contour distributions at Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 = 0, 100 and 200 𝐾, respectively. 

3.6.3 . Comparison of the Numerical and Contour Results 
between the Mismatching Conditions on the Heat and Cold 
Sides of the TEG Device Simulations 

Figure 16presents a comparison of the available electric power outputs 𝑃𝑒 for the 

mismatching condition on the heat side (black-color curves), and cold side (red-color 

curves). Figure 16 (a) presents the variation of 𝑃𝑒 for a range of the mismatching 

temperature difference of (0 ≤ Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 ≤ 200) 𝐾. Figure 16 (b) for a range of (0 ≤

Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 ≤ 150). Figure 16 (c) for a range of (0 ≤ Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 ≤ 100). Figure 16 (d) 

for a range of (0 ≤ Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 ≤ 50). From the figures it can be seen that 𝑃𝑒 decreases 

linearly for the mismatching condition on the hot side 𝑇ℎ𝑜𝑡, while 𝑃𝑒 decreases in a non-

linear way for the mismatching condition on the cold side 𝑇𝑐𝑜𝑙𝑑. Thus, the tendency of the 

presented curves suggests that the mismatching condition on the cold side 𝑇𝑐𝑜𝑙𝑑 (curves in 

red color) of a TEG device causes the electric output power to decrease more rapidly than 

a mismatching condition applied on the heat side 𝑇ℎ𝑜𝑡. 
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(a) (b) 

    

(c) (d) 

Figure 16. Comparison between the numerical electric output power 𝑃𝑒 results and the 

mismatching temperature difference Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 of the mismatching condition simulations 

on the heat (red-color curves), and cold (black-color curves) sides. (a) For (0 ≤

Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 ≤ 200) 𝐾. (b) For (0 ≤ Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 ≤ 150) 𝐾. (c) For (0 ≤ Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 ≤ 

100) 𝐾. (d) For (0 ≤ Δ𝑇𝑚𝑖𝑠𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 ≤ 50) 𝐾. 

3.7 Conclusions 

The generation of electric power decreases when the mismatching temperature difference 

increases because of the reduction of the temperature gradient between the hot and cold 

sides of the thermoelectric generator device (TEG). Although the values of the open-circuit 

voltage are similar for the mismatching conditions applied to both the cold and hot sides of 

the TEG, the generation of electric power is higher for a mismatching condition on the hot 
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side than on the cold side due to the lower values of the temperature-dependent electrical 

resistance of the N and P-type  materials when a mismatching condition is applied to the 

hot side. Additionally, the electric output power generated by the TEG device decreases 

when the mismatching temperature difference increases. Then, if a mismatching condition 

is applied to the hot side, the electric power decreases linearly and thus slower than that of 

a mismatching condition applied to the cold side, which decreases faster in a non-linear 

way. In summary, there are three main contributions of this chapter. The first one is the 

validated proposed model to evaluate thermoelectric couples under mismatching 

conditions. The second contribution is the inclusion of the behavior of thermoelectric 

properties as temperature functions. The last contribution is the evaluation of the thermal 

efficiency over TEG couples considering the mismatching conditions and thermal variable 

properties. 
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4.  E perimental Characterization of a 
Thermoelectric Generator Modules 

Abstract: This research chapter presents a detailed investigation of the performance of a 

thermoelectric generator (TEG) system. The TEG system is composed of multiple 

thermoelectric legs connected in series, a heat source, and an electric load. The 

experimental setup is designed to simulate real-world operating conditions and allow for 

the measurement of the TEG's power output as a function of the temperature difference 

between the hot and cold sides, and the load conditions. The performance evaluation of 

the TEG system is conducted using a commercial thermoelectric generator module (TEM) 

and several measurement instruments such as power analyzers, thermocouples, and 

electronic devices. The results of the study are used to plot the TEG's operating curves, 

which show the power output as a function of the temperature difference and the TEM 

current including the identification of the maximum power point (MPP). The operating 

curves allow for the evaluation of the TEG's behavior and thermal characteristics under 

different conditions. Additionally, this result provides valuable insights into the performance 

of TEGs and contribute to the advancement of this technology.  

4.1 Introduction 

Thermoelectric generators (TEGs) have gained attention in recent years as a promising 

technology for converting waste heat into electricity). TEGs are based on the Seebeck 

effect, which states that a voltage is generated when two dissimilar materials are 

maintained at different temperatures [1]. This effect can be harnessed by connecting 

multiple thermoelectric modules (TEMs) in series to form a TEG. TEGs have the potential 

to be used in a wide range of applications, including automobiles, industrial processes, and 

even health applications [2]. However, the performance of TEGs is highly dependent on the 

TEMs used, the temperature difference between the hot and cold sides, and the load 

conditions [3]. To fully understand the capabilities and limitations of TEGs, it is necessary 

to conduct performance evaluations in a controlled laboratory environment. This allows for 

the use of measurement instruments to obtain accurate and precise data on the TEG's 

output power, efficiency, and thermal characteristics. 
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In this research chapter, the performance of a TEG system is evaluated in a laboratory 

environment using a commercially available TEM [4]. The TEG system is composed of 

multiple TEMs connected in series, a heat source, and a load. The heat source and load 

conditions are varied to investigate the effects on the TEG's performance. The 

measurement instruments used include a oscilloscope, thermocouples, and a thermal 

imaging camera. 

Characterizing a thermoelectric module (TEM) is an essential step in understanding its 

performance and potential applications. One of the main parameters used to characterize 

a TEM is its electrical resistivity, which is a measure of the resistance of the material to the 

electric current flow [5]. A higher electrical resistivity results in a lower power output from 

the TEM. Another important parameter is thermal conductivity, which is a measure of the 

ability of the material to transfer heat. A TEM with high thermal conductivity will have a lower 

temperature difference between the hot and cold sides, which in turn will result in a lower 

power output. The Seebeck coefficient, also known as the thermoelectric power, is a 

measure of the voltage generated per unit temperature difference between the two sides of 

the TEM. A higher Seebeck coefficient results in a higher power output from the TEM. 

Characterizing a TEM can help in understanding the potential performance of the module 

and the optimal operating conditions for a specific application. It can also be helpful in the 

selection of TEMs for a particular application, for example, higher electrical conductivity and 

lower thermal conductivity TEMs may be preferred for high-temperature applications. This 

characterization can be challenging due to the complex nature of the materials used and 

the difficulty in obtaining accurate measurements. Therefore, an experimental setup to 

evaluate the behavior of TEMs under known temperature boundary conditions is essential 

for understanding the performance of these devices. 

One way to evaluate the behavior of TEMs is using a testing setup known as the "two-

thermocouple method" [6]. This method involves attaching thermocouples to both the hot 

and cold sides of the TEM and measuring the voltage and temperature difference between 

them. By measuring the voltage and temperature difference, it is possible to calculate the 

Seebeck coefficient, electrical resistivity, and thermal conductivity of the TEM. Another way 

to evaluate TEMs is by using a testing setup known as the "three-point method" [7]. This 

method involves attaching thermocouples to the hot side, cold side, and the center of the 

TEM, measuring the voltage and temperature difference between them. By measuring the 

voltage and temperature difference, it is possible to calculate the thermal conductivity and 
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Seebeck coefficient of the TEM. In addition to these testing methods, it is also important to 

measure the power output of the TEM under different loading conditions. This can be done 

by connecting the TEM to a load and measuring the current and voltage at the terminals 

[8]. By measuring the current and voltage, it is possible to calculate the power output of the 

TEM. 

The experimental setup must be designed to minimize errors and uncertainties in the 

measurements, to obtain accurate and reliable results. This includes ensuring that the 

thermocouples are properly calibrated and placed at the correct locations, and that the 

temperature difference between the hot and cold sides is maintained constant during the 

measurements. Once the operating curves have been obtained, the TEM's performance 

can be evaluated under different conditions. Additionally, by comparing the operating 

curves at different temperatures, it is possible to investigate the effects of temperature on 

the TEM's performance. This chapter also presents a detailed description of the 

measurement techniques and instruments used, such as temperature sensors and power 

analyzers, to obtain accurate and precise data of the TEM's performance. 

The experimental assessment of TEG systems can help in the design and optimization of 

TEGs for various applications. The results obtained using commercial equipment can be 

used to produce recommendations for the selection and operation of TEG systems.  

This work presents a comprehensive experimental setup for evaluating the power output of 

a TEM under controlled conditions. The establishment of this methodology is important for 

characterizing TEMs and understanding the performance of thermoelectric generators 

which are gaining popularity in various fields. The characterization of TEMs and the 

knowledge of their operative curves are crucial for the design and optimization of TEGs, 

reaching the maximum power point (MPP) and increasing their efficiency. This chapter will 

provide valuable insights into the performance of TEGs and will contribute to the 

advancement of this technology. The results of this research will be useful for researchers, 

engineers, and practitioners working in the field of thermoelectric, as well as for those 

interested in using TEGs for waste heat recovery applications. 

This research chapter presents a detailed experimental study on the performance 

evaluation of a commercial TEM: Section 2 provides a description of the experimental 
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setup, including the heat source, load, and temperature measurement devices. Section 3 

explains the measurement protocol for obtaining the operating characteristics of the TEM. 

Section 4 presents the characteristic power curves of the TEM, which show the power 

output as a function of temperature difference and load, and a detailed analysis of the 

curves. Finally, Section 5 summarizes the main findings and highlights the importance of 

the work and suggests possible future work. 

4.2 Experimental Setup 

 

The experimental setup for evaluating the performance of a thermoelectric module (TEM) 

is presented in Figure 16. The setup is composed of two main parts: the power generation 

system and the instrumentation. 
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Figure 16. Components of the experimental setup to evaluate TEG power generation at 

different temperature boundaries. 

 

The power generation system is composed of the TEM manufactured by Thermal 

Electronics Corp. [4] , a heat source, a heat sink, and a load. The TEM is the main 

component of the power generation system, and it converts heat energy into electrical 

energy. The heat source, which is a hot plate or a heater, is used to provide the heat energy 

to the TEM; it includes an electrical resistance with a value of 100 W used to heat the hot 

side of the TEM. The load is a programmable electronic load used to consume the electrical 

energy generated by the TEM. The hot side temperature is controlled by an on-off 

temperature controller that regulates the power supplied to the electrical resistor. The cold 

side of the TEM is maintained at a constant temperature by using a large reservoir of water 

(tank) that is continuously pumped by a pump. The tank of water provides a large thermal 

mass that allows the cold side of the TEM to maintain a constant temperature, which is 

important for accurate measurement of the TEM's performance. 

One of the key aspects of the experimental setup is the use of a controlled heat source and 

a load to simulate real-world operating conditions. This allows for the measurement of the 

TEM's power output as a function of the temperature difference between the hot and cold 

sides and the load conditions. To obtain the operating characteristics of the TEM, a series 

of measurements are taken at different temperature differences and load conditions. These 
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measurements are then used to plot the TEM's operating curves, which show the power 

output as a function of the temperature difference and the load. The operating curves are 

important because they allow for the identification of the maximum power point (MPP), 

which is the point on the curve where the TEM produces the maximum power output. The 

on-off temperature controller allows for precise control of the hot side temperature, while 

the large reservoir of water ensures that the cold side temperature remains constant. This 

combination of temperature control and measurement allows for accurate characterization 

of the TEM's performance and the determination of its operating characteristics.  

The instrumentation part is composed of devices used to measure the performance of the 

TEM. These include an oscilloscope, a multimeter, and thermocouples. Auxiliary control 

electronics are also used in the experimental setup to control the temperature of the heat 

source and to automate the measurement process.  Table 3 provides important reference 

and technical information about the various equipment used in the experimental setup. This 

information is crucial to ensure the reliability and reproducibility of the experimental results. 

This information allows the experimenter to understand the capabilities and limitations of 

each equipment, and to properly select and configure the appropriate settings for each 

experiment. 

