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Introduction

The study of finitely graded algebras over fields is used to describe properties of some
algebras coming from mathematical physics, such as the multi-parameter quantum affine
n-space, the Jordan plane, the Manin algebra M,(2), the multiplicative analogue of the
Weyl algebra, among many others. However, there are algebras over fields with similar
behavior to the ones mentioned before which are not positively graded, connected and
generated in degree one, it is also to be noted that this class of algebras has not been
studied deeply ([10], [13]), this occurence can be seen in the dispin algebra U (osp(1,2)),
the Woronowicz algebra W, (sl(2, K)), the quantum algebra U'(so(3, K)), the quantum
symplectic space Oy(sp(K*")), some algebras of operators, and others. Koszul algebras
were defined by Stewart Priddy in [20] (under the name homogeneous Koszul algebras)
and since then a frequently common asked question is if certain graded algebra fulfills
Kozsul property, which has a very stretch link to Hilbert Series, Poincaré Series and the
Yoneda algebra.

Based on the considerations explained before, in this work we study a Koszul behavior
over a particular class of algebras (no strictly graded), for this purpose we will introduce
the finitely semi-graded algebras; these type of algebras extend finitely graded algebras
over fields generated in degree one, and conform a particular subclass of finitely semi-
graded rings defined in [13]. To study the Kozsul property for the previously mentioned
algebras, the distributiveness was analyzed over certain associated lattices, furthermore,
the Poincaré Series and the Yoneda algebra were introduced for the finitely semi-graded
algebras. It is also to be noted that these algebras have a N—filtration, hence, showing
the Hilbert series of a finitely semi-graded algebra and the Hilbert series of its associated
graded algebra apply. The same was done for the Poincaré series. On the other hand,
the Yoneda algebra of a finitely semi-graded algebra is isomorphic to the Yoneda algebra
of its graded algebra associated. We computed the Poincaré series for some skew PBW
extensions. Skew PBW extensions were introduced in [11] and are included in the class of
finitely semi-graded rings. Finally, we presented several examples of finitely semi-graded
algebras, most of them whithin the class of skew PBW extensions, and many examples
of finitely semi-graded algebras with Koszul behavior. The main new results of the thesis
are concentrated in Chapters 2 and 3, and they are: Theorem 2.3.4, Corollaries 2.3.5 and
2.3.6, Theorem 2.3.10, Corollary 2.3.11, the examples in Section 2.2, Theorem 3.1.7, the
examples in Section 3.2, Theorem 3.2.8, Theorem 3.3.1, Corollary ?? and Table 3.2.

This work is composed by the following parts: In the first one we go over by some basic
notions of graded algebras, Koszul algebras, skew PBW extensions and semi-graded rings.

II
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Next up we will define the semi-graded algebras, some invariants related to them and a
wide collection of examples about it. In the last part, we will study the Koszul property
for the finitely semi-graded algebras, given examples related to it and showing the explicit
form of the Poincaré series for some algebras. Unless otherwise stated, all modules are left
modules and K will be a field.



Preliminaries

1.1 Koszul algebras

Definition 1.1.1 ([21]). A K-algebra A is said to be N-graded if there exists a collection
{Ap}pen of subgroups of the additive group of A, such that

(i) ApAq; C Apyy, for allp,q € N.
(1) A= @ ey Ap-
(1it) Ay is a subspace of the K -vector space A, for p € N.
Definition 1.1.2 ([21]). A K-algebra A is said finitely graded if the following conditions
hold:
(i) A is N-graded.
(i) A is connected, i.e., Ay = K.
(iii) A is finitely generated as K-algebra.

Proposition 1.1.3. Let A be a connected N-graded K-algebra. A is finitely generated as
K-algebra if and only if A = K{z1,...,z,}/I, where I is a proper homogeneous two-sided
ideal of K{x1,...,2z,}. Moreover, for every n € N, dimg A,, < co.

Proof. Suppose that A = {z1,...,x,}/I and note that the free algebra F' := K{z1,...,Tn}
is N-graded with graduation given by

F, = g{w | w is a word of length n in the alphabet {z1,...,2,}), n € N.

Since I is homogeneous, i.e., graded, then F/I is N-graded with graduation given by
(F/I),, := (F, +I)/1. Note that F/I is connected since (F/I)y = K. Moreover, F'/I is
finitely generated as K-algebra by the elements 7; := x; + I, 1 < i < m. Observe that
F, is finitely generated as K-vector space, whence, (F/I), is also finitely generated as
K-vector space, i.e., dimg ((F/I),) < oo.

Now, suppose that A is finitely generated as K-algebra, let ay,...,a, € A be a finite
collection of elements that generate A as K-algebra; by the universal property of the free
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algebra K{z1,..., 2z}, there exists a K-algebra homomorphism f : K{z,..., 2} — A
with f(x;) := a;, 1 < i < mj it is clear that f is surjective. Let I := ker(f), then [ is a
proper two-sided ideal of K{z1,...,z,} and

AéK{xl,...,xn}/I. (1.1.1)

Since A is N-graded, we can assume that every a; is homogeneous, a; € Ay, for some
di > 1, moreover, at least one of generators is of degree 1. We define a new graduation
for F':= K{x1,...,zn}: we put weights d; to the variables x; and we set

F! = gz - xlm]Zd n), n € N.

This implies that f is graded, and from this we obtain that I is homogeneous. In fact, let
Xy +---+ Xy €I, where X; € F),, 1 <1 <t s0 f(X1)+---+ f(X¢) =0, and hence,
f(X;) =0 for every [, i.e., X; € I. N N

Finally, note that under the isomorphism f in 1.1.1, f((F,+1)/I) = A, so dimg (4,) <
00. O

Definition 1.1.4 ([21]). The Hilbert series of a finitely graded algebra A = ;o A; is
defined by

i dimg A,,
m=0

Jason Bell and James Zhang in [5] showed that h 4(t) does not depend on the graduation
if A is generated in degree 1.

Definition 1.1.5 ([2], [26]). The Yoneda algebra of a finitely graded algebra A = P, Ai
is defined by
E(A) := (P Exty(K, K),

>0

the Extf4(K, K) groups are computed in the category of graded A-modules by equivalence
classes of exact sequences of finite lenght with graded A-modules and homogeneus homo-
morphisms from K to K:

EO0—-K—-X;—»- = X1 > K — 0
the addition in Ext (K, K) is the Baer sum:
EO0K—-X;— = X1 > K—0,
X0 K—>X —- =X > K—=0,
EBNX: 0K =Y, - X, 16X, = 25X X, =Y, - K —0,

where Y1 is the pullback of homomorphism X1 — K and X{ — K, and Y is the pushout of
K — X; and K — X|. The zero element of Ext' (K, K) is the class of any split sequence.
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The product in E(A) is given by the concatenation of sequences:
Exty(K, K) x Ext’, (K, K) — Ext'/7 (K, K),
(I, [€]) = IXJIE] == [x€),

where
EO0-K—=>X;,—- = X1 - K—0,
X:0K—X = — X > K—0,
X:0—-K—=X - 5 X 5X;— =X - K—0.
Thus, E(A) = @5 E'(A) is a N-graded algebra, where E'(A) := Exty (K, K) is a K-

vector space.

The definition of Yoneda algebra seen above is equivalent to the definition by projective
resolutions (see [2]).

Definition 1.1.6 ([9]). Let A be a graded algebra, such that E(A) is finitely generated in
degree 1. Then the Poincaré series of A is defined by
o
Pu(t) == (dimg Ext’} (K, K))t".

n=0

Again by [5], Pa(t) is well defined.

For finitely graded algebras, the Poincaré series can be also defined by the Tor vector
spaces (see [3] and [9]). Let A be a finitely graded algebra and M be a Z-graded A-module,
recall that M is left bounded if M,, = 0 for n < 0.

Lemma 1.1.7 ([21]). Let A be a finitely graded algebra and M be a left bounded Z-graded
A-module.

(i) (Nakayama’s Lemma) If A>1M = M, then M = 0.

(ii) A set of homogeneous elements {m;} C M generates M as A-module if and only if
the set of images {m;} spans M/A>1M as a AJ/A>; = K-vector space.

(iii) Let {m;} € M be a set of homogeneous elements that generate M as A-module.
{m;} is minimal if and only if {m;} is a K-basis of M/A>1 M.

(iv) Let {m;} C M be a set of homogeneous elements that generate M minimally as A-
module. Then, there exists a surjective A-homomorphism ¢: @, A(—d;) = M, with
d; := deg(m;). In such case ¢ is called a minimal surjection onto M. In addition, ¢
induces the following isomorphism of K-vector spaces:

~ @1 A(_di)
MIASM = 2 T A )

(v) M always has a minimal homogeneous free resolution of the form
Pn—1 dn—2 ¢ %0 €
=D Al=dn,i) — @D, A(=dn—1,) @, A(—d1,i) —€D; A(—do.i;) > M—0,

where each ¢; is a minimal surjection onto Im(¢;) and ¢ is also a minimal surjection
onto M.
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(vi)

(vii)

(viii)

A homogeneous free resolution P, of M is minimal if and only if for every ¢ > 0,

Any two minimal homogeneous free resolutions P, and (Q, of M are isomorphic as
complexes, i.e, there are homogeneous A-isomorphisms f;: P; — @Q; for every ¢ > 0.
In particular, the ranks and shifts of the free modules occurring in a free resolution
of M are invariants of M.

If M has a homogeneous free resolution P, with all P; of finite dimension, then the
resolution is minimal if and only if all entries of the matrices representing the maps
¢i lie in A21-

Proof.

(i)

(i)

If M # 0, let d minimum such that My # 0, then M = A> M C - ;. ©M, & M,

-
a contradiction.

=) : Since M = 5" Am;, then M = Y Amy, with M := M/MA>; and A := A/A>.

<) : Observe that N := )  Am, is a left bounded graded A-submodule of M
and M/N is also left bounded graded A-module; from the hypothesis we get that
A>1(M/N) = M/N. In fact, let m € M, then m = aym;, + --- + azm;, and hence
m— (aym, +---+aymy,) € AsiM,s0 M C N+ A M C M,ie, M =N+ A>1 M.
Therefore, M/N = A>1(M/N). Thus, from (i) we obtain that M /N = 0,i.e, M = N.

This follows from (ii).

Let {m;} be a system of homogeneous elements that generates M minimally and
let d; := deg(m;); let F := @®;A(—d;); note that F is left bounded graded with
graduation given by F,, = ®;(A(—d;))n = ®iAn—_4;, n € Z; F is a free A-module with
canonical basis {e; := p;(1)}, with u; : A(—d;) — @®;A(—d;) the canonical injection;
note that e; € Fj;;. We define the A-homomorphism ¢: F' — M by e; — m;; it is
clear that ¢ is surjective. Moreover, ¢ is homogeneous. In fact, F}, := )", ®A,_4, -€;,
but M is graded, then ¢(F,) C M, for every n.

For the second statement, the surjective A-homomorphism ¢: F' — M induces the
A/As1 = K-homomorphism ¢: F/As1F— M/A>1M given by ¢(z) := #(z), for
z € F; it is clear that ¢ is surjective. Let zZ € ker(¢), then ¢(2) € A>1 M and
z—(a1-e1+ -+ a-e;,) € ker(¢) for some ay,...,a; € A>1. Let us show that
ker(¢) € A>1F: let u € ker(¢) then u = ay-ej, +---+as-ej, withai,...,a, € Aand
hence 0 = a; - mj, +-- -+ as - mj,, therefore, passing to the K = A/A>;-vector space
M/A>1 M and using (iii), we obtain that the components of degree zero of every a;
are zero, i.e, every a; € A>1, thus u € A>1F. Whence, z € A>1F and hence Z = 0.

According to (iv), there exists a minimal surjection @®;A(—dp,i) = M, but note
that ker(e) is again a left bounded graded A-module, so it has a minimal surjection

@i A(—dy,1) 2o, ker(e). We can repeat this construction and we get the desired
minimal homogeneous free resolution of M.
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(vi) Consider a minimal surjection ¢ of a graded free A-module P onto a graded A-module

N, and consider also the exact sequence 0 — L — P %N S 0, with L := ker(¢)
and ¢ the inclusion; applying (A/A>1) ®4 _ we get the exact sequence of vector

spaces L/A>1L 5 P/AsP 2 N/A>1N — 0, but from the proof of (iv), ¢ is an
isomorphism, so 7 = 0 and hence L C A>P.

Thus, P, is minimal if and only if each Im(¢; ) is the kernel of some minimal surjection,
i.e, Im(¢;) C A1 P; for every i > 0.

(vii) As in (vi), consider the exact sequence 0 — L - P % N — 0 with ¢ a minimal sur-
jection, and suppose that there is another minimal surjection ¥: Q — N with exact

sequence 0 — L/ i> Q YN 0. If £&: N — N is any homogeneous isomorphism,
then there is an induced isomorphism @_lﬁz P/A>1P — Q/A>1Q which lifts by
projectivity to an isomorphism of graded free modules h: P — @ (see [4], Lemma
2.4.). Then h restricts to an isomorphism L — L.

Thus, we can apply this construction to the identical isomorphism M — M and we
get the desired result.

(viii) This follows from (vi).

Next, we will prove a well known result that relates Ext and Tor (see for example [9]).

Lemma 1.1.8. Let A be a finitely graded algebra. Then for every n > 0,

Tord (K, K) = Exty (K, K).
Proof.

e For n =0,

Tor (K, K) = KA K = K ®4 (AJA>)) 2 K/(A>1K) = K/0 = K

Ext) (K, K) = Homu (K, K) = K.

e For n >
d

1 we apply Lemma 1.1.7: Since &;A(—dy ;) is a A-free module, then
DiA(—dn;) = A

i (Xn) for some X,,, so (v) in Lemma 1.1.7 can be written as

oy AXR) Pl A(Xnon) Pem2o 9L A(X0) S0, A(X0) & |y
and applying K ® 4 and Homa(_, K) we get the complexes of K-vector spaces

[PEN K(Xn) M K(Xn—l) m _> K(Xl) <P_0> K(XO) - K — 07

O%K%K(XO)E)K(XI)&.. Yn—2 K(X" 1) $n-1 K(X)
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where
On1:=an_10 (ix @ pp_1) 0o a; " with K @ AXn) 2oy g(Xn)
Un = g1 0 6% 0 8L, with Homa(AX™, K) % Homu(AX+), K) and
Hom (AKX i) Pry g (Xn),

therefore, we have the following isomorphisms of K-vector spaces

Torf(K, K) =ker(ig @ ¢pn-1)/Im(ig @ ¢p) = ker(pn—1)/Im(py),
Ext} (K, K) = ker(¢;,)/ Im(¢;,_;) = ker(¢n)/ Im(¢n—1);

let us show that ker(¢n—1)/Im(p,) = ker(yy,)/Im(¢p—1): By (vi) in Lemma 1.1.7
and the free resolution (v) there in, Im(ix ® ¢,) = 0 for all n > 0, so
Im(¢,) =0 = Im(t,_1) and hence ker(p,_1) = KXn) = ker(¢,).

O]

Thus, for finitely graded algebras the Poincaré series can be also defined by Tor vector
spaces as [3] and [15].

Koszul algebras were defined by Stewart Priddy in [20] (under the name homogeneous
Koszul algebras) which have many interesting equivalent characterizations which we will
present later below. First, we are going to present one of these characterizations as the
definition of Koszul algebras.

Definition 1.1.9. Let A be a finitely graded algebra generated in degree 1, A is a Koszul
algebra if for i,5 > 0, with i # j implies (Ext’y (K, K)); = 0.

Proposition 1.1.10. Let A be a Koszul algebra, then A is quadratic.
Proof. See [8], Theorem 1.0.3. O

Let A := K{z1,...,z,}, A := A/I be a quadratic algebra and A* = Homg (A, K) =
P, Homg (A, K) = @,~( A; with multiplication induced by pv(ab) = p(a)v(b), where
pe A v e a€Abe Ay Now, consider I := {u € A} : p(Iz) = 0} and I be the
ideal generated by 121_7 so it is posible to define the Koszul dual of A.

Definition 1.1.11 ([9]). Let A = A/I be a quadratic algebra, then the Koszul dual of A
18
Al = AT

The Koszul dual is a quadratic algebra and (A')' = A. For any quadratic algebra A

there is a natural differential d: A; ® (A;)* — Al ®K (A!j_l)*. If f € (A, then

df € A1 ®@ (AY*_, is defined by identifying A1 ® (A" _, with (A} ® A!_|)* and letting

df)(x@m) = f(zm), where z € A}, m € Al _, and extend A-linearly. This makes A®x A'
1 n—1
into a complex U.

Theorem 1.1.12. Let A = A/I be a graded algebra, then the following are equivalent:
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(i) A is Koszul.
(i) Ext}(K, K) generates E(A).
(iti) ha(t)Pa(—t) = 1.
(iv) P,
)

A(t) = P (1)

(v) A is quadratic and the lattice generated by {AA (THAY 2 A pv > 0} s distributive
in the lattice of subspaces of K{z1,...,zmy}.

(vi) A is quadratic and the complex U above is exact.
Proof. See [3], [8] and Theorem 1.2 of [15]. O

In 2001, Berger in [6] defines the notion of Koszul algebras called N-Koszul algebras
which are a generalization of Koszul algebras. N-Koszul algebras are finitely graded alge-
bras where all generators of the ideal I of relations are homogeneous and have the same
degree N > 2. In [7], T. Cassidy and B. Shelton introduce the Ky algebras, generalizing
the N-Koszul algebras of Berger. Ky algebras are graded algebras such that the generators
of the ideal I of relations are homogeneous and accept different degrees. Later, Phan in
[18] extended the Ky with the K, algebras for any m > 1.

1.2 Skew PBW Algebras and Koszulity

The skew PBW extensions were introduced in [11] and they will be described next.

Definition 1.2.1. Let R and A be rings, we say that A is a skew PBW extension of R
(or 0 — PBW extension), if the following conditions hold:

(i) RC A,
(i) There exist finite elements x1, ..., x, € A such that A is left R-free module with basis
Mon(A) :={z* =2 z)" | = (a1, ..., ) € N},
(tit) For every 1 <i <mn andr € R— {0} there exists ¢;, such that
Tir — CipTi € R,
(tv) For every 1 <i,j < n there exists ¢; j; € R — {0} such that
TjT; — Cijr;Tj € R+ Ry + -+ - + Ray,.

In [11] it was shown the next result which justifies the notation o — PBW.

Proposition 1.2.2. Let A = o(R)(z1,- - ,x,). Then for every 1 <i < n, there exist an
injective ring endomorphism o;: R — R and a o;-derivation é;: R — R such that

xir = o (r)z; + 0;(r).
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Definition 1.2.3 ([25]). Let A be a skew PBW extension of R.

(i) A is called pre-commutative if the condition (iv) in Definition 1.2.1 is replaced by:
For any 1 <1,j <n, there ezists ¢;j; € R\ {0} such that

TjTi — CijTiTj € Rxy + -+ Rx,.

(ii) A is called quasi-commutative if the conditions (1ii) and (iv) in Definition 1.2.1 are
replaced by:

(11i’) For every 1 <i<mn andr € R— {0} there exists ¢;, € R — {0} such that
LT = iy .
(v’) For every 1 <i,j < n there exists ¢; ; € R — {0} such that
LT = C jTiTj.

(iii) A is called bijective if o; is bijective for every 1 <i < n and c¢; j is invertible for any
1<id,5 <n.

(iv) Any element r € R such that o;(r) =1 and §;(r) =0 for all 1 <1i <n, will be called
a constant. A is called constant if every element of R is constant.

(v) A is called semi-commutative if A is quasi-commutative and constant.

Example 1.2.4. The next examples were presented in [14] as skew PBW extensions:
Classical polynomial ring, Ore extensions of bijective type, Weyl algebra, Universal en-
veloping algebra of a Lie algebra, Tensor product, Crossed product, Algebra of ¢-differential
operators, Algebra of shift operators, Mixed algebra, Algebra for multidimensional dis-
crete linear systems, Linear partial differential operators, Linear partial of shift operators,
Algebra of linear partial difference operator, Algebra of linear partial ¢-dilation opera-
tors, Algebra of linear partial g¢-differential operators, Diffusion algebra, Additive ana-
logue of the Weyl algebra, Multiplicative analogue of the Weyl algebra, Quantum algebra
U'(s0(3,k)), Dispin algebra, Woronowicz algebra, Complex algebra, Algebra U, Manin
algebra, g-Heisenberg algebra, Quantum enveloping algebra of sl(2, K), Hayashi’s algebra,
The algebra of differential operators on a quantum space S;, Witten’s deformation of
U(sl(2,k)), Quantum Weyl algebra of Maltsiniotis, Quantum Weyl algebra, Multiparame-
ter quantized Weyl algebra, Quantum symplectic space, Quadratic algebras in 3 variables.
Also, Homogenized enveloping algebra A(G) ([23]), Particular Sklyanin algebra ([21]),
Multi-parameter quantum affine n-space ([12]) are skew PBW extensions.