 

Equipment 
Commercial 

Reference 

Technical 

information 

Image 
Reference 

Controllable 

electrical 

load (BK 

PRECISION) 

8502 

Power: 300 W                                          

Voltage: 0.1 - 500 V                                     

Rated current: 15 A                    

Resolution: 10 mV                           

Operation: Constant 

current (cc), 

resistance (cr), 

voltage (cv) and 

power (cp)                                                     

 

  

[9] 
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Equipment 
Commercial 

Reference 

Technical 

information 

Image 
Reference 

Electrical 

power source 

(MCH)  

MCH-305D-ll 
Voltage: 30 V 

Current: 5 A 

  

[10] 

Oscilloscope TDS 3024 

Bandwidth: 200 MHz                          

Channels: 4 

Sample rated: 2.5 

Gs/s 

 

  

[11] 

Water pump 
MP-15RM-

110 

Voltage: 110 Vac                                    

Liquid temperature 

range: 0 – 80 °C 

Max flow: 16-19 l/min 

 

  

[12] 

Hot side 

temperature 

controller 

W3231 

Temperature control 

range: -55-120°C                                                                         

Power supply: 12 V                                        

 

  

[13] 
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Equipment 
Commercial 

Reference 

Technical 

information 

Image 
Reference 

Cold side 

temperature 

sensor 

08252 
Temperature control 

range: -50-70°C 

 

  

[14] 

Table 3. Reference and Technical Information of Equipment Used in the Experimental 

Setup. 

 

4.3 Procedure to measure TEG characteristic 

curves. 

 

The experimental procedure for evaluating the performance of a thermoelectric module 

(TEM) using an oscilloscope involved the following steps: 

 

¶ The TEM was connected to the output terminals of the oscilloscope, which were 

used to measure the voltage and current generated by the TEM. 

¶ The temperature gradient across the TEM was set to a specific value by adjusting 

the temperature of the heat source using the on-off temperature controller and 

maintaining the cold side temperature constant using the large reservoir of water. 

¶ The load was programmed with a current profile consisting of step changes in 

current, with each step being 0.05 A.  

¶ The oscilloscope was used to record the voltage and current generated by the TEM 

for a period. 

¶ The instant power consumption was computed by multiplying the voltage and 

current values. 

¶ The instant power consumption was recorded and saved for further analysis. 

¶ The above steps were repeated for different temperature gradients and load 

conditions. 
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¶ The data obtained from the oscilloscope was analyzed to determine the TEM's 

operating characteristics, such as the maximum power point (MPP) for each 

temperature difference. 

¶ The oscilloscope was used to dynamically observe the voltage, current, and power 

consumption behavior, allowing the detection of any unwanted behavior that can 

occur in the TEM, such as ripple, voltage sag, etc.  

 

Figure 17 depicts the oscilloscope screen during a single experimental test, where the 

green trace corresponds to the current supplied by the thermoelectric module (TEM). In 

contrast, the yellow and red traces represent the measured voltage and calculated power 

output. The overall power output profile exhibits a parabolic shape, suggesting that the 

maximum power point is attained at a specific current and voltage value. Notably, a 

noticeable inverse relationship is observed between the current and voltage, as an increase 

in the module's current leads to a corresponding decrease in the voltage. 

 

 

Figure 17. Experimental measurement of Voltage, Current, and Power Output of a TEM in 

the oscilloscope. 

4.4 Processing data 

A digital filter process is applied to a current signal to remove unwanted noise and improve 

signal quality. The filter used is a Butterworth filter, a type of low-pass filter that is 

characterized by a flat frequency response in the passband and a roll-off that is -3dB per 
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octave in the stopband. The filter process begins by designing the Butterworth filter using 

the 'scipy.signal' library in Python. The filter order is specified as 3, and the cutoff frequency 

is specified as 0.05 Hz. These values are used to calculate the filter coefficients 'b' and 'a' 

using the 'butter' function. Next, the filter is applied to the current signal using the 'lfilter' and 

'filtfilt' functions provided by the 'scipy.signal' library. The 'lfilter' function applies the filter in 

a transversal way, and the 'filtfilt' applies it in a bidirectional way, which results in the same 

output. The 'lfilter' is applied twice in a row, with the 'zi' parameter set to the initial conditions 

of the filter. 

 

The filtered current signal is then analyzed to evaluate the performance of the Butterworth 

filter. The filtered signal is compared to the original signal in terms of noise reduction, signal-

to-noise ratio, and overall signal quality. The results of this analysis will be used to evaluate 

the effectiveness of the Butterworth filter in removing unwanted noise from the current 

signal and improving the signal quality. It is important to note that the cutoff frequency is a 

crucial parameter in the filter design, and it must be selected carefully to ensure that the 

desired frequencies are being passed while the unwanted ones are being filtered out. Also, 

it's also crucial to consider that applying the filter twice in a row using the 'lfilter' function, as 

in this case, can enhance the filter performance. And by using the 'filtfilt' function, the filtered 

signal is a zero-phase distortion version of the original signal, which can be useful when 

analyzing time-dependent data. 

 

The digital filter process applied to the current signal can be represented mathematically 

using the transfer function of the Butterworth filter. The transfer function represents the 

relationship between the input signal (I(s)) and the output signal (Y(s)) of the filter. The 

transfer function is given by: 

 

𝐻(𝑠)  =  𝑌(𝑠) / 𝐼(𝑠)  =  (𝐵(𝑠) / 𝐴(𝑠)) 

 

Where B(s) and A(s) are the polynomials representing the filter coefficients of the numerator 

and denominator, respectively. The filter order (𝑛 = 3) and the cutoff frequency (𝑤𝑐 = 0.05), 

are used to calculate these polynomials. For a Butterworth filter, B(s) and A(s) are given 

by: 
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𝐵(𝑠)  =  (𝑠𝑛) / (𝑠𝑛  +  (𝑤𝑐  ∗  𝑡𝑎𝑛(𝜋/2𝑛))
𝑛
)  

 

𝐴(𝑠)  =  1 

 

Once the filter coefficients are calculated, the input signal is passed through the filter using 

the following mathematical equation: 

 

𝑌(𝑠)  =  𝐵(𝑠)  ∗  𝐼(𝑠) / 𝐴(𝑠) 

 

This equation represents the filtered output signal, Y(s), which is the filtered version of the 

input signal, I(s). This mathematical model describes the filter process in the frequency 

domain, and it is not a time-domain representation, so the output signal and the input signal 

are represented as complex numbers in the Laplace domain. 

 

Figure 183 shows the filtered current signal and its corresponding power output over time. 

The red and black lines in indicate the filtered signals, while the blue lines indicate the raw 

signals. The filtered signals are smoother and less noisy than the raw signals. The y-axis 

on the left side of the plot shows the current in amperes, while the y-axis on the right side 

of the plot shows the power output in watts. The x-axis represents time in seconds. Overall, 

the figure demonstrates the effectiveness of the filtering process in reducing noise and 

improving the accuracy of the data. 

 

a) 

 

b) 

Figure 18. Improved Accuracy of Current and Power Output Measurements with Signal 

Filtering: a) current profile, b) power output. 
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After applying the digital filter process to the current signal, the filtered signals for each 

temperature gradient can be further analyzed by fitting them to a polynomial curve. The 

method of fitting a polynomial curve to the filtered signal is carried out by utilizing the least-

squares polynomial fit algorithm employed by MS Excel. This algorithm determines the 

polynomial function that most accurately fits a given set of data points by minimizing the 

sum of the squared differences between the predicted and actual values. In order to select 

the most appropriate polynomial model for the filtered signal, various polynomial models, 

such as quadratic or cubic equations, were compared based on their goodness of fit, which 

can be evaluated using the coefficient of determination (𝑅2).  

Figure 19 shows the polynomial curve that best represents the filtered signal and can be 

used as a model of the actual thermoelectric module (TEM) behavior under different 

temperature gradients, with a constant cold side of 24.3°C. Table 4 displays the polynomial 

coefficients and the corresponding 𝑅2 values for each of the different temperature curves. 

 

Hot side 

Temperature 

𝑎 𝑏 𝑐 𝑅2 

𝑇𝐻 = 60°𝐶 -1.2459 1.0118 -0.0004 0.997 

𝑇𝐻 = 70°𝐶 -1.1596 0.8698 0.0003 0.989 

𝑇𝐻 = 80°𝐶 -1.1861 0.7737 -0.0001 0.978 

𝑇𝐻 = 90°𝐶 -1.2159 0.6819 -0.0002 0.996 

𝑇𝐻 = 100°𝐶 -1.0748 0.5259 3.00E-06 0.984 

𝑇𝐻 = 110°𝐶 -1.1398 0.4204 7.00E-05 0.992 

Table 4. Polynomial coefficients fitted from experimental and filtered data. 

The 𝑅2 values range from 0.978 to 0.997, indicating a high degree of correlation between 

the temperature and the data being measured. In general, the data suggests that as the 

temperature increases, the 𝑅2 values also tend to increase, indicating that the correlation 

between the temperature predicted by the polynomial approximation and the measured 

data becomes stronger. However, there is some variability in the data, with the 𝑅2 value for 

90°𝐶 being significantly higher than the surrounding values.  
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Figure 19. Polynomial curves for filtered current vs. power at different temperature gradients 

for different temperatures between the hot and cold sides. Cold side temperature 24.3°C. 

 

These models can be used to predict the TEM's performance under different conditions and 

can also be used to optimize the TEM's performance. The polynomial curve can be used 

to determine MPP of the TEM, which is the temperature gradient at which the TEM 

generates the maximum power. The polynomial curve can also be used to calculate the 

TEM's performance, which is the relationship between the power generated by the TEM 

and the electric current delivered at a fixed temperature and specific load. 
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4.5 Conclusions 

 

The results of this research chapter provide valuable insights into the behavior and thermal 

characteristics of a thermoelectric generator (TEG) system. The experimental setup 

designed and utilized in this study provides an accurate simulation of real-world operating 

conditions and allows for the measurement of the TEG's power output under different load 

conditions and temperature differences. The operating curves obtained through the study 

show the TEG's behavior and thermal characteristics, including the maximum power point 

(MPP), under varying conditions. This study contributes to the advancement of TEG 

technology by providing a comprehensive analysis of the TEG system's behavior and 

thermal characteristics. Furthermore, the experimental setup designed and utilized in this 

study provides a valuable tool for evaluating the power generation of TEGs under known 

boundary conditions. As future work, the evaluation of the pressure over the hot and cold 

side of the TEG and the effect of transient thermal conditions over the power generation 

could be investigated. These additional studies would provide a more comprehensive 

understanding of the behavior and performance of TEG systems and contribute to the 

advancement and optimization of this technology. 
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5. Material Property Characterization and 
Parameter Estimation of Thermoelectric 
Generator by Using a Master–Slave 
Strategy Based on Metaheuristics 
Techniques 

Abstract: Thermoelectric generators (TEGs) have gained significant interest as a 

sustainable energy source, due to their ability to convert thermal energy into electrical 

energy through the Seebeck effect. However, the power output of TEGs is highly dependent 

on the thermoelectric material properties and operational conditions. Accurate modeling 

and parameter estimation are essential for optimizing and designing TEGs, as well as for 

integrating them into smart grids to meet fluctuating energy demands. This work examines 

the challenges of accurate modeling and parameter estimation of TEGs and explores 

various optimization metaheuristics techniques to find TEGs parameters in real applications 

from experimental conditions. The chapter stresses the importance of determining the 

properties of TEGs with precision and using parameter estimation as a technique for 

determining the optimal values for parameters in a TEG mathematical model that represent 

the actual behavior of a thermoelectric module. This methodological approach can improve 

TEG performance and aid in efficient energy supply and demand management, thus 

reducing the reliance on traditional fossil fuel-based power generation. 

 

Keywords: thermoelectric generators; modelling and parameter estimation; optimization 

metaheuristic techniques; smart grids. 