Theorem 1.2.5. Let A be an arbitrary skew PBW extension of the ring R. Then, A is
filtered ring with filtration given by

F o= R’ 1fm:0,
"V {f € Al deg(f) <m}u{0}, ifm>1.

and the corresponding graded ring Gr(A) is a quasi-commutative skew PBW extension
of R, with
Gr(A) = K|z, ..., x,)/ o,
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where K[xi,...,z,] is the habitual polynomial ring and Iy is the two-sided ideal
(xir — cirxi, xjxi — cijxizy | r € R, 1 < i < j < mn). Moreover, if A is bijective, then
Gr(A) is a quasi-commutative bijective skew PBW extension of R.

Proof. See [11], Theorem 10. O
The following skew PBW extensions were proved as Koszul algebras in [25]:

1. Classical polynomial algebra,

2. Particular Sklyanin algebra,

3. Multiplicative analogue of the Weyl algebra,

4. The multiparameter quantum affin n-space,

5. The 3-dimensional skew polynomial algebra with [{c, 3,7} = 3,

6. The Sridharan enveloping algebra of 3-dimensional Lie algebra with [z, y] = [y, 2] =
[z,z] = 0.

In [24] it was proved that some skew PBW extensions are N-graded with a particular
graduation. With this particular graduation on some skew PBW extensions, Suirez
proved that the next algebras are Koszul:

1. The Jordan plane,

2. The diffusion algebra A,

3. The algebra U,

4. The algebra Oq(My(K)) of quantum matrices,

5. Some quadratic algebras in 3 variables.

1.3 Semi-graded Rings
Note that in general the skew PBW extensions are not N-graded. For this reason, in [13]
there were introduced the rings called semi-graded, defined as follows:

Definition 1.3.1. Let B be a ring. B is called semi-graded(SG) if there exists a collection
{Bp}n>0 of subgroups By, of the additive group BT such that the following conditions hold:

(i) B = @,>0 Bn,
(i) For every m,n >0, By,B, C By ® -+ ® Bptn,

(iii) 1 € By.
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The collection { By }n>0 is called a semi-graduation of B and the elements of By, are called
homogeneous of degree n. Let B and C' be semi-graded rings and let f: B — C be a ring
homomorphism, we say that f is homogeneous if f(By) C Cy, for every n > 0.

With the definition of semi-graded ring there is a definition of semi-graded module.

Definition 1.3.2 ([13]). Let B be a SG ring and let M be a B-module. M is Z-semi-
graded, or simply semi-graded, if there exists a collection { My, }nez of subgroups M, of the
additive group M™ such that the following conditions hold:

(i) M = @,,cz Mn,
(i) For every m >0 and n € Z, BynMy C @pcypin Mi-

M is positively semi-graded, also called N-semi-graded, if M, = 0 for every n < 0. Let
f: M — N be an homomorphism of B-modules, where M and N are semi-graded B-
modules; we say that f is homogeneous if f(My) C N, for everyn € Z. As for the case of
rings, the collection {My,}nez is called a semi-graduation of M and the elements of M,
are called homogeneous of degree n.

An interesting class of SG rings which include finitely graded algebras and skew PBW

extensions is the class of F'SG rings.

Definition 1.3.3 ([13]). We say that B is finitely semi-graded (FSG) if it satisfies the
following conditions:

(i) B is SG,
(ii) There exist finitely many elements x1, ..., x, € B such that the subring generated by
By and x1,...,x, coincides with B,

(iii) For everyn >0, B, is a free By-module of finite dimension.

Let M be a B-module. M is called finitely semi-graded if M is semigraded, finitely
generated and for every n € Z, M, is a free Byp-module of finite dimension.

Proposition 1.3.4. Let B = @nzo By, be a SG ring and I be a proper two-sided ideal
of B semi-graded as left ideal. Then,

(i) By is a subring of B. Moreover, for any n > 0, By ® ---® B, is a By — By-bimodule,
as well as B.

(ii) B has a standart N-filtration given by

Fo(B) = By® -+ & By

(iii) The associated graded ring Gr(B) satisfies

Gr(B), = By, for every n > 0 (isomorphism of abelian groups).
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(iv) Let M = @,y M, be a semi-graded B-module and N a submodule of M. The
following conditions are equivalent:

(a) N is semi-graded.
(b) For every z € N, the homogeneous components of z are in N.

(¢) M/N is semi-graded with semi-graduation given by
(M/N)y := (Myn + N)/N,n € Z.

(v) B/I'is SG.

(vi) If Bis F'SG and I N B,, C IB,, for every n € Z, then B/I is F'SG.

Proof. See [13], Proposition 2.6. O

Remark 1.3.5. Let B be a SG ring, then B is N-filtered. Conversely, if we assume that B
is a N-filtered ring with filtration {F},(B)}n>0 such that for any n > 0, F,(B)/F,—1(B)
is Fy(B)-proyective, then it is easy to prove that B is SG with semi-graduation { By, }n>0
given by

By := Fy(B) and B,, is such that F,,_1(B) ® B, = F,,(B),n > 1.

Proposition 1.3.6.

(i) Any N-graded ring is SG.
(ii) Let K be a field. Any finitely graded K-algebra is a F.SG ring.

(iii) Any skew PBW extension is a F'SG ring.

Proof. See [13], Proposition 2.7. O

Remark 1.3.7.

(i) The class of SG rings includes properly the class of N-graded rings. For this, consider
the enveloping algebra of finite-dimesional of a Lie algebra ([14]).

(ii) The class of F'SG rings includes properly the class of finitely graded algebra, the
same example of (i) works.

(iii) The class of F'SG rings include properly the class of skew PBW extensions. Consider
the Artin-Schelter regular algebra of global dimension 3 defined by the relations:

Yr = xy+22,zy = yz—}-x2,2$ :a:z+y2.
Definition 1.3.8 ([13]). Let B be a ring that satisfies the following conditions

(C1) B is left noetherian SG.
(C2) By is left noetherian.
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(C3) For every n >0, B, is finitely generated left Bo-module.

(C4) By C Z(B).
Then, for s > 0, B> is the least two-sided ideal of B that satisfies the following conditions:

(i) B>s contains @, Bp-
(i) B>y is semi-graded as left ideal of B.
(iii) B>s is a direct sumand of B.
Remark 1.3.9. If B in Definition 1.3.8 is N-graded, then B> = P, Bp.

Example 1.3.10. The next examples of skew PBW extensions below are semi-graded
(non N-graded) domains and satisfy the condtions (C1) — (Cy). In every example, By = K
is a field, we indicate the relations defining B (see [14]):

(i) Enveloping algebra of a Lie K-algebra G of dimension n, U(G):

z;k — kx; :O,/{TEK;
riwy — wjr; = (v, 75] € G =Kz + -+ + Kap, 1 < 4,5 <m

(ii) Quantum algebra U'(so(3, K)), with ¢ € K — {0}:

1/2 -1 —1/2 1/2,. .
XT2X1 — 122 = —(q / xr3, 3r1 —q XT1x3 =(q / €2, T3T2 — qIr2x3 = —(q / Z1;

(iii) Dispin algebra U(osp(1,2)):

ToX3 — X3T2 = X3, T3T] + T1X3 = T2, T1T2 — T2T] = T1;

(iv) Woronowicz algebra W, (sl(2, K)), where v € K — {0} is not a root of unity:

riw3 — Viagr = (1+ V2)x1, T1Tg — V2 Tox = VI3, Tl — Viwoxs = (1+ 1/2)1’2;

(v) Eight types of 3-dimensional skew polynomial algebras, with «, 8,7 € K — {0}:

ToT3 — T3T2 = T3, T3T1 — fT1T3 = T2, T1T2 — TaT] = T1;
Tox3 — w312 = 0, X311 — fr1T3 = T2, T1T2 — T2wy = 0;
Tow3 — T3T2 = x3, T3T1 — Priry =0, T1T2 — T2 = T1;
Tor3 — 312 = T3, T3T1 — frizz =0, T1T2 — T2w1 = 0;
T2T3 — XT3T2 = X1, T3T1 — T1L3 = L2, T1T2 — T2X1 = T3;
Toxs —x3x2 =0, x37x1 — 2123 =0, T1T2 — T2x1 = T3;
T3 — X3To = —T2, T3T1 — T1x3 = X1 + X2, T1x2 — x2x1 = 0;

Tox3 — T3T2 = T3, T3T1 — T1T3 = T3, T1T2 — T2x1 = 0;
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In [13] was defined the notion of generalized Hilbert series for semi-graded rings. This
notion depends on the semi-graduation, in particular, it depends on the ring By.

Definition 1.3.11 ([13]). Let B = }_, -, ®By be a FSG ring and M = €P,,; My, be a
finitely semi-graded B-module. The generalized Hilbert series of M is defined by

Ghy(t) == Z(dimBD Mp)t".
nez

In particular,

[ee]

Ghp(t) =) (dimp, B,)t".

n=0

Remark 1.3.12.

(i) Note that if K is a field and B is a finitely graded K-algebra, then the generalized
Hilbert series coincides with the usual Hilbert series, i.e., Ghp(t) = hp(t).

(ii) Observe that if a F'SG ring B has another semi-graduation B = €P,,5 Cn, then its
generalized Hilbert series can change. For example, consider the usual real polyno-

mial ring in two variables B := Rz, y], then Ghp(t) = ﬁ, but if we view this ring

as B = (R[z])[y], then Cy = R[z] and its generalized Hilbert series is 1. However,
in Section 2 we will introduce the semi-graded algebras over fields and for them we
will discuss the uniqueness of the Hilbert series based in a recent paper by Bell and

Zhang [5].

Theorem 1.3.13. Let A = o(R)(x1,...,z,) be an arbitrary skew PBW extension. Then,

Gha(t) =

-0

Proof. See [13]. O



Semi-graded Algebras

2.1 Definition

Let B be a finitely generated algebra over a field K, then there exist finitely many ele-
ments gi,...,9, € B that generate B as K-algebra and the K-algebra homomorphism
f: K{z1,...,xn} — B, with f(z;) := ¢;, 1 <1i < n; so, we get a presentation of B

K{zy,...,z,}/1 = B, (2.1.1)
with I :=ker(f). B is said finitely presented if I is finitely generated.

Definition 2.1.1. Let K be a field and B be a K-algebra. We say that B is finitely
semi-graded, denoted F'SG, if the following conditions hold:

1. B is a FSG ring with semi-graduation B = ®p20 By,
2. For everyp,q>1, B,B; C B1 ® - ® Bpiyq,
3. B is connected, i.e, By = K,

4. B is generated in degree 1.

We have the following important remarks.
Remark 2.1.2. Let B be a F'SG K-algebra:

(i) Of course By = K C Z(B).

(ii) Since B is locally finite, i.e., for every n > 0, dimg B, < oo, and B is finitely
generated in degree 1, then any K-basis of By generates B as K-algebra.

(iii) The canonical projection ¢: B — K is a homomorphism of K-algebras, called the
augmentation map, with ker(e) = @,,~ Bn. Therefore, the class of F'SG algebras is
contained in the class of augmented algebras, i.e., algebras with augmentation (see
[18]), however, a semi-graduation is a nice tool for defining some invariants useful for
the study of the algebra. By Definition 1.3.8, we get that €, B, = B>1, called the
augmentation ideal. Thus, K becomes into a left and right B-module with products
given by b- X := bgA, A - b := Aby, with b € B, A € K and by is the homogeneous
component of b of degree zero. On the other hand, note that K is not a submodule of
B with the product of B (bA ¢ K for b € B and A € K), moreover, the decomposition
B = K @© B> is as vector subspaces but not as B-modules.

14
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(iv) It is well known that B is finitely graded if and only if the ideal I in (2.1.1) is
homogeneous ([21]). In addition, any finitely graded algebra generated in degree 1 is
FSG. On the other hand, all skew PBW algebras in Example 1.3.10 are F'SG but
not finitely graded generated in degree 1. Another example is B := K{z,y}/(zy —x)
with semi-graduation B, := g(y*2" | 0 < k < n), n > 0. Thus, the class of FSG
algebras includes all finitely graded algebras generated in degree 1.

(v) Any FSG algebra is N-filtered (see Proposition 1.3.6), but note that the Weyl algebra
A1(K) = K{z,t}/(xt — tx — 1) is N-filtered but not F'SG, i.e, the class of FSG
algebras do not coincide with the class of N-filtered algebras.

(vi) Unless otherwise stated, from now on in this chapter we will assume that K
is a field and B is a F'SG algebra over K. In every example that we will study,
additionally B is finitely presented.

Proposition 2.1.3. Let B be a F'SG algebra over K. Then B> is the unique two-sided
maximal ideal of B semi-graded as left ideal.

Proof. From Remark 2.1.2 we have that B>; is a two-sided maximal ideal of B, and
of course, semi-graded as left ideal. Let I be another two-sided maximal ideal of B
semi-graded as left ideal; since I is proper, IN By = INK = 0; let x € I, then x =
ro+x1+ -+ xp, with x; € B;, 1 < i <n, but since [ is semi-graded, x; € I for every 1,
so xg = 0, and hence, x € B>1. Thus, I C B>1, but I is maximal, so I = B>. ]

2.2 Examples of F'SG algebras

We will present a lot of examples of F'SG algebras, many of them, within the class of skew
PBW extensions.

Example 2.2.1 (New examples of skew PBW extensions). K will denote a field.

1. Recall that the Sklyanin algebra (see Example 1.14, [21]) is the K-algebra
S = K{z,y,2}/{ayz + bry + c2*, axz + bzzx + cy?, azy + byz + cz?)

where a,b,¢c € K. Consider the case when ¢ = 0 and a,b # 0, then in .S we have
yr = —%xz and 2y = —Lyz, therefore S = ¢(K)(z,y,z) is a skew PBW extension

of K, that we call Particular Sklyanin algebra.

2. ([23], Chapter 12). Let G be a finite dimensional Lie algebra over K with basis
{z1,...,2,} and U(G) its enveloping algebra. The homogenized enveloping algebra
of Gis A(G) :==T(G & Kz)/(R), where T'(G & Kz) is the tensor algebra, z is a new
variable, and R={z @z -z ®z |z € GlU{z®@y—y®z—[z,y] | z,y € G}. From
the PBW Theorem for G ® K (z), considered as a Lie algebra over K (z), we get that
A(G) is a skew PBW extension of K|z].

3. 3-dimensional skew polynomial algebras. This type of K-algebras, denoted by A, are
generated by the variables z,y, z and restricted to relations

Yz — azy = A, zx — Prz = W, TY — VYT =V,
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such that A\, y,v € K+ Kz + Ky+ Kz and «, 5,7 € K*; if the standard monomials
{x%y72! | i,5,1 > 0} conform a K-basis of the algebra, then A is a skew PBW
extensions of the field K (see [1]). We present next classification of these algebras

given in [22]:

(a) If [{er, B,7}| = 3, then A is defined by

yz —azy =0,

zx — Pxz =0, zy —yyzr = 0.

(b) If {a, 8,7} =2 and 8 # a = v =1, then A is one of the following algebras:

(i) yz —zy = z,
(i) yz — 2y = 2,
(iii) yz — zy =0,
(iv) yz — 2y =0,
(V) yz — zy = az,

(vi) yz — zy = 2,

zx — frz =y, TY — Yr = T;

zx — Pxrz =0, Ty — Yyr = T
zx — Brz =y, xy — yxr = 0;
zx — Pxz =0b, xy — yxr = 0;
zx — Prz =0, TY — Yr = T

zx — Pxz =0, zy —yxr = 0.

Here a, b are any elements of K. All nonzero values of b give isomorphic algebras.
(c¢) If {a, B,7} =2 and B # a = # 1, then A is one of the following algebras:

(i) yz —azy =0,
(ii) yz — azy =0,

zx — Prz =1y +b, zy — ayxr = 0;

zx — fxrz = b, xy — ayx = 0.

In these cases, b is an arbitrary element of K. Any nonzero values of b give

isomorphic algebras.

(d) If « = B =+ # 1, then A is the algebra

Yz — azy = a1x + by,

zr — axz = agy + ba, Ty — ayr = asz + bs.

If a; = 0,4 =1,2,3, all nonzero values of b; give isomorphic algebras.

(e) If « = =v=1, Ais isomorphic to one of the following algebras

(i) yz —2y =z,
(i) yz — 2y =0,
(iii) yz — zy =0,
(iv) yz — 2y = —y,
(V) yz — zy = az,

Zr—xz =1, TY — Yr = 2;

zx —xz =0, TY — YT = 2;

zx —xz =0, Ty — yx = b;
Zx— T2 =T+, zy —yx = 0;
2x — 2 = 2, zy —yx = 0.

Parameters a,b € K are arbitrary and all nonzero values of b generate isomor-

phic algebras.

4. Sridharan enveloping algebra of 3-dimensional Lie algebra G. Let G be a finite
dimensional Lie algebra, and let f € Z?(G, K) be an arbitrary 2-cocycle, that is,
f: G x G — K such that f(x,z) =0 and

f(@,ly,2)) + [z [2,9]) + f(y, [2,2]) = 0,

for all z,y,z € G. The Sridharan enveloping algebra of G is defined to be the
associative algebra Uy(G) = T(G)/I, where T(G) is the tensor algebra of G and I is
the two-sided ideal of T'(G) generated by the elements

(x®y)—(y®x)—[x,y}—f(x,y), for aﬂﬂ?ayég-
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Note that if f = 0, then Us(G) = Uy(G) = U(G). For z € G, we still denote by z
its image in Uy(G). Up(G) is a filtered algebra with the associated graded algebra
Gr(Us(G)) being a polynomial algebra. Let K be a field algebraically closed with
characteristic zero. If G is a Lie K-algebra of dimension three, then the Sridharan
enveloping algebra Gr(Us(G)) for f € Z?(G, K) is isomorphic to one of ten following
associative K-algebras, defined by three generators x, ¥y, z and the following commu-
tation relations (See [17]):

7|

[ Type [ [=.y] [v.2] | [z

1 0 0 0

2 0 T 0

3 x 0 0

4 0 ay —T

5 0 y | —(@+y)
6 z —2y —2x

7 1 0 0

8 1 x 0

9 x 1 0

10 1 y T

where o € K \ {0}. Therefore the Sridharan enveloping algebra U;(G) is a skew
PBW extension of K, i.e., Us(G) = o(K)(z,y, 2).

Example 2.2.2. We classify the examples of skew PBW extensions as constant (C),
bijectives (B), pre-commutative (P), quasi-commutative (QC) and semi-commutative (SC)
(see 1.2.3); the classification is presented in the next tables, where the symbols x and
v'denote negation and affirmation respectively.