5.1 Introduction 

Thermoelectric generators (TEGs) have emerged as a promising technology for 

sustainable energy generation in recent years [1]. These devices employ the Seebeck 

effect to convert thermal energy into electrical energy, which occurs through the 

generation of a voltage difference in response to a temperature gradient applied across 

a material [2]. The power output of TEGs is heavily dependent on the thermoelectric 
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material properties and the operational conditions [3]. As such, the accurate modeling 

and parameter estimation of TEGs is essential for optimizing and designing these 

devices [4]. These processes allow for the integration of these systems into smart grids, 

as well as the broader adoption of renewable energy sources [5]. Smart grids rely on 

integrating multiple energy sources, including renewable sources, such as TEGs, on 

meeting the fluctuating energy demands of consumers. The accurate modeling of TEGs 

is crucial for predicting their behavior and power output under different operating 

conditions, which is needed for optimal integration into smart grids [6]. This allows for 

efficient energy supply and demand management, and integrating TEGs can help 

reduce the reliance on traditional fossil fuel-based power generation. Thermoelectric 

generators (TEGs) depend on the thermoelectric material properties   and temperature 

boundary [7]; thus, the accurate modeling of complete TEG modules poses a significant 

challenge. Various mathematical formulations have been developed to represent TEGs, 

which include important parameters such as the thermoelectric electric resistivity, 

Seebeck and Thomson coefficients, and thermal conductivity of the thermoelectric 

material [8]. However, it is important to note that the surrounding conditions and natural 

wear and tear of the device during operation time may alter these parameters, thereby 

affecting the power capacity and performance of the TEG [9]. Generally, two types of 

models are used to describe TEGs: simplified and complex [1]. The first ones, also 

known as macroscopic models, analyze the TEG phenomenon on a global level and 

make global thermoelectric balances that often disregard the Thomson effect. In those 

models, the properties of the materials are determined from the average temperatures 

of the cold and hot surfaces. On the other hand, complex models, also known as 

microscopic models, describe TEGs more precisely by using local balance equations, 

including the mass, energy, and entropy equations. These models consider the 

Thomson effect and other phenomena, such as the temperature-dependence properties 

of the materials, and can be studied on dynamic or steady thermal states. The prediction 

of the electrical power output of a single thermoelectric generator leg can be 

accomplished by applying complex mathematical models, which are founded on the 

principles of irreversibility and incorporate the temperature-dependent material 

properties of the thermoelectric legs. These models can provide accurate predictions of 

the electrical power output as a function of the temperature gradient between the hot 

and cold sides and the thermoelectric material properties of the TEG. 
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Numerous studies have been conducted to understand the factors that impact the 

performance of thermoelectric modules. These studies have explored various elements, 

such as temperature fluctuations [10], additional heat resistance inside [11,12] and 

outside the module, [13], variations in heat exchanger material properties [14], and 

changes to the module configuration and internal structure [15]. Additionally, it has been 

found that temporary exceedances of the maximum steady-state output power can be 

achieved by utilizing transient phenomena [16]. In real-world applications, temperature 

conditions at the boundaries of thermoelectric generator modules are not constantly 

changing, but rather vary slowly over time. Therefore, studying temperature conditions 

with known parame- ters becomes important for industrial applications and 

advancements in TEG technology. By understanding the temperature conditions, the 

performance of TEG modules can be modeled to estimate the power output delivered 

at constant temperatures, which is crucial for practical applications, such as power 

generation in automobiles, waste heat recovery, and renewable energy sources. Thus, 

the examination of modules under these conditions is noteworthy and contributes to the 

advancement of these technologies. 

One study [17] determined that, while assuming temperature-dependent properties 

of the cell material may have a slight impact on the module performance, the parameters 

provided by manufacturers of thermoelectric modules may not be entirely accurate or 

reliable. This is further supported by the fact that significant parameter variations can 

be observed even among modules of the same series [18]. Radiative heat transfer 

effects in all system components are typically minimal [19]. These findings underscore 

the importance of determining the properties of thermoelectric modules with precision 

and the need for further research in this field. 

Recent studies have employed optimization algorithms to find optimal 

thermoelectric devices, as multiple geometric parameters should be optimized 

simultaneously. Chen et al. [20] applied a multi-objective GA to optimize the output 

power and efficiency of a TE generator; Meng et al. [21] and Liu et al. [22] applied the 

simplified conjugate-gradient method (SCGM) to optimize single and two-stage TE 

generators with rectangular TE legs. Wen et al. [23] proposed a design guideline for the 

TEG system based on the figure of merits of high-, medium-, and low-temperature TE 

segments. Several recent studies have focused on applying a GA to solve multi-
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objective optimization problems for TE generators. Ge et al. [24] optimized the material 

volume and output power of a TEG segment using the non-dominated sorting genetic 

algorithm Zhu et al. [25] utilized a 1-D numerical model and genetic algorithm (GA) to 

optimize the cross-section, length, and load resistance of a segmented thermoelectric 

generator and found that the conversion efficiency was improved. Additionally, Ge et al. 

[24] applied a GA method to optimize power and efficiency for a segment of a TE 

generator module. Wang et al. [26] utilized the mutation-PSO algorithm to optimize the 

exergy efficiency and levelized cost of electricity (LCOE) for a TEG, resulting in an 

optimal exergy efficiency of 29 and LCOE of 1.93 US/kWhm2 under a maximum 

temperature difference of 40 K. Furthermore, Yin et al. [27] developed a multi- objective 

optimization process for a concentrated spectrum splitting photovoltaic-thermoelectric 

hybrid system, incorporating sensitivity analysis, parameter evaluation, and a genetic 

algorithm. However, to date, no methodology based on optimization algorithms has 

been developed to characterize a TEG module from experimental results under different 

temperature conditions, taking into account all thermoelectric effects analyzed in 

complex and differential models, with this being an important need currently in academic 

and industrial applications. 

Parameter estimation is a technique for determining the set of values for the 

parameters in a mathematical model that accurately describes the system under 

investigation. The sig- nificance of this method lies in its ability to optimize the device’s 

performance and facilitate further analysis related to power delivery and integration with 

smart grids [28]. In the case of TEGs, the material properties of the thermoelectric legs, 

the number of thermocouples, and the cross-sectional area are the parameters that 

represent a complete TEM. By determining the optimal values for the parameters, the 

TEG can be controlled to operate at its maximum capacity and produce the highest 

possible power output. Additionally, parameter estimation identifies the TEG’s sensitivity 

to changes in operational conditions and material properties, which is crucial for design 

and engineering applications. The problem addressed in this study is characterized by 

non-linearity and non-convexity, primarily attributed to using variables in derivatives, 

exponentials, and multiplications within the mathematical formulation that describes the 

problem. As a result, deterministic methods, such as quadratic programming, Newton–

Raphson, interior point, semidefinite programming, and convex optimization are often 

unsuitable, due to their reliance on complex processes and lengthy processing times. 
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Meta- heuristic methods are commonly used as solution methods for nonlinear 

problems involving continuous variables in energy systems [29–32]. For example, 

Roman et al. [33] employed a metaheuristic optimization algorithm, grey wolf 

optimization, to replace the least-squares algorithm typically used in virtual reference 

feedback tuning, with interesting results in time saved finding the optimal parameters of 

the controllers. These optimization methods operate with random values, objective 

functions, and sequential processes, which enable the resolution of complex problems 

in a simplified manner, while reducing mathematical complexity and processing time. 

Metaheuristic techniques are popular methods for parameter estimation in models 

with experimental data, due to their ability to explore large parameter space and avoid 

local optima. However, these techniques also have limitations that should be 

considered. One of the main limitations is the inability to guarantee to find the global 

optimum solution. This is because metaheuristic algorithms are based on heuristic rules 

and probability, which may not always converge to the true optimal solution. Another 

limitation is that they can be computationally expensive, requiring many function 

evaluations to find a satisfactory solution. This can be particularly problematic when 

dealing with complex models or large datasets, which may require significant 

computational resources. Also, they do not directly assess the model adequacy or 

parameter identifiability. This means that the optimal set of parameters found may not 

be unique, and some parameters may be highly correlated with others, which can lead 

to overfitting or unreliable predictions. To address these limitations, additional statistical 

and sensitivity analyses may be needed to assess the quality and robustness of the 

estimated parameters. 

Stewart et al. [34] explored the structure of data arrays, which can be rectangular 

with no missing values, block rectangular, or irregular with missing values that follow no 

simple pattern, and they have also proposed methods for modeling such specific data 

structures. Nonetheless, it is essential to recognize that these algorithms do not assure 

the discovery of a global optimum. In the domain of optimization, stochastic optimizers, 

such as metaheuristic methods, are commonly employed to explore optimal solutions 

in large and complex search spaces [35]. The inherent probabilistic nature of 

metaheuristic optimizers implies no guarantee of finding the absolute best solution. 

Moreover, for numerous intricate problems, the search space may be so vast that it is 
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practically infeasible to explore every possible solution [36]. As a result, metaheuristics 

optimization algorithms are often used to find a good solution, rather than the absolute 

best one. It is also worth mentioning that, even if this kind of optimizer finds a good 

solution, there is no way to prove that it is the global optimum. Therefore, it is important 

to consider the limitations of these optimization algorithms and use them appropriately, 

considering the trade-off between solution quality and computational cost. To guarantee 

solutions of good quality, each time a metaheuristic method is used, it is necessary to 

evaluate the effectivniness of this, in terms of repeatability and quality solution, which is 

important in tuning the optimizer parameters to obtain the best performance for solving 

the problem in analysis. 

By analyzing the state of-the-art, it is possible to notice the need to propose new 

methodologies to consider mathematical complex models for TEGs and optimization 

tech- niques for the parameter estimation of this model to contribute to the advancement 

of the field of TEGs and the development of more efficient, accurate, reliable, and 

sustainable energy systems in smart and micro grids integrations. Based on these 

needs, this chapter proposes a new master–slave methodology based on 

metaheuristics optimization tech- niques for solving the parameter estimation problem 

for TEG modules from experimental data. In this methodology, the master–slave is 

entrusted with finding the configuration of parameters that reduces error in the best way, 

compared with the real data. Meanwhile, the slave stage is responsible for evaluating 

the error obtained by the configuration of parameters proposed by the master–slave by 

using a mathematical model, including the Thomson effect and temperature-dependent 

material properties. The root mean square error (RMSE) is a commonly used metric for 

evaluating the performance of regression models. This metric calculates the average 

difference between the predicted and actual values in the dataset and provides a 

measure of the overall error of a model [37]. As optimization metaheuristic techniques 

were used, the vortex search algorithm (VSA), con- tinuous genetic algorithm (CGA), 

and crow search algorithm (CSA) were selected from the literature for the excellent 

results reported for solving parametrization of other distributed energy resources. For 

evaluating the effectiveness and robustness of the proposed solu- tion, s each 

optimization algorithm was executed 1000 time to evaluate the minimum and average 

RMSE, the standard deviation and the processing time required by the solution 

methodologies used. In this study, the variable of interest to test is the power generated 
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by the thermoelectric generator module. Specifically, we aim to investigate the behavior 

of the TEG under different temperature boundary conditions and its resulting effect on 

the power output. It is important to note that there is only one variable observed in each 

experiment, which is the power output of the TEG. This is known as the single response 

problem, where the objective is to find the optimal combination of input parameters that 

will maximize the fitting of the power output response in the model and the experimental 

data. By studying the single response problem, we can comprehensively understand 

the TEG’s behavior under varying temperature conditions and identify the parameters 

that characterize the TEG. The main contributions of this chapter are presented below: 

5.1.1 Academic contributions: 

• Proposal of a new master–slave methodology, based on metaheuristics 

optimization techniques for solving the parameter estimation problem for TEG modules 

from experimental data. 

• Use of a mathematical model that includes the Thomson effect and temperature- 

dependent material properties to evaluate the error obtained by the configuration of 

parameters proposed in the master–slave techniques. 

• Use of optimization metaheuristic techniques VSA, CGA, and CSA for solving the 

parametrization of other distributed energy resources. 

 

5.1.2 Industrial contributions: 

• Development of more efficient, accurate, reliable, and sustainable energy model 

systems in smart and micro grid integrations. 

• Use of the proposed methodology in the field of TEGs to improve their 

performance from experimental and actual tests. 

• The execution of several optimization algorithms to evaluate the effectiveness 

and robustness of the proposed solution, which can be applied to real-world scenarios. 

• The methodology proposed in this study circumvents the need for destructive 

characterization of the thermoelectric generator (TEG) to obtain geometric parameters, 
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resulting in a reduction in costs associated with the characterization process. 

5.2 Solution Methodology 

 For solving the problem of material property characterization and parameter 

estimation of a thermoelectric generator, in this chapter, a master–slave strategy 

composed by three continuous metaheristic optimization methods (VSA, CGA, and 

CSA) in the master stage was proposed, which was responsible for identifying the 

configuration of parameters that achieve the minor RMSE, characterizing, in this way, 

all components of the mathematical model that represent the thermoelectric generator 

in the analysis, as well as for estimating the power generate to different temperatures. 

In the slave stage, a non-linear and non- convex formulation is entrusted with evaluating 

the RMSE and satisfying the limitations associated with the problem’s parameters. 

Figure 1 illustrates the master–slave methdology used. 

Parameter’s information 

RMSE 

 

Figure 1. Proposed methodology for parameters identification in TEGs. 

The master–slave methodology proposed in this work is selected due to the excellent 

performance reported in the literature for this kind of solution method for solving 

continuous non-linear problems related to energy devices [29,30,38]. Furthermore, the 

implementation of the RMSE is based on the excellent performance of this kind of error 

[37]. Below are described each one of the stage used for solving the problem studied. 

5.2.1 Master Stage 

In this stage, VSA, CGA, and CSA were used for obtaining the configuration of 

parameters that presents the minor RMSE. The optimization methods CGA and CSA 

Metaheuristic 

algorithm 
TEGs Model 

Master stage Slave stage 
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were selected from the literature, due to the excellent results reported, in terms of 

solution, repeatability, and processing times, by the authors for solving problems similar 

to the case here studied [24,39], while the implementation of the VSA in this chapter is 

based on the excellent results achieved by this optimization method for solving 

continuous problems [40–42]. 

For generating each one of the possible solutions proposed by the optimization methods 

previously mentioned, in this work, the codification presented in Figure 2 was proposed. 

In this figure, a possible solution to the problem is presented; this solution used the 

codification proposed, which is composed of a vector of size 1x11, where the number of 

columns corresponding to the eleven variables was proposed to parametrize the power 

behavior of the thermal generator when it operates at different temperatures. The 

parameters in the mathematical model of a TEG module are composed of polynomial 

coefficients of material properties and geometrical parameters. The first nine parameters 

correspond to the polynomial coefficients, with 𝑘1 , 𝑘2, and 𝑘3 representing the 

coefficients of thermal conductivity, 𝛼0, 𝐴1, and 𝐴2 representing the coefficients of the 

Seebeck coefficient, and 𝜌0, 𝐵1, and 𝐵2 related to electric resistivity. The 10th parameter 

is the equivalent number of legs of the TEG module, and the last parameter is the 

effective cross-sectional area of a single TE leg. The example proposed presents in an 

aleatory way values between the maximum and minimum limits established through the 

datasheet reported for the thermal generator described in Section 3, which are presented 

inside the figure. The optimization methods used in the master stage employ this 

codification for generating the different individuals that compose the populations used in 

the iterative process. 

The following section outlines the various optimization methods utilized in the master 

stage of the analysis. The iterative process of each method is described, and the 

corresponding algorithm used to solve the problem under examination is presented. To 

keep the chapter concise, the methods are presented straightforwardly, with further 

explanation provided in the referenced literature. 
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Figure 2. Codification proposed for solving the problem of Material Property 

Characterization and Parameter Estimation of Thermoelectric Generator. 

▪ Vortex Search Algorithm: VSA 

The VSA takes advantage of the behavior of the vortices generated in stirred fluids [43]. 

The VSA uses hyperspheres for exploring the solution space, reducing its size, and 

changing its location in the solution space to find the solution with the best quality 

possible. Algorithm 1 describes the iterative proposed of the master–slave methodology 

based in the VSA proposed in this work for solving the material property characterization 

and parameter estimation of a thermoelectric generator. 

In the first iteration of the VSA, it calculates the center and radius of the hypersphere by 

averaging the maximum and minimum values of the variables that represent the problem. 

Then, with these values generated, the individuals of the population are calculated by 

using a Gaussian distribution around the center of the hypersphere. This method allows 

for exploring the best mode solution space. Subsequently, the objective function of all 

individuals is calculated by employing the slave stage. Then, this identifies the individual 

with the best solution (minor RMSE) as the incumbent of the problem. 

From iteration 2 to the finish of the iterative process, it updates the center of the 

hypersphere with the values that compose the incumbent, i.e., the parameters that 

compose the best solution. After that, it calculates the new radius and generates the new 

population by using a Gaussian distribution based on the center and radius of the 

hypersphere. Then, it evaluates the objective function of each individual that compose 

the population. With the values of the objective function, it updates the incumbent. 

Finally, it is analyzed the stopping criterion, and in the particular case of this work, the 

maximum number of iterations. In the case that the maximum number of iterations has 
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been met, the algorithm finishes and prints the incumbent as a solution to the problem. 

In another case, the VSA continues with the exploration of the solution space. 

The whole description of the mathematical formulation that describes the VSA is made 

in [44]. For tuning the VSA, following the suggestion made in [38], in this work, it used a 

particle swarm optimization algorithm (PSO) to find the optimization parameters that 

allow us obtain the best performance for the VSA. In this way, the VSA obtained a 

number of 50 individuals and a maximum of 100 iterations. The PSO was used in this 

work for tuning the optimization parameters of all optimization methods used: VSA, CGA 

and CSA. 

Algorithm 1. Algorithm proposed for the master–slave methodology based on the VSA 
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▪ Continuos Genetic Algorithm:  CGA 

This optimization algorithm is a continuous version of the genetic algorithm that works 

with populations [35]. Equal to the traditional genetic algorithm of Chu and Beasley, this 

uses selection, recombination, and mutation for obtaining a solution of good quality that 

improves the incumbent (the best solution) in each iteration. The main difference between 

the CGA and the traditional GA is that, in the recombination step, the CGA uses the 

average of the values contained in the individuals chosen in the selection step. Algorithm 

2 describes the iterative process of the master–slave strategy, based on the CGA 

proposed. The algorithm proposed for the master–slave methodology, based on the GA, 

starts reading the parameters associated with the optimization algorithm. For obtaining 

data equal to the VSA, a PSO for tuning the algorithm by obtaining a population size of 

50 individuals, a maximum number of iterations equal to 1000, 4 individuals in the 

selection step, and the mutation of 1 component of each individual in the population was 

used. After, in the first iteration, the initial population was generated randomly. Then, it 

evaluated the objective function of each individual that composed the initial population 

by using the slave stage, with the aim to obtain the RMSE generated by each possible 

solution (individual) contained in the initial population.  

 

From the second iteration to the last, the CGA generates the new population by using 

the information of this in the last iteration and selection, recombination, and mutation 

processes. These operations are applied from the second iteration to the last to create a 

new population based on the information obtained from the previous iteration. The 

selection process involves choosing individuals from the current population based on 

their fitness values. Individuals with higher fitness values have a higher probability of 

being selected for the next generation. This process helps to ensure that the population 

evolves towards better fitness values over time. Recombination is the process of creating 

new individuals by combining genetic material from two or more individuals from the 

previous generation. This can be achieved using different techniques, such as crossover 

or blending. The aim of recombination is to create new individuals with a combination of 

favorable traits from their parents. The mutation is the process of introducing small, 

random changes to the genetic material of individuals in the population. This helps to 

introduce new genetic material into the population, which can increase the diversity of 

the population and prevent it from becoming stagnant. Overall, the selection, 
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recombination, and mutation processes in the genetic algorithm work together to create 

a new population that is hopefully better suited to the problem being solved than the 

previous generation. Subsequently, the objective function was evaluated by using the 

slave stage, thus updating the incumbent of the problem. Then, the stopping criterion 

was evaluated, if the maximum number of iterations is achieved the iterative process 

finish in other cases, the algorithm continues. The complete description of the 

mathematical formulation and iterative process of the continuous genetic algorithm 

previously described is given in [39]. 

 

Algorithm 2. Algorithm proposed for the master–slave methodology based on the GA. 

 

▪ Crow Search Algorithm: CSA 

This optimization method is based on the behavior of the crows for obtaining food [45], 

and its hunting strategy is based on the intake of food from other animals and hiding it, 

with the aim of not losing it to other animals. At all times, the crows are in search of food 
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with the best quality, working in populations and following the strategy described in 

Algorithm 2. The complete description of the iterative process and equations that 

describe the CSA is given in [46]. 

 

The iterative process of the CSA starts reading the initials parameters by using the same 

method employed for the tuning of VSA and CGA, which obtained a number of individuals 

of 95 and a maximum number of iterations of 971. Then, it is generated the population of 

crows randomly. Subsequently, it is calculating the objective function for each individual 

by using the slave stage; selecting the crow with the best objective function as the leader 

of the swarm and storing the location of all crows that compose the population. From the 

second iteration to the finish, regarding the iterative process of the CSA, the population 

of crows moves in solution space by using the information of the swarm, the best solution, 

and the random values. The first movement of each crow is made considering the current 

position and the information of the crow with the best solution. In this movement, the 

algorithm uses a random value between zero and one that allows the crow to maintain 

its position or change position in the direction to the leader. The second movement of 

each crow is related to the decision of the leader to lose the followers, with the aim to 

retain the best food; in this situation, is uses a random value, which is for deciding if the 

position of the crow is generated randomly or by considering the location of the leader, 

with the aim to emulate the behavior of the crow swarm. After making the movement of 

the swarm, in each iteration, the memory that contains the current positions of the 

swarms is updated, as well as the position of the crow with the best solution (incumbent). 

After updating the information of the crow swarm in each iteration, it verifies the stopping 

criteria. If this has been met, the iterative process stops and prints the solution, and if not, 

this continues (Algorithm 3). 

 

Algorithm 3. Algorithm proposed for the master–slave methodology based on the CSA. 
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5.2.2 Slave Stage 

In this mathematical formulation, an objective function that searches for the reduction of 

the root mean square error (RMSE) between the power calculated with the parameters 

brings the master stage and the power supplied by the experimental data for the six 

different hot side temperatures of the thermoelectric generator. Furthermore, this section 

describes all the constraints associated with the mathematical model. The RMSE is often 

employed as a target function to evaluate the performance in the mathematical model 

used for error reductions [47,48]; it is a measure of the deviation between the observed 

and predicted values of a system. In the context of TEGs, the RMSE can measure the 

deviation between the measured voltage and current output of the thermoelectric module, 
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in terms of the power and the predicted values from the mathematical model. The RMSE 

is calculated as the square root of the mean squared error, defined as the average of the 

squared differences between the observed and predicted values. The RMSE is a 

commonly used performance metric in regression analysis, as it measures the overall 

deviation of the predicted values from the actual values. It is particularly useful when the 

predicted values are continuous and have a normal distribution. The RMSE determines 

the goodness of fit of the mathematical model and allows for a better comparison of 

model performance across different datasets, as it normalizes the errors by the number 

of observations. Additionally, using RMSE prevents the model from overfitting the data, 

which is particularly important in cases where there are a large number of observations, 

or the model is complex. A lower RMSE value indicates a better fit of the model to the 

experimental data and, therefore, a more accurate model. The optimization algorithm 

uses the RMSE as a target function to minimize the deviation between the observed and 

predicted values and to find the optimal parameters that minimize the deviation. Formally, 

the RMSE is defined, as follows, in Eq. (1): 

 

𝑅𝑀𝑆𝐸 = √∑𝑖=1
𝑛  

(𝑃̂𝑖−𝑃𝑖)
2

𝑛
 (1) 

where 𝑃̂𝑖  are the predicted power values, 𝑃𝑖 are the observed experimental values, and 

𝑛  are the number of observations or data points. 

To determine the predicted 𝑃̂𝑖  for a given 𝐼 current, it is essential to establish a mathe- 

matical model incorporating the Thomson effect, the variation of thermoelectric material 

properties as temperature functions, and the physical parameters of the thermoelectric 

generator (TEG) module, such as an equivalent number of legs (𝑛𝑙𝑒𝑔𝑠) and an effective 

cross sectional area (𝐴𝑐𝑠) of a single TE leg. 

A general model to describe the thermoelectric behavior of one TE leg is presented in 

[49]. A 1-D model of those equations is given in Eq. (2), where j is the current density, 

computed as 𝑗 =  𝐼/𝐴𝑐𝑠, and 𝑘(𝑇) is the thermal conductivity, 𝑆(𝑇) the Seebeck 

coefficient, 𝜌(𝑇) the electric resistivity, and 𝑇 is the temperature value for each 𝑥 in the 

leg length. 

𝑑

𝑑𝑥
[𝑘(𝑇)

𝑑𝑇

𝑑𝑥
] − 𝑗𝜇(𝑇)

𝑑𝑇

𝑑𝑥
+ 𝑗2𝜌(𝑇) = 0 (2) 
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𝑘(𝑇), 𝑆(𝑇), 𝜌(𝑇) can be written as a second-degree polynomial function of temperature, 

where (𝛼0, 𝐴1, 𝐴2, 𝜌0, 𝐵1, 𝐵2, 𝑘1, 𝑘2, 𝑘3) are properties coefficients to be found. 