Sridharan enveloping algebra of 3-dimensional Lie algebra G
‘Type‘[m,y]‘[y,z]‘ [z, ] ‘C‘B‘P‘QC‘ SC ‘
1 0 0 0 VIiVvIiVv| Y v
2 0 x 0 VIV o* *

3 x 0 0 VIV ox *

4 0 ay —x AR RS *

5 0 y | @ty |V V|V * *

6 z —2y —2x VIV VY| % *

7 1 0 0 VIV x| % *

8 1 x 0 V|V * * *

9 x 1 0 V|V | * * *
10 1 Yy x VI Vx| % *
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skew PBW extension

Classical polynomial ring k[z1, ..., x,)

Ore extensions of bijective type

Weyl algebra

Particular Sklyanin algebra

Universal enveloping algebra of a Lie algebra G,U(G)

Homogenized enveloping algebra A(G)

Tensor product

Crossed product

Algebra of g-differential operators

Algebra of shift operators Sp,

Mixed algebra

Algebra of discrete linear systems

Linear partial differential operators

Linear partial shift operators

Algebra of linear partial difference operators

Algebra of linear Partial ¢g-dilation operators

Algebra of linear Partial ¢-differential operators

Diffusion algebra

Additive analogue of the Weyl algebra

Multiplicative analogue of the Weyl algebra

Quantum algebra U’ (s0(3, k))

Dispin algebra U(osp(1,2))

Woronowicz algebra W, (sl(2, k))

Complex algebra V,(sl(2, k))

Algebra U

Manin algebra

g-Heinsenberg algebra

Quantum enveloping algebra of s((2, K)

Hayashi’s algebra

The algebra of differential operators on a quantum space S

Witten’s deformation of U(sl(2, k))

Quantum Weyl algebra of Maltsiniotis

Quantum Weyl algebra

Multiparameter quantized Weyl algebra

Quantum symplectic space

Quantum symplectic space

Quadratic algebras in 3 variables

N T e e e e e e N A A AN A A A R AN A A A A A R A A A A AN e

SN ENEN RN N N N N AN AN N RN RN N N N AN AN AN RN EN N N AN AN ENENENENENENENENENENENEN [~
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H Cardinal ‘ 3-dimensional skew polynomial algebras ‘ C ‘ B ‘ P ‘ QC ‘ SC H
e, 8,7} =3 | yz —azy =0, zx — Brz =0, zy —yyr =0 VIiVvIiVvI|Iiv |V
Yz — 2y =z, zx — Brz =y, Ty —yr==x VIiVvIiVv] x *
Yz — 2y =z, zx — Brz =0, Ty —yr==x VIV]x ]| x *
e, 8,7 =2, |yz—2y=0, zx — frz =y, zy—yr =0 VIV IV x *
BA+a=y=1 yz —zy =0, zx — frz =D, zy —yr =0 VIV]x ]| * *
Yz — 2y = az, zx — frz =0, TY — YT = T} VI iVvIiVv] x *
yz — 2y =z, zx — frz =0, ry —yx = 0; VI VIV ox *
Ko, B4} =2, | yz—azy =0, zx — Brz=y+0, zy —ayr =0 VIiVv]x| % *
BFa=y=1 yz —azy =0, zx — Brz =0, zy —ayr =0 VIV]* ]| x *
b=a=v#1 | yz—azy=a1x + by, 2T — arz = agy + ba, ry—ayr =azz+by |V |V | * * *
yz — 2y = x, 2T —xz =1, Ty —yr =z VI VIV x *
yz —zy =0, zx —xz =0, TY —Yyr =2 VI VIV ox *
f=a=v=1 yz —zy =0, zx —xz =0, zy—yr=>=0 VIV x * *
yz — 2y = —v, 2 —x2=2+Y, zy —yr =0 VI VIV x *
Yz — 2y = az, 2T — T2 =T, zy —yr =0 VIVvIVv] x *

Example 2.2.3 (Skew PBW extensions that are F'SG algebras). In order to present
examples of skew PBW extensions that are F'SG algebras over the base field K, they
should be constant, since they are K-algebras and pre-commutative because they satisfy
2. in definition 2.1.1. Therefore, we have:

(i) According to the classifications presented in the previous tables the following skew
PBW extensions of the field K are F'SG algebras: Classical polynomial algebra;
particular Sklyanin algebra; universal enveloping algebra of a Lie algebra; quantum
algebra U'(so(3, K)); dispin algebra; Woronowicz algebra; ¢-Heisenberg algebra; nine
types 3-dimensional skew polynomial algebras (Example 2.2.1, numeral 3: (a); (b)
items (i), (iii), (v), (vi); (e) items (i), (ii), (iv), (v)); six types of Sridharan enveloping
algebra of 3-dimensional Lie algebras:

| Type || [=,9] | [y,2] | [z2] |
1 0 0 0
2 0 x 0
3 x 0 0
4 0 ay —T
5 0 y | —(z+y)
6 z —2y —2x

Many skew PBW extensions in the first table above are marked as non constant,
however, reconsidering the ring of coefficients, some of them can also be viewed as
skew PBW extensions of the base field K; in this way, they are F'SG algebras over K:
the algebra of shift operators; the algebra of discrete linear systems; the multiplicative
analogue of the Weyl algebra; the algebra of linear partial shift operators; the algebra
of linear partial g-dilation operators.

(i) Let K be a field with a fixed matrix of parameters q := [¢;;] € M, (K), n > 2, such
that q11 = 1 = ¢;;qj for every 1 <i,j < n. The quasi-commutative bijective skew
PBW extension Kq[z1,...,z,] defined by

TjTi = QijTiTj, vir =rw;, r€ K, 1<1<j<n



CHAPTER 2. SEMI-GRADED ALGEBRAS 20

(iv)

is called the n-multiparametric quantum affine n-space which is another example of
skew PBW extension of the field K that is F'SG (actually finitely graded) algebra.
In particular, this is the case for the quantum plane.

The following skew PBW extensions of the field K are F'SG but not finitely graded:
Universal enveloping algebra of a Lie algebra; quantum algebra U’(so(3, K)); dispin
algebra; Woronowicz algebra; g-Heisenberg algebra; eight types 3-dimensional skew
polynomial algebras (Example 2.2.1, numeral 3: (b) items (i), (iii), (v), (vi); (e)
items (i), (ii), (iv), (v)); five types of Sridharan enveloping algebra of 3-dimensional
Lie algebras:

| Type || [=,9] | [y,2] | [z2] |
2 0 x 0
3 x 0 0
4 0 ay —T
5 0 y | —(+y)
6 z —2y —2z

Example 2.2.4 (F'SG algebras that are not skew PBW extensions of K). The
following algebras are F'SG but not skew PBW extensions of the base field K (however,
in every example below the algebra is a skew PBW extension of some other subring):

(i)

(iii)

(iv)

(v)

The Jordan plane A is the free K-algebra generated by x, y with relation ya = xy+22,
so A= K{x,y}/{yx—xy—2%). Aisnot a skew PBW extension of K, but of course,
is a F'SG algebra over K. However, A can be viewed as a skew PBW extension of
Kz, i.e., A = o(K[z])(y), but note that in this interpretation By = Kz] € Z(A).
Thus, we will consider A as a F'SG algebra, actually, as a finitely graded algebra
over K.

The finitely graded K-algebra in Example 1.18 of [21] is not a skew PBW extension
of K:

A= K{z,y,2}/(* — zy — yx, 2z — w2, 29 — y2)

However, A can be viewed as a skew PBW extension of K|z], i.e., A = o(K|[z])(z,y),
but note that in this interpretation A1 A1 € A1 & As. Thus, we will consider A as a
FSG algebra, actually, as a finitely graded algebra over K.

The diffusion algebra (See [14], Section 3.4) A is a skew PBW extension of the
polynomial ring K[x1,...,2,] but is not a skew PBW extension of K. Note that A
is F'SG algebra over K.

The homogenized A(G) is a skew PBW extension of K|[z] but is not a skew PBW
extension of K. Note that A(G) is F'SG algebra over K.

The following examples are similar to the previous: Manin algebra, or more generally,
the algebra Oy(M,(K)) of quantum matrices; the complex algebra V;(sl3(C)); the
algebra U; the Witten’s deformation of U(sl(2, K)); the quantum symplectic space
O, (sp(K?")); some quadratic algebras in 3 variables.
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Example 2.2.5 (F'SG algebras that are not skew PBWW extensions). The following
FSG algebras are not skew PBW extensions:

(i) Consider the Sklyanin algebra with ¢ # 0, then S is not a skew PBW extension but
clearly is a F'SG algebra over K.

(ii) The finitely graded K-algebra in Example 1.17 of [21]:
A= K{x,y}/(ya® — 2°y,y°x — xy°).
(iii) Any monomial quadratic algebra
A=K{x,...,zn}/(zizj, (1,5) € S),
with S any finite set of pairs of indices ([19]).
(iv) A= K{w,z,y,u}/(yu, ur — zu, uw) ([18]).
(v) A= K{z,y}/(x%y,yz) ([18]).
(vi) A= K{z,y}/(a® —zy,yz,y°) ([7]).
(vii) A = K{w,z,y, 2}/(z%y?%, y322, 22w, z32) ([7]).

(viii) A= K{x,y,2}/{xz — 22,yz — zy, 232, y* + 223)([7]).

)
)
)
(ix) A=K{z,y,2z,w,9}/{y*2, 22* + gu*, y*w? g — gz,yg — gy, wg — gw, zg — gz) ([7]).
(x) A= K{z,y}/(z%y — y2*,2y® — y’x) ([7)).

(xi) A= K{z,y}/(zyz, zy’z,y*) ([7]).

2.3 Some invariants associated to F'SG algebras

2.3.1 The Hilbert series

In definition 1.3.11, we presented the notion of generalized Hilbert series of a F'SG ring.
We will prove next that if B is a F'SG algebra over a field K, then Ghp(t) is well-defined,
i.e., it does not depend on the semi-graduation (compare with 1.3.12). This theorem was
proved recently by Jason Bell and James J. Zhang in [5] for connected graded algebras
finitely generated in degree 1, we will apply the Bell-Zhang result to our semi-graded
algebras.

Theorem 2.3.1. Let A and B be connected graded algebras finitely generated in degree
1. Then, A = B as K-algebras if and only if A = B as graded algebras.

Proof. See [5]. O
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Corollary 2.3.2. Let A be a connected graded algebra finitely generated in degree
1. If A has two graduations A = @, o An = @,,>¢ Bn, then there exists an alge-
bra automorphism ¢ : A — A such that ¢(A,) = B, for every n > 0. In particular,
dimg A, = dimg B, for every for every n > 0, and the Hilbert series of A is well-defined.
Moreover, if Aut(A) = Auty.(A), then A, = B,, for every n > 0.

Proof. See [5] O

We will prove that the generalized Hilbert series of F'SG algebras is well-defined.

Proposition 2.3.3. If B is a F'SG algebra, then Gr(B) is a connected graded algebra
finitely generated in degree 1.

Proof. This is a direct consequence of part (iii) of Proposition 1.3.4. O

Theorem 2.3.4. Let B and C be FSG algebras over the field K. If ¢ : B — C is a
homogeneous isomorphism of K-algebras, then Gr(B) = Gr(C) as graded algebras.