𝑆(𝑇) = 𝛼0 + 𝐴1𝑇 + 𝐴2𝑇
2  (3) 

𝜌(𝑇) = 𝜌0 + 𝐵1𝑇 + 𝐵2𝑇
2 (4) 

𝑘(𝑇) = 𝑘1 + 𝑘2𝑇 + 𝑘3𝑇
2 (5) 

To solve Eq. (2), boundary conditions must be defined. Considering that surface 

temperature at the cold (𝑥 =  0) and hot sides (𝑥 =  𝐿) of a TEG module are easy to 

measure, for this case, a set of Dirichlet boundary conditions are present in Eq. (6) 

𝑇|𝑥=0 − 𝑇0 = 0,  𝑇|𝑥=𝐿 − 𝑇𝐿 = 0 (6) 

where Tc and Th are temperatures at the cold and hot sides, respectively. A robust 

numerical method must be employed to solve the differential Eq. (2) related to TEGs. As 

outlined by Wee [50], it is feasible to assume a linear temperature profile for the second 

and third terms of Eq. (2) because the thermal conductivity of most thermoelectric 

materials is orders of magnitude greater than the Thomson coefficient and electric 

resistivity. The approximate analytical model proposed by Ju et al. [51] utilizes this 

assumption and successfully derives an explicit solution for the temperature profile 

defined in Eq. (2) for a single TEG leg (Eq. (7)), which is in agreement with the previous 

solutions of this problem; on this explicit solution, 𝛽, 𝛾,𝑚0,𝑚1,𝑚2, 𝐶1 and 𝐶2 are 

intermediate variables computed, as follows, in Eq. (8)–(14) 

𝑇(𝑥) =
1

4𝑘3
[4(𝛾/2)1/3 − (2/𝛾)1/3(4𝑘1𝑘3 − 𝑘2

2) − 2𝑘2] (7) 

𝛾 =
1

4
[(6𝑘1𝑘2𝑘3 − 𝑘2

3 − 12𝑘3
2𝛽) + √(4𝑘1𝑘3 − 𝑘2

2)3 + (6𝑘1𝑘2𝑘3 − 𝑘2
3 − 12𝑘3

2𝛽)2] (8) 

𝛽 = −
1

12
(6𝑚0𝑥

2 + 2𝑚1𝑥
3 + 𝑚2𝑥

4 + 12𝐶1𝑥 + 12𝐶2) (9) 

𝑚0 = 𝑗(𝑇𝑐 − 𝑇ℎ)𝜇1/𝐿 − 𝑗2𝜌1 (10) 

𝑚1 = 𝑗(𝑇𝑐 − 𝑇ℎ)𝜇2/𝐿 − 𝑗2𝜌2 (11) 

𝑚2 = 𝑗(𝑇𝑐 − 𝑇ℎ)𝜇3/𝐿 − 𝑗2𝜌3 (12) 

𝐶1 =
1

𝐿
[𝑘1(𝑇𝑐 − 𝑇ℎ) +

1

2
𝑘2(𝑇𝑐

2 − 𝑇ℎ
2) +

1

3
𝑘3(𝑇𝑐

3 − 𝑇ℎ
3) −

1

2
𝑚0𝐿

2 −
1

6
𝑚1𝐿

3 −
1

12
𝑚2𝐿

4
] (13) 
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𝐶2 = 𝑘1𝑇ℎ +
1

2
𝑘2𝑇ℎ

2 +
1

3
𝑘3𝑇ℎ

3 (14) 

The heat flux at each end of a single TEG leg is calculated utilizing Eq. (15), and the total 

power output predicted by the proposed mathematical model is determined by the 

product of the area-specific power output of a single leg and the number of equivalent 

legs present on the TEG module, as depicted in Eq. (16). 

 

𝑞(𝑥) = −𝑘(𝑇)
𝑑𝑇

𝑑𝑥
+ 𝑗𝑆(𝑇)𝑇(𝑥) (15) 

𝑃 = 𝑛𝑙𝑒𝑔𝑠𝐴𝑐𝑠(𝑞ℎ − 𝑞𝑐) (16) 

The model to fit in this study is described by Eq. (7)–(16). These equations were derived 

based on the physical principles of the system and the assumptions made in the model. 

The parameters listed in Section 2.1 in these equations were determined by fitting the 

model to the experimental data. 

5.3 Test Scenario 

The behavior of the power output of a thermoelectric module can be plotted as a function 

of current, resulting in a parabolic curve that passes through the origin of the reference 

system (P vs I), with a downward opening and a vertex located in the first quadrant, which 

defines the point of maximum power. This curve is obtained under fixed and known 

temperature difference conditions. Each temperature condition at the cell boundaries will 

then generate a new characteristic curve. 

As a test scenario, a current sweep is performed on a thermoelectric module (TEG1-

12611-6.0), manufactured by TECTEG MFR. [52]. The module is tested under different 

temperature differences between the cold and hot sides of the TEG module. The 

experimental equipment is presented in Figure 3. The TEG performance is measured 

through the utilization of various instrumentation devices. These devices, which form the 

instrumentation component, comprise an oscilloscope, a multimeter, and thermocouples. 

Additionally, auxiliary control electronics are integrated into the experimental setup to 

regulate the temperature of the heat source and heat sink, in order to automate the 

measurement process. The heat sink regulates the hot side temperature of the 

thermoelectric generator. In contrast, a heat exchanger that utilizes water from a large 
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reservoir maintains a constant temperature on the cold side. The temperature boundaries 

are kept fixed and are known throughout the measurement process. A controlled load 

drives a current sweep, and the current and output voltage are measured using an 

oscilloscope. The low-temperature surface of the cell is cooled by a heat exchanger, 

through which ambient temperature water (𝑇𝑐𝑜𝑙𝑑  =  24.3 ◦ 𝐶) circulates; the high-

temperature side is heated using an electric resistance powered by a source and 

controlled by an automatic self-tuning controller. Current sweeps are performed, and the 

output voltage and current are measured using an oscilloscope, allowing for the 

calculation of the cell’s output power. This test is conducted for six different high-

temperature conditions (𝑇𝐻  =  60 ◦ 𝐶, 70 ◦ 𝐶, 80 ◦ 𝐶, 90 ◦ 𝐶, 100 ◦ 𝐶, 𝑎𝑛𝑑 110 ◦ 𝐶). 

This test scenario is repeated experimentally 10 times, and the averaged curves for each 

hot-side temperature are shown in Figure 4. 

 

Figure 3. Experimental setup to measure the electric response of the TEG module under 

different boundary thermal conditions. 
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The curve illustrated in Figure 4 demonstrates the empirical relationship between the 

power output and the current generated by the thermoelectric cell under varying 

boundary temperature conditions. The curve exhibits a parabolic nature that begins at 

the origin (0,0) and attains a maximum at a distinct current level. Beyond that current 

level, any additional current generated by the cell, whether from internal or external 

sources, results in a decline in the electrical power output. This experimental data is 

crucially important for the study, as it is utilized for model fitting, allowing for accurately 

predicting and analyzing the behavior of the system under different temperature 

boundary conditions. Therefore, the data presented in Figure 4 serves as the foundation 

for our model fitting procedure. 

 

 

 

Figure 4. Experimental data for TEG output power Poutput for different hot side 

temperature condi- tions and constant Tcold = 24.3 ◦C. 
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5.4 Simulation Results 

 

In this section, the results are presented after evaluating the master stage methodolo- 

gies in the test scenario described in Section 2.2. In order to evaluate the effectiveness 

and robustness of these, in terms of the minimum and average solutions, standard 

deviation, and average processing times, each methodology was executed 1000 times 

by using the software Matlab 2023 and a workstation with the following features: Intel(R) 

Xeon(R) E5- 1660 v3 3.0 GHz processor CPU, 16 GB DDR4 RAM, solid state hard drive 

of 2.5” and 480 GB storage, and Windows 11 Pro operating system. The results obtained 

are described in Table 1. This table presents, from left to right: the optimization method 

used, the minimum and average RMSE error, the standard deviation in percentage, and 

the average processing time required in seconds. 

 

 

Table 1. Results obtained by the master–slave optimization methdologies proposed. 

 

Table 2 presents the optimized parameters obtained by the proposed optimization 

methodologies that offer the best representation of the thermoelectric generator 

employed. The reported parameters serve as a reference for future studies and allow for 

a comparison between different optimization approaches. The observed differences in 

the optimized solutions highlight the vastness of the solution space and the complexity 

of the problem, due to the high number of variables and non-linearities involved. 

 

 

Table 2. Parameters obtained by the best solution (minimum RMS error). 
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In Figure 5, the results detailed in Figure 5 are visualized. As regards the minimum RMSE 

reduction achieved after 1000 executions, Figure 5a indicates that the minimum value 

was achieved by the VSA, with an error of 0.0018, while the CGA obtained the maximum 

error with a value of 0.0021. The same figure also reveals that, regarding the average 

RMSE, the VSA demonstrated the lowest error (0.0021), whereas the worst solution was 

produced by the CGA (0.0066). The last set of results reveals that the VSA achieved the 

best results in terms of RMSE reduction. Nevertheless, it is important to highlight that, in 

practical terms, all solutions are of sufficient quality for real-world applications, as the 

worst solution is equivalent to 0.0019 W. Given that the maximum power point for the 

highest temperature differences is 0.2047 W, all errors are considered insignificant. The 

key factor in selecting the master–slave strategy is the standard deviation and average 

processing times obtained from the proposed solutions. 

To evaluate the repeatability of the solution methods used, the standard deviation 

percentage was calculated, see Figure 5b. In this figure, it is noticed that the VSA obtains 

the minor standard deviation with a value of 8.43%, while the worse solution, in relation 

to this index, was obtained by the CSA, with a value of 99.9015%. These results indicate 

that the CSA is not a solution methodology suitable for solving the problem studied here. 

By analyzing the average processing times present in Figure 5b, it can be observed that 

the VSA and CGA obtained similar processing times, with an average value of 214.8602 

s, with the VSA being the faster method of all used, while the CSA obtained the longer 

average processing time of 893.2618 s. 

By analyzing the results illustrated in Figure 5, it is possible to notice that the VSA 

achieved the best results, in terms of quality solution and processing times for solving 

the problem of material property characterization and parameter estimation of 

thermoelectric generators. The reductions obtained for this, compared with the other 

solution methods proposed, are presented in Figure 6. 
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Figure 5. Reductions obtained by the master–slave methodologies: (a) minimum and 

average reduction of RMSE. (b) Standard deviation (%) and average processing time (s). 

 

 

Figure 6. Reductions obtained by the VSA: (a) minimum and an average reduction of 

RMSE (%). (b) Standard deviation and average processing time (%). 

 

The VSA outperforms the CGA and SCA regarding the RMSE obtained after 1000 

executions, with a minimum RMSE of 0.00183898 W between experimental data and the 

founded parameters fitted model. The results show that the average RMSE for the VSA 
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(0.0021 W) is also lower than that of the CGA (0.0028 W) and SCA (0.0066 W). 

Additionally, the standard deviation of the RMSE is the lowest for the VSA (8.4311%) 

compared to the CGA (13.6212%) and SCA (99.9015 %). It is important to note that while 

all three methods provide good-quality solutions, the master–slave optimization 

methodology selection should be based on the standard deviation of the RMSE and the 

processing time. The VSA has the lowest standard deviation and processing time 

(212.1074 s) compared to the CGA (217.6131 s) and SCA (893.2618 s). These results 

demonstrate the superiority of the VSA over the other methods in terms of efficiency and 

effectiveness. The graph in Figure 7 compares the experimentally measured data points 

and the results obtained from the model described in Section 2.2 using the parameters 

determined by the VSA. The graph demonstrates that the model and the determined 

parameters fit well with the experimental data over a wide range of temperatures, thus 

validating that the proposed methodology enables the modeling of the behavior of a TEG 

module under different operating conditions. The demonstration of the validity of the 

proposed model and its parameters highlights the significance of having a 

comprehensive model to evaluate and integrate TEGs as power sources in smart grids. 

By accurately capturing the behavior of the TEG module under various operating 

conditions, this model provides a valuable tool for predicting power output, optimizing 

system performance, and ensuring the reliable integration of TEGs into energy networks.  

Moreover, this validated model can also aid in the design of TEG systems by providing 

key insights into the underlying physical mechanisms and determining the actual 

parameters, regarding when the manufacturer’s data is not available. The development 

of a reliable and accurate model is crucial in the advancement of TEG technology and 

the integration of renewable energy sources. 
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Figure 7. Comparison of experimental data (discrete data) and model predictions 

(continuous lines) for TEG module using model’s parameters found by the VSA method for 

several temperature differences: Tcold = 24.3 ◦C. 

 

The measurement of material properties of thermoelectric generators (TEG) can be 

challenging in industrial applications. As a result, parameter estimation using metaheuristic 

methods may not always yield a unique and optimal solution. Still, it can appropriately 

represent the TEG module for practical applications. Although Figure 7 and Table 1 

demonstrate good agreement between the model predictions and experimental results, this 

approach does not ensure the identification of an optimal parameter set. In future studies, 

it is advisable to explore other metaheuristic algorithms and mathematical formulations of 

TEG that entail analyzing numerical solutions of differential equations. With additional 

computational resources, it will be possible to investigate interesting topics, such as the 

confidence intervals and statistical correlations between the estimated parameters. 

 



 139 

 

5.5 Conclusions 

The present study aims to optimize a thermoelectric generator system by implementing 

master–slave optimization algorithms. Three methods, namely the VSA, CGA, and SCA, 

were proposed and evaluated using a validation scenario based on experimental data. The 

performance of each method was analyzed using several performance indicators, including 

the minimum and average root mean square error, the standard deviation of the RMSE, 

and the processing time required to achieve the optimization results. The results indicated 

that the VSA method was the most effective among the three methods, exhibiting the lowest 

values for minimum and average RMSE and the smallest standard deviation and 

processing time. The VSA optimization method is recommended based on its superior 

performance in minimizing the minimum and average RMSE values, which were the lowest 

among the three methods considered. The VSA method also exhibits the lowest standard 

deviation among the methods. Nevertheless, further research is necessary to explore new 

optimiza- tion methods that can improve thermoelectric generator characterization and 

parameter estimation by reducing the RMSE, standard deviation, and processing time. 

Therefore, alternative and robust exact methods that can handle the nonlinearity of the 

model can be explored for further research. 

Considering these results, it can be concluded that the VSA optimization method is more 

efficient in minimizing the RMSE, achieving better average values, and presenting lower 

standard deviation, compared to the CGA and SCA methods. Additionally, the processing 

time of the VSA is relatively low, compared to the other methods. Therefore, it is 

recommended to use the VSA optimization method for the purposes of this study. The 

results indicate that the VSA outperforms the other two methods, in terms of efficiency and 

effectiveness, with an average RMSE of 0.0021 W, a standard deviation of 8.4311%, and 

a processing time of 212.1074 s. While all three methods provide good quality solutions, 

the VSA’s superiority is based on its low standard deviation and processing time. Therefore, 

it is recommended that the selection of the master–slave optimization methodology should 

take into account these two factors. Additionally, a methodology was developed to find the 

parameters of the TEG module under different temperature conditions. In future works, it is 

planned to explore the possibility of comparing and evaluating different error models to 

determine the most appropriate one for our specific application. Future applications of the 

proposed study could include integrating the VSA method into smart grid systems for more 

efficient energy management and optimization. The method can be further developed and 
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improved by exploring other optimization algorithms or combining multiple algorithms to 

achieve even better results. Another area of future work could be testing the method in real-

world applications and comparing its performance against other state-of-the-art or self-

developed optimization algorithms. The proposed method could also be expanded to 

include other parameters or variables for optimization, such as wind or solar energy 

production. The proposed study presents a promising step towards more efficient and 

effective energy management in energy systems. Furthermore, deterministic methods 

could be used for solving the problem here studied, to reduce the standard deviation, which 

can use parallel processing to reduce the processing times related to the highly complex 

mathematical process. 
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6.  Evaluation of power harvesting on DC DC 
converters to e tract the ma imum power 
output from TEGs arrays under 
mismatching conditions   

Abstract. Thermoelectric generators (TEGs) can transform wasted heat from industrial 

processes into electrical power. The power provided by TEGs systems depend on the 

temperature gradient, where an ideal situation for the TEGs operation is when all the 

modules of an array are exposed to the same temperature difference. Unfortunately, that 

condition is not always possible since the TEG arrays are exposed to non-uniform thermal 

conditions (known as mismatching). This chapter proposes a novel equivalent model to 

represent the electrical behavior of a TEG, including a high-order approximation for the 

temperature dependence properties of the internal resistance and output voltage. Several 

configurations proposed to mitigate the mismatching phenomenon on TEGs arrays were 

tested, which are based on boost converters, PI controllers and the perturb and observe 

algorithm for maximum power point tracking: 1) TEGs serial connection with a single power 

converter, 2) a parallel connection where each TEG has its own converter, and 3) a serial 

connection where each TEG has its own converter. Those tests were performed in three 

temperature differences (50°C, 100°C and 180°C) to study the impact of the mismatching 

thermal condition over the total output power. The maximum power delivered by the 

traditional case 1 was 10.7 W; while the output power provided by case 2 was 12.07 W 

(12.8 % higher) and 11.1 W (3.7 %) for case 3.     

                

Keywords: Thermoelectric systems, mismatching conditions, power converters. 
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6.1 Introduction 

The world growing energy demand has contributed to several concerns regarding the 

rational and efficient use of energy resources. With the Paris agreements signed in 2015, 

some countries pledged to decrease the global warming rate by the end of the ’30s [1], and 

that objective can be achieved by taking a series of actions focused on energy efficiency, 

reduction of CO2 emissions, and the use of renewable energy [2]. Thermoelectric 

generators (TEG) are solid-state semiconductor devices that directly convert the 

temperature gradient between two surfaces into electrical energy [3]. The most attractive 

advantages of this technology is the lack of mobile parts, lower maintenance, and lower 

acoustic contamination compared with other thermal machines. In recent years, thanks to 

the lower manufacturing cost and the development of new materials with higher conversion 

rates, TEG devices have been used in different contexts as thermoelectric solar generation 

systems [4], [5], thermal energy harvesting for IoT devices and wearables [6], hybrid 

photovoltaic-TEG systems [7], [8], waste heat recovery from exhaust gas applications [9], 

small scale geothermal sources [10], and even in space exploration with radioisotope heat 

fuel application like the last rover send by NASA in the Mars Mission Perseverance, among 

others [11].  

6.1.1 Maximum power point in generation systems 

The analysis of thermoelectric generation systems also requires to model the power 

converter interfacing the generator and the electrical load. Mathematical models enables to 

predict the performance of a TEG system and supports the development of efficient designs 

and control systems. To extract the maximum power from the TEG array, it is necessary to 

reach the maximum power point (MPP) of the whole system using DC-DC power converters 

and a maximum power point tracking algorithm (MPPT). Standard algorithms for MPPT 

have been studied and reported for TEG systems: according to [12], to maximize the power 

produced by the TEG, the electrical load impedance should be equal to the TEG’s internal 

resistance. The open-circuit voltage (OCV) is the most used MPPT method for TEGs, where 

the maximum extraction power is reached by considering the linear relation between the 

output voltage and current for TEGs [12], and the MPP is located by fixing the load voltage 

at half of the output open voltage [14]. Other methods have been originally developed for 

PV systems, where a nonlinear relationship between the voltage and current is presented. 



 149 

 

In the perturb and observe method (P&O), the operating point is perturbed, and the power 

output response is observed to decide the direction of the following perturbation to reach a 

maximum power [15]. Similarly, the incremental conductance (INC) finds the MPP by 

comparing the instantaneous conductance to the incremental derivative conductance [16]. 

Complex techniques such as the adaptive rapid neural optimization (ARNO) approach have 

also been studied recently [17]. Novel methodologies, such as the machine learning-based 

MPPT technique, have been used to harvest the maximum power of a centralized TEG 

system under various operating conditions [18]. In addition, the fast atom search 

optimization method was used to approximate the global maximum power point [19], [20], 

and control methods for regulating proportional load sharing [21] have been also developed. 

6.1.2 The mismatching thermal conditions 

The power provided by TEG systems depends on the temperature gradient, where an ideal 

situation is when all the modules of an array are exposed to the same temperature gradient. 

Unfortunately, the TEG arrays are usually exposed to different thermal conditions. Other 

situations like the lack of maintenance, dust, and non-uniform heat sources could cause 

different temperature conditions between the modules. This is known as mismatching 

conditions, and the main consequence is the difference in power output generated by each 

module inside the array. Possible solutions are to connect each TEG with one local 

converter or set up different TEGs over an isothermal area and cluster the TEGs with equal 

thermal gradients into a single array [22]. 

 

A single power converter can be used for combinations of TEGs connected in serial and/or 

parallel structures [23]. Yang et al. proposed an adaptive compass search for maximum 

power point tracking (MPPT) of a centralized thermoelectric generation (TEG) system under 

non-uniform temperature conditions [24], but such a work is based on a simple model for 

the thermoelectric cell formulated from [25]. That model assumes a mean value for the 

Seebeck coefficient and no variable properties for the thermoelectric materials. Figure 20 

shows the classical connection used to extract the maximum power output from TEG 

systems [26]–[28], but there are also a few works where individual converters are designed 

for each TEG module. 
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Figure 20. Serial TEG array with a single boost converter 

Modeling TEG systems under mismatching thermal conditions is a challenging task, this 

mainly because the non-uniform thermal distributions cause multiple operative conditions 

for each TEG module. Thus, each module has a particular electrical characteristic curve for 

the specific temperature gradient, and the total configuration curve must be computed from 

the individual modules behavior at the array operation conditions. Therefore, multiple MPP 

local peaks could appear with only one global MPP. In this work, a novel equivalent model 

to represent the electrical behavior of a TEG array with high order approximation for the 

temperature dependence properties will be presented; also, different topologies for DC-DC 

converters connection are evaluated, those aimed at extracting the maximum power output 

from the TEG array under mismatching conditions. In addition, the effect of mismatching 

thermal conditions and the conversion efficiency on thermoelectric power generation for 

both classical and distributed configurations are also analyzed. 

The rest of this chapter is organized as follows: Section 2 reports the design and models of 

both the TEG and the boost converter; Section 3 presents a comparison and detailed 

analysis of different configurations of the TEG array to operate under mismatching 

conditions. Finally, the conclusions of the work are presented in Section 4. 

6.2 TEG circuital model 

For this study, a circuital representation based on a nonlinear model of a commercial 

thermoelectric generator is built using the TEG TEG1-12611-6.0 produced by TECTEG 

MFR [23]. Figure 21 shows a typical Thevenin equivalent model of a TEG module formed 

by an open-circuit voltage source (𝑉𝑂𝐶) and the internal resistance of the module (𝑅𝑇𝐸𝐺): 
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Figure 21. TEG circuital representation. 

The voltage induced by the TEG is related to the temperature difference according to the 

following relationship [29]: 

𝑉𝑂𝐶 = 𝛼(𝑇)∆𝑇                                                                    (1) 

In the previous expression 𝛼 is the Seebeck coefficient and ∆𝑇 is the difference between 

the hot (𝑇ℎ) and cold (𝑇𝐿) side of the TEG module. In many studies, 𝛼 in (1) is assumed to 

be constant, and it is considered an effective property. However, this assumption yields to 

ignore a rejection heat caused by the Thompson effect (𝜏) defined by (2) [30]: 

𝜏 = 𝑇
𝑑𝛼

𝑑𝑇
                                                                      (2) 

From the TEG datasheet, the experimental values for 𝑉𝑂𝐶 and 𝑅𝑇𝐸𝐺 as a function of ∆𝑇 are 

extracted for a constant temperature in the cold side 𝑇𝐿 = 30°𝐶; Figure 22 shows both 

functions. Those functions represent the TEG’s actual behavior, including the influence of 

the temperature over the thermoelectric material properties. 
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Figure 22. Open-circuit voltage and internal resistance of the TEG module. 
 

The voltage dataset is fitted to the second-order function given in (3), and the internal 

resistance is fitted to the fourth-order expression given in (4) with a square correlation 

coefficient of  𝑅2 = 1 and 𝑅2 = 0.99, respectively. The parameters in Eq. (3) and  (4) are: 

{𝑎 = −4𝑥10−5, 𝑏 =  0.0413 ,  𝑐 =  0.0631} and  {𝑑 = −4𝑥10−10, 𝑒 = 3𝑥10−7, 𝑓 = − 9𝑥10−5, 

𝑔 = 0.0112, ℎ = 0.6095}, respectively. 