Proof. From the previous proposition we know that Gr(B) and Gr(C) are connected
graded algebras finitely generated in degree 1; according to Theorem 2.3.1 we only have
to show that Gr(B) and Gr(C) are isomorphic as K-algebras. For every n > 0 we have
the homomorphism of K-vector spaces ¢y, : Gr(B)n, — Gr(C), by, — ¢y, with ¢(by,) = ¢,
(observe that Gr(B),, = B, and Gr(C), = C,, as K-vector spaces); from this we obtain a
homomorphism of K-vector spaces @ : Gr(B) — Gr(C) such that ¢ o pu, = éﬁ;, for every
n > 0, where y, : Gr(B), — Gr(B) is the canonical injection. Considering ¢ := ¢! we
get a homomorphism of K-vector spaces ¢ : Gr(C') — Gr(B) such that ¥ o v, = ¢, for
every n > 0, where v, : Gr(C), — Gr(C) is the canonical injection. But observe that
pop = iGr(C) and po ¢ = iGr(B)‘ In fact, o (b,) = PP(pin(bn)) = Bon(bn) = P(cn) =
Pun(cn) = on(cn) = ¢~ 1(cy) = by. In a similar way we can prove the first identity. It is
obvious that ¢ is multiplicative. O

Corollary 2.3.5. Let B be a F'SG algebra. If B has two semi-graduations A = €P,,5q Bn =
®n20 Ch, then dimg B,, = dimg C,, for every n > 0, and the generalized Hilbert series of
B is well-defined. Moreover, Ghp(t) = he,(p)(t)-

Proof. We consider the identical isomorphism i : B — B, by Theorem 2.3.4, there
exists an isomorphism of graded algebras ¢ : Gri(B) — Grgo(B), where Gri(B) is the
graded algebra associated to the semigraduation { By, },>0 and Gra(B) is the graded algebra
associated to {C),}>0; from the proof of Corollary 2.3.2 we know that dimg (Gri(B)y) =
dimg (Gra(B)y,) for every n > 0, but from the part (iii) of Proposition 1.3.4, Gr1(B), = B,
and Gro(B), = C,, moreover, these isomorphisms are K-linear, so dimyg B, = dimg C,,
for every n > 0. O

Corollary 2.3.6. Each of the algebras presented in the Examples of 2.2 have general-
ized Hilbert series well-defined. In addition, let A = o(K)(x1;...;2y) be a skew PBW
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extension of the field K; if A is a F'SG algebra, then the generalized Hilbert series is
well-defined and given by

Ghy(t) = = t)n'

Proof. Direct consequence of the previous corollary and Theorem 1.3.13. 0

Example 2.3.7. In this example we show that the condition (iv) in Definition 2.1.1 is
necessary in order to the generalized Hilbert series of F'SG algebras be well-defined. Let £
be the 3-dimensional (Heisenberg) Lie algebra that has K-basis {z,y, z} with Lie bracket

[z,y] = 2, [x,2] =0, [y,z] =0.

The universal enveloping algebra U(L) is connected graded with degz = degy = 1,degz =
2. With this grading, the homogeneous component of degree 1 of U(L) is Kz + Ky. Thus,
U(L) is not generated in degree 1, i.e., with this grading, U (L) can not be viewed as F'SG
algebra. In this case the generalized Hilbert series is

1
(1=t)*(1—y?)

On the other hand, U(L) is FSG by setting degx = degy = degz = 1. According to
Corollary 2.3.6, in this case the generalized Hilbert series is

(=1

2.3.2 The Yoneda Algebra

The collection SGR-B of semi-graded modules over B (see [13]) is an abelian category;
K is an object of this category with the trivial semi-graduation given by Ky := K and
K, := 0 for n # 0; if M is a semi-graded B-module, then for any i € Z, M (i) denote the
shift of the semi-graduation of M. We can associate to B the Yoneda algebra defined by

E(B) := P Exts(K, K);

i>0

as in Definition 1.1.5, the Ext’; (K, K) groups are computed in SGR-B by extensions
instead of by projective resolutions of K. Thus E(B) = @,.,E'(B) is a N-graded
algebra, where E*(B) := Extl(K,K) is a K-vector space. In fact, Extl(K, K) is a
Ext% (K, K)-module and Ext% (K, K) = Homp(K, K) = K, where the last isomorphism
is a ring isomorphism (actually an isomorphism of K-algebras) defined by k — «y, with
ag(z) := zk, for z,k € K. This isomorphism can be also proved in the following way:
HOHIB(K,K) = HOHIB(B/BZhB/BZl> = HomB/B21(B/BZhB/BZI) = 3/321 = K.
This proves also that E(B) is connected. In addition, note that the K-vector space
Ext’ (K, K) is N-graded

Ext(K, K) = @ Exty (K, K),
Jj=20
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with
Exty (K, K) := (Extiz (K, K))_; := Exty (K, K(—j)),

so setting £ (B) := Ext%j (K, K) we get that

E(B) = €p EY(B)

i,j>0
is a bigraded algebra. For ¢ > 0, we have
E'(B) = @ EY(B) = @ Exty (K, K).

Jj=0 j=0

In particular
E°(B) = (P Hom}, (K, K) = @ (Homp (K, K))_; = P Homp (K, K (—j)),
7>0 7>0 7>0

with HOHIB(K,K(—])) = {f S HOHIB(K, K) ‘ f(Kl) C Kl,j,l S Z}

2.3.3 The Poincaré series

Another invariant that we want to consider is the Poincaré series; let B be a F.SG algebra;
as we observed above, F(B) is connected and graded; if E(B) is finitely generated, then
E(B) is locally finite and hence the Poincaré series of B is defined as the Hilbert series
of E(B), i.e.,

[e9]

Pp(t) == (dimg Ext}(K, K))t".
n=0

By Proposition 2.3.2, Pg(t) is well-defined if E(B) is generated in degree 1.

For finitely graded algebras, the Poincaré series can be also defined by the Tor vector
spaces.

Lemma 2.3.8. If Bisa F'SG algebra, then Gr(B) is a connected algebra finitely generated
in degree 1.

Proof. This is a direct consequence of part (iii) of Proposition 1.3.4. O

Corollary 2.3.9. Let B be a F'SG algebra such that K has a B-free homogeneous reso-
lution. Then, for every n > 0

Tor? (K, K) = Ext(K, K)

as K-vector spaces.
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Proof. We will prove that for every n > 0,

Torl (K, K) & Tor$ ") (K, K) and Ext}y(K, K) 2 Ext}y, , (K, K)

(B)(
as K-vector spaces. If so, then the corollary follows from Lemma 2.3.8 and Lemma 1.1.8.
It is clear that

TorP (K, K) 2K = Torgrr

Ext}(K, K) =K = Extg,,

B)(K, K),

(K ).

Consider a Gr(B)-free homogeneous resolution of K
o= Gr(B)Xn) 2ny Gp(B)Kn-1) Zn2h, 22 Gr(B)KY) 2 Gr(B) (K0 2 K 0,

and the B-free homogeneous resolution of K
coi o BO) Bry p(Xna) Pooay B p(x) Buy pxo) oy e

where Gr(BXn)) = Gr(B)¥X), Gr(B,) = an for every n > 0 (see [16], Theorem 4.4;
note that the filtration of B&") is exhaustive and discrete). Applying K ®c¢,(5) _,
Homg, (g (_, K) to the first resolution and K ®p _, Homp(_, K) to the second, so, we
get the complexes of K-vector spaces

LK ®ag

(Xp) LK ®on K@y (p)Cr(B)X0) E=2, k0,

b LR ®an L Qo
4..*)K®Gr(B)Gr<B> —>K®Gr(B)Gr<B>( n—1) n LUK

) Lg®PBn

LBy, —
K@ B(Xn) KEOPn o p (X ) KOl ek ©P,

Ko pBX0) KO0, 1 o

O—>KQ—O>H0mGr(B)(Gr(B)(X(J),K)a—1>~-~%;1>HomG1.(B)(Gr(B)(Xn—l),K)%HomGr(B)(Gr(B)(X”l),K)—>-~- ,
Br1

O—)HomB(K,K)B‘O>HomB(B(XO) ,K)ﬁ‘l»u—)HomB(B(X”*l) ,K)B—n>HomB(B(Xn),K)—>m ,

and since for every p > 0, Gr(B), = B, (isomorphism of K-vector spaces), then for every
On,
n > 0 we obtain an isomorphism of K-vector spaces B(X») = Gr(B)X»), and from this

we get:

r§r<B>(

To K,K)=ker(tg®@an)/Im(t g @cn41) = ker(LK®ﬁn)/Im(LK®ﬁn+1):Torf (K,K),

Extrér(B)(IQK):ker(aZJrl)/Im(a;) o ker(ﬁ:LJrl)/ Im(B;;)=Ext% (K,K).

In fact, the diagrams of K-vector spaces are commutative

B(XnJrl) A} B(Xn)

9n+ll Jan

Gr(B)Xn+1) —— Gr(B)Xn)
An41
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®RBn
K @p BXns1) — 2000 o B

fn+1J lfn

K ®Gr(s) Gr(B)FXn+1) —— K BGr(B) Gr(B)Xn)

L Qan41

Homp(BXn+1) k) ——* Homp(BX"), K)

gn+1J/ J{gn

Hom@y ) (Gr(B) X+, K) —— Homgy, ) (Gr(B) ™), K)

C“n+1
where f,, is the isomorphism of K-vector spaces induced by f/,(k,b) := k®60,(b), f!(k,c) :=
k@6, (c), with k € K,b € B&Xn) ¢ € Gr(B)Xn). On the other hand, g, is the isomorphism
of K-vector spaces defined by g, (h) := h8~ !, with h € Homp(BX») K). O

Now, we will present a theorem which will give us the relation between the Yoneda
algebra of a F'SG algebra and the Yoneda algebra of its algebra graded. It has two proofs;
by projective resolutions and by extensions.

Theorem 2.3.10. Let B be a F'SG algebra such that K has a B-free homogeneous
resolution. Then E(B) = E(Gr(B)).