𝑉𝑜𝑐  =  𝑎∆𝑇2  + 𝑏∆𝑇 + 𝑐                                                   (3) 

𝑅𝑇𝐸𝐺  =  𝑑∆𝑇4  +  𝑒∆𝑇3  + 𝑓∆𝑇2  +  𝑔∆𝑇 +  ℎ               (4) 

𝐼𝑠𝑐 = 𝑉𝑜𝑐/𝑅𝑇𝐸𝐺                                                             (5) 

Considering Eq. (3) and (4), a circuit model for the TEG is designed on the circuit simulation 

software PSIM as presented in Figure 23a. The circuit consists of a current source (𝐼𝑠𝑐), 

calculated as given in (5), in parallel with the equivalent resistance (𝑅𝑇𝐸𝐺); this 

representation is a Norton equivalent (Figure 23b) of the classical TEG representation 

shown in Figure 2. 

 

 

 

 



 153 

 

 

 

    

a)   
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(a) PSIM scheme 

 

 

 

(b) TEG Norton equivalent. 

Figure 23. Circuit representation of TEG module considering thermal conditions. 

Therefore, this model considers the effect of the temperature on the thermoelectrical 

properties in a wide range of thermal conditions (up to ∆𝑇 = 280°𝐶). Based on the previous 

detailed circuit model for the TEG module, the characteristic operative curves power vs. 

voltage (𝑃 𝑣𝑠 𝑉) and current vs. voltage (𝐼 𝑣𝑠 𝑉) for three different ∆𝑇 values (50°𝐶, 100°𝐶 
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and 180°𝐶) are generated and presented in Figure 5a. In such a figure the curved lines 

represent the power and the straight lines the current for different voltages. Figure 5a shows 

the power, current, and voltage at MPP for three TEG modules, each one operating at a 

different ∆𝑇 value. The module operating at ∆𝑇 = 180𝑜 delivers 9.25 [𝑊] at the MPP with 

2.99 [𝐴] and 3.087 [𝑉]. For the TEG operating at ∆𝑇 = 100𝑜 the power at MPP is 3.3 [𝑊], 

the current is 1.727 [𝐴] and the voltage is 1.911 [𝑉]. Finally, the TEG operating at ∆𝑇 = 50𝑜 

delivers 1.049 [𝑊] at the MPP with 1.0414 [𝐴] and 1.008 [𝑉]. Therefore, to reach the MPP 

it is necessary to modify the operating voltage when ∆𝑇 changes.  

 

On the other hand, if each TEG module operates at the individual MPP, the total power (𝑃𝑇) 

is obtained by the following expression: 

𝑃𝑇 = ∑𝑃𝑖

𝑛

𝑖=1

                                                                (6) 

where 𝑃𝑖 are the individual MPP power of each module at its respective temperature 

gradient; in this example 𝑃𝑇 = 13.6𝑊. 

 
(a) Individual power and current curves at three different ȹT.  
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(b) Power vs. current for a series array of three cells with different ȹT. 

Figure 5. Power and current curves for different temperature gradients.  

In renewable energy applications, like thermoelectric generators, it is common to find a 

series connection of the TEG modules, but the mismatching effect can reduce the 

harvested power. In this way, Figure 5b shows the power vs. voltage characteristic curve 

for the three TEG modules operating in mismatching conditions (∆𝑇 values of 50°𝐶, 100°𝐶 

and 180°𝐶): the figure shows the global MPP (11.73W), which is 15.94% lower than the 

sum of all individual MPPs (13.6W). This is due to the mismatching condition prevents that 

each module operates in its individual MPP. Moreover, there is a local maximum at 

11.625W; therefore, an MPPT can be trapped in a suboptimal maximum, thus producing 

even less power. Based on the previous analyses, it is necessary to use power converters 

to isolate the operation of each TEG module, thus enabling the operation at the MPP 

conditions shown in Figure 5a. However, it is also necessary for an MPPT to look for the 

MPP in each temperature condition for each TEG module. 

6.3 Boost converter 

 

For practical applications, the voltage of TEG systems must be driven by a power converter, 

which interfaces the power source with the load. Then, a traditional boost DC-DC device is 

designed to provide the voltage level required by the load, and the same time, to impose 

the desired voltage level to the TEG. Figure 6 shows the circuit structure of the proposed 

boost converter, which is formed by a Mosfet switch (𝑄1) driven by a PWM signal and a PI 
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controller, one diode (𝐷1), a capacitor (C), and an inductor (L). To design the power 

converter, the energy storage elements C and L must be selected to be able to manage the 

maximum power delivered by the interconnected TEGs and to reduce the current anf 

voltage ripples on the TEG. The voltage ripple in the capacitor (∆𝑣) represents the voltage 

oscillation around the operating voltage of 𝑉𝑇𝐸𝐺, hence the TEG module exhibits a power 

ripple (∆𝑝) affecting the overall power production. Therefore, ∆𝑣 must be selected to ensure 

an acceptable ∆𝑝 around the operating power point. Such a voltage ripple limit is obtained 

from Eq. (7), which relates the voltage and power in a resistive circuit, thus it is applicable 

to the Norton equivalent shown in Figure 4b. 

 

In the same way, the current ripple in the inductor (∆𝑖) must fulfill the power ripple parameter 

given in Eq. (8), which is the classical relationship between electrical power, current and 

voltage. The power ripple must be selected lower than 1% of the MPP power to limit the 

power losses. The calculation of both passive elements, L and C, is performed using the 

steady-state analysis presented in [31], which provides the small-signal Eq. (9) and (10) for 

the inductor current ripple and capacitor voltage ripple in the two-pole filter of a boost 

converter. For the L and C calculation, VTEG and RTEG are selected from the TEG 

datasheet at the MPP, and the switching period (TS) is selected to impose a switching 

frequency (FS) higher than 50kHz, as recommended in [31]. 

∆𝑣= (∆𝑝𝑅𝑇𝐸𝐺)
1

2                                                      (7)  

∆𝑖= ∆𝑝/∆𝑣                                                      (8) 

𝐿 = 𝑉𝑇𝐸𝐺𝑇𝑠/2∆𝑖                                            (9) 

𝐶 = 𝑉𝑇𝐸𝐺𝑇𝑠
2/16∆𝑣𝐿                                             (10) 
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Figure 6. DC-DC boost converter. 
 

Figure 6 shows a boost converter interfacing a TEG module to extract the power and store 

it in a battery. This system is regulated by a PID controller and a MPPT P&O algorithm. 

As discussed in subsection 2.1, the power converter is required to regulate the operating 

voltage 𝑉𝑇𝐸𝐺 of the TEG in agreement with the MPP condition, but when ∆𝑇 changes also 

the MPP value of 𝑉𝑇𝐸𝐺 changes. Therefore, the MPPT algorithm (P&O) tracks the optimal 

𝑉𝑇𝐸𝐺 value, which is imposed as the reference 𝑉𝑅𝐸𝐹  to a voltage controller. In this work the 

TEG module is regulated using a PID controller, which defines the duty cycle reaching the 

PWM driving the transistor Q1 of the boost converter.  

 

A proper design of the PID controller must be based on the dynamic behavior of the system 

formed by both the TEG module and the boost converter. Therefore, the following 

subsection develops the modeling of the system and the controller design. 

6.4 Dynamic model of the TEG power system 

 

The dynamic behavior of the TEG/converter circuit is described using the differential Eq. 

(11) and (12), which were obtained using the flux and charge balances in the power circuit 

as it is described in [31]. 

𝑑𝑉𝑇𝐸𝐺

𝑑𝑡
= −

1

𝐶
(𝑖𝐿 − 𝐼𝑠𝑐 +

𝑉𝑇𝐸𝐺

𝑅𝑇𝐸𝐺
)                                                  (11)  
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𝑑𝑖𝐿
𝑑𝑡

=
1

𝐿
(𝑉𝑇𝐸𝐺 + 𝑉𝐵𝑎𝑡(𝐷 − 1))                                                  (12)  

The previous dynamic equations can be expressed as presented in (13), where the state 

variables (x) are capacitor voltage (𝑉𝑇𝐸𝐺) and inductor current (𝑖𝐿). 

𝑥̇ = [
𝑉𝑇𝐸𝐺

̇

𝑖𝐿̇
] =

[
 
 
 
 
 

−
𝑖𝐿 − 𝐼𝑠𝑐 +

𝑉𝑇𝐸𝐺

𝑅𝑇𝐸𝐺
 

𝐶
𝑉𝑇𝐸𝐺 + 𝑉𝐵𝑎𝑡(𝐷 − 1)

𝐿
]
 
 
 
 
 

                                             (13) 

This second-order system is linearized around an operating point to find the transfer 

function, which relates the state variables with the control variable 𝐷 (duty cycle of the PWM 

signal). For this model, the input array (𝑈) correspons to the system inputs: short-circuit 

current of the TEG (𝐼𝑠𝑐), battery voltage (𝑉𝐵𝑎𝑡) and the control input (𝐷). The Jacobian 

matrices of 𝑥̇ relative to 𝑥 (𝐴) and 𝑈 (B) are calculated as shown in (14): 

𝐴 = [
−

1

𝐶𝑅𝑇𝐸𝐺
−

1

𝐶

1

𝐿
0

] ; 𝐵 = [

1

𝐶
0 0

0
𝐷−1

𝐿

𝑉𝐵𝑎𝑡

𝐿

]                                        (14) 

To define the transfer function needed to find the Jacobian matrices of the output variable 

(𝑌 = 𝑉𝑇𝐸𝐺) with  respect to the state vector 𝑥 and input variables 𝑈, two additional matrices 

are defined: 𝐶𝑠 = [1 0]  and  𝐷𝑠 = [0 0 0]. Then, the transfer function 𝑯(𝑠) between the TEG 

voltage (𝑉𝑇𝐸𝐺) and the duty cycle is the following one: 

𝑯(𝑠) =
𝐿𝑠 + 𝐷′ − 𝑉𝐵𝑎𝑡

𝐶𝐿𝑠2 +
𝐿
𝑅 𝑠 + 1

                                                 (15) 

Due to the nonlinear behavior of the TEG module and the constantly changing 

environmental conditions, it is not possible to find a unique offline MPP. Therefore, the 

MPPT defines a voltage reference for the PI controller, which sets the duty cycle for the 

PWM signal driving the Mosfet [32]. In this work, the Perturb and Observe (P&O) algorithm 

has been implemented due to its simplicity, fast response, low cost, and commercial use 

[20]. The P&O method perturbs the operating voltage of the TEG and the power output is 

measured; if the power is decreased, the voltage imposed to the TEG is perturbed in the 

opposite direction; otherwise, the voltage is perturbed in the same direction. Two 

parameters must be defined for this algorithm: the perturbation voltage and the perturbation 

period. The selection of those values must to considered that high ∆𝑉 values produce faster 
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responses, and those must be large enough to produce a measurable power perturbation 

(higher than the power ripple). Long perturbation periods (𝑇𝑎) produce a slow response; 

therefore, small values are recommended. Finally, the work reported in [34] demonstrated 

that 𝑇𝑎 must be larger than the settling time of the source voltage to ensure the stability of 

the P&O algorithm.  

6.5 Results and discussion 

Several TEG modules can be connected in parallel or series configuration, which allows 

the system to produce higher output power. When the temperature difference of each 

thermoelectric module is different, the mismatching condition increases de power losses as 

it is discussed in [35]. To extract the maximum power from each TEG module in the array, 

the following configurations are proposed:  

 

a) DMMPT series: each module is interfaced using a single power converter with 

MPPT control; and the output of the converters are connected in series to provide 

an additional boosting factor. Therefore, the voltage gain for each converter is low, 

thus introducing small power losses under mismatching conditions. In this structure 

the sum of converters’ output voltages is equal to the battery voltage (VBat), hence 

the behavior of each module voltage is affected by the changes on the other TEG 

modules in the series connection. 

 

b) DMMPT in parallel: each TEG module reaches its MPP with an individual power 

converter, but in this case the converters’ outputs are connected in parallel. For this 

configuration, the output voltage must be the same for all the power converters, and 

every module works independently at its own MPP. One of the advantages of this 

structure, in comparison with the centralized MPPT techniques, is the ability to 

support plug-and-play systems, where each module can be removed or connected 

from the battery without compromising the performance of the other TEG modules.  

 

This section presents the results of the MPPT design of the centralized TEG system (Figure 

1) and a detailed analysis of the DMPPT solutions.  Figure 6 shows the DMPPT 

configurations in a) parallel and b) series connection. 
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The evaluation of the DMPPT solutions is based on the simulation of the systems reported 

in Figures 1 and 6, those considering DC-DC boost converters designed with the following 

parameters: ∆𝑝= 0.1%𝑃𝑀𝑃𝑃, 𝑃𝑀𝑃𝑃 = 3.3𝑊, 𝐹𝑆 = 100 𝑘𝐻𝑧, 𝐿 = 220 𝜇𝐻 with an internal 

resistance of 36.45𝜇Ω, 𝐶 = 1.14 𝜇𝐹; and the P&O is set to ∆𝑉 = 0.2V and 𝑇𝑎 = 5 𝑚𝑠. Finaly, 

the PI controller was designed from the plant model 𝑯(𝑠) using the pole-placement 

technique, obtaining the PI parameters 𝐾𝑝 = −19.2𝜇𝑉−1 y 𝜏𝐼 = 34.92 𝑛𝑠 (integral time).  

 

 
a) DMPPT parallel structure 
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b) DMPPT serial structure 

Figure 6. Configurations proposed to mitigate the mismatching phenomenon. 

 



 161 

 

6.5.1 Classical TEG array with a single boost converter 

Figure 7 and Table 1 show the results of three TEG modules connected in series and 

interfaced with a single boost converter. The sum of the individual power produced by each 

TEG module (𝑃𝐵 = 13.59𝑊) is higher than the power produced by the array (11.73 W), 

which is caused by the mismatching condition and the efficiency of the boost converter. 

The total voltage of the array is the sum of individual modules voltages, and it is 

exceptionally close to the MPP voltage in Figure 5b. In this solution, the current is the same 

for all the TEG modules and equal to 2.392 A.  

 

For the current working point, it is observed in Figure 5a that the  

𝑇𝐸𝐺2 works near its MPP, while 𝑇𝐸𝐺1operates on the right side of the power curve, and 

𝑇𝐸𝐺3 is working on the left side. When the TEG module works at the right side, with a 

current value higher than the MPP, the Peltier effect increases and cause a variety of 

temperatures on the cold and hot side of the module, reducing the efficiency. Instead, when 

it works at the left side, lower current flows through the TEG and the thermal conductivity 

decrease, thus causing more significant temperature difference between the hot and cold 

side of the TEG.  

 

The simulation results of Figure 7 show that the total array voltage follows the reference 

settled by the MPPT; and both the voltage ripple, and the average value, are over the 

reference point. In consequence, the power ripple is reflected on the battery. The power 

delivered to the battery is lower than the maximum power that could be provided by the 

TEG modules (11.7W): the battery receives 10.7W, which corresponds to an efficiency of 

91.4%. Those results are explained by figure 5b, since the global maximum is reached, but 

the maximum power of each cell is not achieved. Moreover, the converter efficiency also 

reduces the power delivered to the battery. For the TEG module with lower temperature 

differential, the voltage and power delivered are zero, thus some power is missed. Finally, 

in this configuration the converter voltage gain is low, hence its efficiency is higher than 

90%. 
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Figure 7. Electrical parameters: serial configuration with a single boost. 

Table 1. Single boost converter for three TEG connected in series. 

Module ∆𝑇 [°𝐶] 𝑉𝑇𝐸𝐺  [𝑉] 𝐼𝑇𝐸𝐺  [𝐴] 𝑃𝑇𝐸𝐺  [𝑊] 𝑃𝐵 [𝑊] 𝜂𝑐  [%] 

𝑇𝐸𝐺3 50 0 

2.392 

0 

10.7 91.4 𝑇𝐸𝐺2 100 1.186 2.837 

𝑇𝐸𝐺1 180 3.714 8.888 

 Total 4.9  11.725   

6.5.2 DMPPT parallel structure 

Results of the three TEG converters connected in parallel are shown in Figure 8, where the 

system reaches on average output power 𝑃𝐵 = 12.07W. The power generated by each 

module, presented in Table 2, confirm that each TEG module works on its MPP, thus the 

overall power delivered to the load is 12.8% higher than in the previous (classical) case. 

Figure 8 shows the voltage and power of the TEG with ∆T=180°C (green line), ∆T=100°C 

(blue line), and ∆T=50°C (red line). The voltage of each module follows the reference value 

settled by the MPPT algorithms, and there is a voltage ripple that oscillates around the 
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reference value; such a ripple is a consequence of the switching operation in the power 

converters.   

The total power of the three TEG modules is, on average, 13.6W, which agrees with the 

information shown in Figure 5a. However, the total power delivered to the battery has an 

average value of 12.07W; therefore, the conversion efficiency of the boost converters, in 

this configuration, is 88.8%. Each module operates in its corresponding MPP, and the 

parallel DMPPT solution manages to deliver more power to the battery than in the classical 

case, even if the converters’ efficiency (88.8%) is lower than in the classical case (see Table 

2). 

 

Figure 8. Electrical parameters: parallel configuration with individual boost. 

Table 2. DMPPT parallel connection. 

Module ∆𝑇 [°𝐶] 𝑉𝑇𝐸𝐺  [𝑉] 𝑃𝑇𝐸𝐺  [𝑊] 𝑃𝐵  [𝑊] 𝜂𝑐  [%] 

𝑇𝐸𝐺3 50 1.1 1.04 

12.07 88.8 𝑇𝐸𝐺2 100 1.89 3.3 

𝑇𝐸𝐺1 180 3.1 9.25 

 Total  13.6  
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6.5.3 DMPPT series structure 

In this last case, the converters’ outputs for each TEG are connected in series. Moreover, 

a 200 𝜇𝐹 capacitor at the output of the power converters was settled to establish the voltage 

and reduce output voltage ripple. Figure 9 and Table 3 summarize the results of this 

arrangement, also reporting the voltage over each output capacitor. The average power 

delivered to the battery (𝑃𝐵 = 11.1W) is also higher than in the classical configuration, but 

in this case the improvement is 3.7%. 

 

The voltage, efficiency and total output power delivered by the series DMPPT configuration 

are presented in Figure 9 for the three TEG modules under different temperature gradients. 

The magenta color shows the total power produced by the three cells, and the black trace 

reports the power delivered to the battery. 𝑇𝐸𝐺1 and 𝑇𝐸𝐺 2 follow the MPPT settled by the 

control system and deliver their maximum power for each temperature difference (9.25W y 

3.3W respectively), but the converter of 𝑇𝐸𝐺 3 can not delivered the maximum power 

(1.049W) even if the TEG is operating at the MPP. This is caused by the relation between 

the power delivered and the output voltage in each converter: since the converters are 

connectd in series, the output current is the same, thus the output voltage of each converter 

is proportional to the output power of the corresponding converter. Therefore, the higher 

the output power, the higher the output voltage. Moreover, this means that the converter 

delivering the highest power will also exhibits the higher voltage. However, since the total 

output voltage is fixed by the battery, the converter providng the lower power will also 

exhibitis a very low output voltage, which could increase the power losses. 

 

The previous phenomenon is observed in the simulations of Figure 9: the higher output 

voltage will happen in the converter of 𝑇𝐸𝐺 1 when the maximum ∆T occurs 

(∆T = 180°C, 𝑉𝑂1 = 8.79 𝑉), followed by the converter of  𝑇𝐸𝐺 2 (∆T = 100°C, 𝑉𝑂1 =

2.75 𝑉), and the last module (𝑇𝐸𝐺 3) must supply the remaining value to achieve the battery 

voltage (𝑉𝑂3 = 0.456𝑉).  The boost converter for TEG1 and TEG2 reach efficiencies of 

87.7% and 77.3%, respectively, but the efficiency of TEG3 is 40.7% due to power losses 

and the energy dissipated to achieve the output voltage imposed by the battery.  
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The conversion efficiency of this system averages 82%, which is the lowest efficiency in 

the three configurations; however, the power delivered to the battery is 11.1W, which is 

higher than the power provided by the classical configuration. Such a power conversion 

efficiency can be improved by using passive elements with lower ohmic resistance, which 

could also increase the cost. Another disadvantage of this configuration occurs when one 

TEG module changes the operation point, which also perturbs the other TEG modules, but 

a proper PI controller could regulate such a perturbation.  

 

 

Figure 9. Electrical parameters: serial configuration with individual boost. 

Table 3. DMPPT serial connection. 

Module ∆𝑇 [°𝐶] 𝑉𝑂1 [𝑉] 𝑉𝑇𝐸𝐺  [𝑉] 𝑃𝑇𝐸𝐺  [𝑊] 𝑃𝐵 [𝑊] 𝜂𝑐  [%] 

𝑇𝐸𝐺3 50 0.456 1.055 1.04 

11.1 82 𝑇𝐸𝐺2 100 2.749 1.899 3.3 

𝑇𝐸𝐺1 180 8.795 3.1 9.25 
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Module ∆𝑇 [°𝐶] 𝑉𝑂1 [𝑉] 𝑉𝑇𝐸𝐺  [𝑉] 𝑃𝑇𝐸𝐺  [𝑊] 𝑃𝐵 [𝑊] 𝜂𝑐  [%] 

 
Total 12 5.7 13.6 

  

 

6.6 Conclusions 

A new method to evaluate the TEG system was proposed according to the performance 

curve constructed with the manufacturer datasheet and the inclusion of maximum power 

point tracking algorithms. Also, different DC-DC converters connections were evaluated 

with aim of extracting the maximum power from TEG arrays operating under mismatching 

conditions. The maximum efficiency (91.4%) was reached by connecting the TEGs in series 

with a single boost converter, but none of the TEGs operate at their MPP, and the maximum 

power delivered to the battery was 10.7W. On DMPPT configurations, each thermoelectric 

module work at its MPP, but the conversion efficiency of the system is lower than in the 

classical case, with a maximum efficiency of 88.8% for the DMPPT parallel solution, and 

82% in the case where DMPPT series configuration. The power output delivered by the 

distributed structures always reached the MPP on each TEG, with a maximum power 

delivered to the battery of 11.1W and 12.07W for the DMPPT series and parallel, 

respectively. Therefore, this work confirms the improved power production of the DMPPT 

solutions over the classical centralized configuration. The higher losses in the DMPPT 

cases are explained by the significant number of elements in the converters that dissipate 

energy; nevertheless, the distributed array could be improved by selecting elements with 

lower parasitic resistances. 

The P&O algorithm was used to optimize the power production, but it could be improved by 

adapting both perturbation period and amplitude according to the temperature differences. 

Similarly, an auto-tuning PI controller could be used to establish an adequate system 

response over more significant variations of temperature differences. Future works include 

evaluating the proposed method combined with new MPPT algorithms to assess the 

tracking speed, accuracy, and efficiency in TEG systems under mismatching thermal 

conditions.   
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7. Conclusions and recommendations 

7.1 Conclusions 

Based on the study's objectives, it aims to develop a methodological analysis for the design 

and evaluation of thermal energy harvesting systems that employ TEG arrays under 

mismatching thermal conditions. To achieve this objective, the study first developed a 

mathematical model that considers the thermal dependence of thermoelectrical properties 

and heat losses to evaluate a TEM. This model is crucial to understanding the performance 

of the TEG array under varying thermal conditions. 

 

Furthermore, the study proposed different DC-DC converters topologies to extract the 

maximum power output from TEG arrays under mismatching conditions. This objective is 

crucial in determining the most efficient way to extract energy from the TEG arrays under 

different thermal conditions. By proposing these different topologies, the study hopes to 

improve the efficiency of TEG arrays under mismatched thermal conditions. 

 

Finally, the study simulated and evaluated the proposed methodology using experimental 

data obtained from commercial TEG arrays under different thermal conditions. This step is 

essential in verifying the accuracy and effectiveness of the proposed methodological 

analysis. By using experimental data, the study hopes to ensure that their methodology is 

effective in practical applications. 

 

The proposed methodology also includes different DC-DC converters topologies to extract 

the maximum power output from TEG arrays under mismatching conditions. By simulating 

and evaluating the proposed methodology using experimental data, the study hopes to 

provide an accurate and effective method for designing and evaluating TEG arrays for 

thermal energy harvesting under mismatching conditions. However, further research is 

necessary to explore new optimization methods that can improve thermoelectric generator 
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characterization and parameter estimation by reducing the RMSE, standard deviation, and 

processing time.  

7.2 Recommendations and future work 

¶ Conduct tests in more complex scenarios to further apply the methodology and 

ensure its effectiveness in various practical applications. 

¶ Investigate new control strategies like sliding modes surface to improve the 

response of TEG system in power convertes. 

¶ Develop hybrid optimization methods that combine the strengths of different 

optimization approaches to improve the robustness and efficiency of the parameter 

estimation process. 

¶ Explore further ways to optimize TEG modules in various practical applications to 

identify optimal operating conditions that can be used to improve the performance 

of TEG modules. 

 