Proof 1. We will show that E(B) = E(Gr(B)) as graded K-algebras: From Corollary

. i
2.3.9, for every i > 0 we have the isomorphism of K-vector spaces E(B); = Extz(K,K) =
Ext’Gr(B)(K, K) = E(Gr(B));, then taking v := ;5o we get the isomorphism of

K-vector spaces E(B) = E(Gr(B)). It is clear that 7 is homogeneous and «(1) = 1.
It only remains to show that ~ is multiplicative. For this, it is enough to prove that
v(zizj) = v(zi)y(z;), for every z; € E(B);,z; € E(B); and i,j5 > 0. Recall that
the product in E(B) is defined in the following way (see [25] and [2]): As in the pre-
vious Corollary, consider the resolution {B(X¢) i, B&i-1)},54 of K that defines the
groups Exth (K, K), with B&X-1) .= K; moreover, let f € Extiy(K, K) = ker Biq/Im BF
with f € kerf,; C Homp(BX),K) and § € Extj(K,K) = kerfi,,/Im B} with
g €ker 57 C Homp(B™X3), K), then the product is defined by

Extl; (K, K) x Extly(K, K) — Ext? (K, K)
(f,9)— fg:= 14,

where ¢: B&i+i) — B(Xi) ig defined inductively by the following commutative diagram:

BX;) B&X5+1) BWXi+i)
go Jg = 91 lgoﬂj-&-l = ... = g :gl J(gi—lﬂj+i
K K K
B —— K B im(8)) B —— Tm(f;)
1 7

Note that this product is well defined and fg' € ker 5} " j+1- Applying 7vi4; we get the
claimed. O
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Proof 2. Let vp41: Ext} (K, K) — ExtE;l(B)(K, K) be the isomorphism of K-vector

spaces, f € Ext%“(K, K); denote g := v,+1(f) and let

co o BX) Pry p(Xnoa) oty B p(xy) B p(xo) Poy g

co o Gr(B) X 2y Gp(B)(Kn—1) 0oLy 22 qp(p) (X)) 2 ()Xo By i g

be the resolutions of K as in the Corollary 2.3.9. Using the construction in [2], f is
equivalent to the class of the following extension:

J v _ —
Iy 0_>K_f>Tf_f>B(Xn—1)’%_HB(Xn—Q)%_2>...B_2>B(X1>B_1>B(Xo)5_0>}(_>0’

where (T%,jf,i¢) is the pushout of ¢: Im 3, — B&n-1) and f': Im B, — K, with f' is
defined as follows: for every z € Imf3, there exists y € BXn) such that z = Bn(y), so
f'(z) = f(y) and v¢((m,n)) = Bn=1(m) (see [2]). Likewise, g is equivalent to the class of
the following extension:

ly: 0K 25T 2%Gr(B) Xn-1) 2021 Gr(B) (Xn—2) 202, 92, 60 (B)(X1) 2L, G (B) (X0) 20, k0.

Also, [lf] = [l4] in Extrétl(B)(K, K). In fact, the following diagram is commutative:

Im o,

Ty,

with p,_1: B&n-1) — Gr(B)X»-1) K-isomorphism, so, using five’s lemma, the diagram
below is commmutative

lg: 0 K Ty cr(B)Xn-1) — ... —— ar(B)X1) — ar(B)X0) —— Kk ——> 0
ly: 0 K Ty BXn—1) B(X1) B(X0) K 0,

showing that [If] = [l;]. Now, if f; € Extl;(K, K), fo € Ext5(K, K) and g1 = v,(f1),92 =
'VCI(f2)? then [19192] = [lf1f2] = [lf1Hlf2] = [lgl][l_(D] in Ethér(B)(K, K),s0 v = @kzo Vi is &
K-algebras isomorphism. O

Corollary 2.3.11. Let B be a F\SG algebra such that K has a B-free homogeneous
resolution and E(B) is finitely generated in degree 1, then Pp(t) is well-defined and it is
also given by
o0
Pp(t) = (dimg Tor} (K, K))t".
n=0

Moreover, Pg(t) = PGrs) (t).
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Proof. This follows from the last Corollary and from the definition of Poincaré series. [



Semi-Koszul Algebras

3.1 Definition of Semi-Koszul

Definition 3.1.1 ([3]). The (direct) product of the family of lattices { L, }weq s defined
as follows

I1zo =] Lerr V),

Q Q

which is the cartesian product, with A and V operating component-wise.

Definition 3.1.2 ([3]). The semidirect product of { L }weq s a sublattice L of the product
such that for each wq the composition L — [[q Lo — Ly, is surjective.

Definition 3.1.3 ([3]). Let (L, A, V) be a lattice.

1. L is distributive if for any a,b,c € L the following condition is satisfied
aN(bVe)=(aAb)V(aAc).
2. The sublattice generated by a subset X C L, [X], consists of all elements of L that
can be obtained from the elements of X using the operations \ and V.

3. The collection L1, Lo, ..., L, C L is distributive if it generates a distributive lattice
of L.

Proposition 3.1.4. If L is a semidirect product of the family {L }weq, then L is dis-
tributive if and only if for all w € , L,, is distributive.

Proof. See [3], Lemma 1.1. O

Let K be a field and V' be a K-vector space, the set L(V') of all its linear subspaces is
a lattice in relation to the operations of sum and intersections.

Proposition 3.1.5. Let V be a K-vector space and X1,..., X, CV be a finite collection
of subspaces of V. The following conditions are equivalent:

(i) The collection X7, ..., X, is distributive.

29
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(ii) There exists a basis B := {w;}icc of V such that each of the subspaces X; is the
linear span of a set of vectors w;.

(iii) There exists a basis B of V such that BN X; is a basis of Xj, for every 1 < i < n.
Proof. See [3], Lemma 1.2. and [19]. O

Now, we have the following notions (compare with [3]) associated to any F'SG algebra.

Definition 3.1.6. Let B = K{x1,...,z,}/I be a FSG algebra. The lattice associated to
B is the sublattice L(B) of subspaces of A := K{x1,...,x,} generated by
{AS 19A% | s,h,g > 0}. For any integer j > 2, the j-th lattice associated to B is
defined by

Lij(B):=[{A AL | s,h>0,9>2,s+g+h=j} C ({subspaces of Aj;N,+}),

where Agly Ay, is the subspace of A; consisting of finite sums of elements of the form abc,
with a € As, b€ 1y, c € Ay, and

I, :={ay € Ay | aq is the g-th component of some element in I}.

For any two-sided ideal H of A, the K-subspace H, is defined similarly.

From now on in this section, we will denote A := K{x1,...,2,}.

Theorem 3.1.7. Let B = K{z1,...,z,}/I be a FSG algebra with I = (b1, ba,...,bpn)
such that b, € A>q for 1 < i < m. Then L(B) is a semidirect product of the family of
lattices

{L;(D) U {0, A} }j>2 U {{0, K},{0, A1 }}.

In particular, L(B) is distributive if and only if for all j > 2, L;(B) is distributive.
Proof. The proof of Lemma 2.4 in [3] can be easily adapted.

Step 1. For any j > 2 and any X € L;j(B), we have 0 C X C A;. So L;(B)U{0,4;} is a
lattice.

Step 2. If s >0,9>1,h>0and j > 24 s+ h, then
( 8’211914%1)3' = As(*[g)jfsthh-

We only have to prove that (A%$,I19A%,); C As(19);_s—nAp since the other contain-
ment is trivial. Recall that one element of (A3 ,19A%,); is the j-th component of
some element of Asz1IgA}§13 let z; € (A“élIgA;l)j, then there exists y € AleIQAFZLl
such that z; is the j-th component of y; the element y is a finite sum of elements
of the form abe, with a € AL, = A>,, b € 19 and ¢ € A’;l = Asp, so the j-th
component of y is a sum of the j-th components of elements of the form a;ba;, with
k> s, be I9andt > h, but since Ay, = A;Ai_s for k > s and Ay = A;_p Ay, for
t > h, then the j-th component of aiba; is the j-th component of as(ax_sbas_p)ap,
i.e., it is an element of Ag(19);_s_pAp.
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Step 8. For g > 1 and j > 2,
(Ig)] = ZAkQIllAkl-[lz e Akgfl-[lgAkg)

where the sum is taken over all relevant ko,..., kg, l1,...,l; such that Yk, +
Y nln =j. Indeed, if p € I9, then p is a sum of elements of the form

aWYpra@py- - a(g—l)pga(g)7
with a(” € A,p; € {b1,...,bpn}, 0<7r<g,1<i<g.
Step 4. For any g > 2 and any 2¢g + 1 non-negative integers ko, ..., kq,l1,...,l; we have

g
ATy, Ay Ty -+ Ay D1y Ay = () Akt tothas Do A ooty

a=1

In fact, let ¢ = agpiay - - “Pglg € AkOIllAklllz e Akg,lllgAkga with a, € Akr, p; € Iy,
0<r<g 1<i<g, then ¢ € Agoriy+tko_1l1, Akgt-tk, for every 1 < a < g;
the converse follows from the fact that for any a € A — {0} homogeneous with
a = bc = de, then b,c,d, e are homogeneous; in addition, if b € Ay, d € A; with
t > s, then there is f such that a = bfe, d =bf and ¢ = fe.

Step 5. For any s > 0, g > 1, h > 0 and j < s+ g + h we have (ASZlIgAgl)j = 0, since
b; € A>q, for 1 < i < 'm; likewise, for j < g, (19); = 0.

From these steps,
L(B) = {0, K} x {0, A1} x | [] Zi(B) U {0, 45}
Jj>2
Finally, fix j > 2, then L(B) — L;(B) U {0, A;} is a lattice surjective map, since:
i (Ig)j =0,ifj<g,
o (A%); =A;,if j >,
e Ifs,h>0,9g>2 s+g+ h =7, then

Ay Ay = (AL 19 AL);.

The cases 7 = 0,1 can be proved by the same method. Thus, L(B) is a semidirect product
of the given family. O

Definition 3.1.8. Let B = K{z1,...,x,}/I be a FSG algebra. We say that B is semi-
graded Koszul, denoted SK, if B satisfies the following conditions:

(i) B is finitely presented with I = (b1,...,by) and by € A>y for 1 <i<m.

(i) L(B) is distributive.

It is clear that any Koszul algebra is SK.
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3.2 Examples of SK algebras

Example 3.2.1. We consider first the Dispin algebra U (osp(1,2)) over a field K; recall
that it is defined by

Yz — 2y = 2, zx + 2 =1y, TY —Yr = T.

So, B := U(osp(1,2)) is a FSG algebra, B = A/I, where A := K{x,y,z} and I :=
(yz —zy — z,zx +xz —y,zy — yx — x). Note that every generator of I belongs to A; @ As,
moreover, x,y,z € I;. We have to show that for every j > 2, L;(B) is distributive. For
this consider the canonical basis B; = {u1---u; | u; € {z,y,2},1 < i < j} of A; and
AdgAp < Aj with s + g+ h = j. Then Al A, N B; = Bj, i.e., Bj is a basis of A;I;Ay,
therefore from Proposition 3.1.5, L;(B) is distributive, and from Theorem 3.1.7, L(B) is
distributive. Thus B is SK.

As above, we can prove that the lattices of the quantum algebra U’(s0(3, K)) and the
Woronowicz algebra W, (sl(2, K)) are distributive, so these algebras are SK.

Example 3.2.2. The algebra S} of shift operators is a finitely presented algebra with
presentation Sy, := K{t,z,}/I, with I = (zpt — tx}, + hxy) and for every j > 2, Lo(Sh)
is distributive. In fact, note that the generator of I is in A1 & Ay, moreover, x; € Ii;
let By, := {a1a2- - am | a; € {xp,t},1 < i < m} be the canonical basis of A; and as in
Example 3.2.1, consider ApI,A; < Aj, such that k,5 >0, g > 2and k+g+s = j. Observe
that I, is generated by the sets Si,Sa,..., Sy, where S, := {ujus - up_12pUr41 - - uqg |
u; € {wp,thi=1,2,...,r=1,r+1,...,9}, 1 <r < g, 80 AplgAsN By = SUS,U---USy,
where
Sy o= {v1 - vperw - ws | vy, wg € {xp, th e € Sy ks

but Ayl As is generated by S’ := S]U S, U---U S and S’ is linearly independent since
S' C B;.

Example 3.2.3. The algebra D for multidimensional discrete linear systems is SK, as we

are going to show next. D has a finite presentation given by D = K{t1,...,tn,z1,...,2n}/1,
where [ := (J), with

J:{."L‘iti—til'i—l‘i|1§i§n}U{$iiL’j—£L'j:L‘i|1§j<i§n}U
{titj—tjti‘1§j<i§n}U{$itj—tjfL'i|1§’L',j§’l’b,i7éj};

we define N := {z1,...,2n,t1,...,tn}, A = K{t1,...,tn,1,...,2,}. Let us show that
L, (D) is distributive for all m > 2. Observe that z; € I for every 1 < i < n; let

m m—1 m—1
B = (| BIM)ul c™)ulJ EM™)U T,
1

r—= r=1 r=1

where
Jm={t"1<i<n},
B£m>::{al~-~aT,1xiar+1~~-am\akGN;kzl,Q,...,r—1,r+1,...,m;1§i§n},
O™ i={arar_1tjtiari2-amlagENk=12,...r—1,r+2,...m;1<j<i<n},

Efnm) ::{a1-~~a771 (titj —tjti)ar+2'~~am|akEN;k:LQ,...,T—1,T+2,...,m;1§i<j§7’b},
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note that B, generates the canonical basis Y = {a;---ap | a; € N,1 < i < m} of 4,,
and it is linearly independent, i.e., B,, is a basis of A,,. Now we consider A;J;A; <
A, with s,h > 0,9 > 2 and s + g+ h = m. Since A,I;A; is generated by the sets

+g-2
BB B L B BB then Adyn 1 B = (U7 B U
(Uls;rf_;f El(m)) which is a basis of AsI;Ay.

As the algebra for multidimensional discrete linear systems, we can show that the
algebra of linear partial shift operators, the algebra of linear partial ¢-dilation operators
and the g-Heisenberg algebra are SKC.

Example 3.2.4. The complex algebra V;(s[(3,C)) is an algebra such that V,(s((3,C)) =
C{z1, 72, 23,Y1, Y2, Y3, k1, k2, 11, 12} /(I), with ¢ € C, ¢® # 1 and I has the following el-

ements (originally x1,x9,x3,y1,y2,y3 are represented by e, €13, €23, fi2, fi3, fo3 respec-
tively):

-2
€T2X1—q ~X1X2,
2
T3T1—q T123 + qT2,

-2
T3x2—q XT2X3,

1
T1y1—y1T1 — (2
9 —q

T1Y2—y211 — qusk?,
T1Y3—Y3x1,
Toy1—y1z2 +q s,
1

Toy2—Y2T2 + ( 2
Toy3—y3r2 — qk3T1,
T3Y1—Y173,

T3ya—y2xs + q Y113,
T3Y3—Y3r3 + ( 5

Tala—qlaza,
hys—q 'ysh,
lik1—k1l4
l1ko—kol1,

_2> (k% - l%):

) 8 - ),

1
o) (3-8

Yoy1—q 2Yy1y2,

ygyl—q2y1y3 —qYy2,

Ysy2—q 2y2ys,
r1k1—q kw1,
r1ko—qkox1,
zok1—q k172,
xoko—q koxa,
xr3k1—qk123,
r3ka—q *koxs,
r1l—q*lz,
21lo—q oy,

T2l —qli 22,

laya—qyala,
z3la—q*las,
lok1—k1la,
lako—kola,

kiyi—q 2yiki,

koy1—qy1 k2,
k1ya—q ok,
koy2—q ty2ko,

k1ys—qyski,

koys—q *ysko,
Lhyi—q*yil,
loy1—q ‘il

liya—qyaly,

x3h—q s,
lays—q°ysla,
koky—Fk1ko,
lolh—11lo.

Let us define N := {1, x2, x3, Y1, Y2, Y3, k1, k2, 1, l2}. Now, we are going to show that:

o Ly(V,(sl(3,C))) is distributive: Note that I5 is generated by By and Cs, where

By:={za|z€ Bj,ae N}U{az |z € By,a € N}, with By := {z2,12},
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Cy = {wsa1 — ¢ 2123, Y3y1 — CY1Ys, T1Y3 — Y321, Ty1 — Y123,
w1l — Py, xily — ¢ Moy, ik — ¢ Pkian, 21ks — gkoy,
x3ly — ¢ 'lhas, wsly — ¢Plows, sk — qhiws, w3ky — ¢ 2koxs
Lyt — @yl boyr — ¢ 'yale, kiyy — ¢ 2yk, kayn — qyiks,
hys — ¢ 'ysly, lays — Pysla, kiys — qysky, kays — ¢ *ysks,
liky — kaly, loky — kalo, lika — kaly, lake — kala, loly — lila, koky — kiks,

1 2 2 ( 1 > 2 2
Ty — 1w — (5 —— | (k1 — 1), w3y3 —ysz3 + | 50— | (k3 — (3)}.
<q2_q2>(1 1) qg_qg (2 2)}
Consider B := By U Cy U Dy, where

Dy = {z123, 9193, Y321, Y123, i1, lox1, k121, koxy, s, loxs, ka3, koxs
liyrs layr, ks kaya, Lys, L2ys, kys, koys, kily, kila, kaly, kala, l1l2, k1 ks

2 .2 2 2 12 1.2 12 32
Ysxs, Y121, xy,T3,Y1,Ys3, kl? k27l1?l2}‘

Note that B generates the canonical basis Cy := {ajas | aj,a2 € N} of As and
it is linearly independent, so B is basis of As, and BN Iy, = By U Cy. Therefore,
Loy(Vy4(sl(3,C)) is distributive.

o L3(V,y(sl(3,C))) is distributive: Note that
— A1 is generated by B} and Cf, where
B :={ba|a € By,be N},
C5:={ba|a € Cybe N}.
— Iy A, is generated by Bj and C¥, where
BY :={ab|a € By,b € N},
CY :={ab|a € Cy,b € N}.
— I3 is generated by Bs, C3 and Fs3, where

B3 :Bé U Bga
03 :Cé U C{/gla
E3 ::{ygk%, l%ajg, k%xla yll%}

Consider B := B3 U C3 U D3, where B3, C3 are as seen above and

Ds:={ab|a € Dy,be N}U{ba|a € Dy,be N},

B is a basis of Az and since E5 C D3, then BNI3 = BsUC3UE3, BNAI, = B5UCY
and BNI; A1 = B{UCY which are basis for I3, A;I> and Iy A respectively. Therefore,
L3(Vy(sl(3,C))) is distributive.

o L,4(V,(sl(3,C))) is distributive: Note that
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— 14 is generated by By, Cy4, E4 and Fy, where

By:={ab|a€ Bs,be N}U{ba|a € Bs,b e N},
Cy:={ablaecCs,be N}U{ba|a € Cs,be N},
Ey:={ab|a€ Es,be N} U{ba|a€ E3,be N},
Fy = {k3k2 — 212}

— Aql3,I3A1, Asls, [5As and A1lsA; have a similar generators as in the case
above.

Consider B := B4 U C4 U D4 which is a basis for A4, where B4 and Cy are as above
and
Dy:={ablae€ D3, be N}U{ba|a€ D3,be N},

moreover, this basis shows that L4(V,(s((3,C))) is distributive.

e Similarly is shown that L,,(V;(sl(3,C))) is distributive for m > 4.

Therefore, V,(sl(3,C)) is a SK-algebra.

Example 3.2.5. The algebra W (§) is a 7-parameter deformation of the universal en-
veloping algebra U(sl(2, K)) generated by x,y, z, depending on a 7-tuple of parameters
&= (&1,...,&r) assumying £16385 # 0, in other words W (§) = K{z,y, z}/(I), where

I = {2z —&zx — &r, 2y — &3yz — &y, yx — S5y — €627 — &7z}

We are going to check that W (&) is SK in every case:

—

If £2€4&7 # 0, the proof is similar to 3.2.1.

It & = 0 and &7 # 0, fix j > 2 and consider B; the canonical basis of A; and

AdgAy < Aj, with s,h > 0, g > 2, note that Al A, = (Bj — Bsgn), where
Bsgp :={azx% | a € As,b € Ap}. So AglyAp N Bj = Bj — Bs 4, which is a basis for
AdgAp. Thus W (§) is SK.

. If &4 =0 and &¢&7 # 0, it is similar to 2.

If & = 0 and &¢&y4 # 0, with & = 0, it is similar to 2. Now, with & # 0, fix j > 2
and consider B; the canonical basis of A; and consider A,I;Ay < A;, with s,h >0,
g > 2, moreover, A;IyA, N B; = Bj, which is basis for A1y Ay,. Therefore, W(§) is
SK.

I & =&, =0and & # 0, it is shown in the same way that 3.2.3.

I &y =& =0and & # 0, it is similar to 5.

[f& =& =0and & #0, as 5.

I & =¢&4 =& =0 and & # 0, similar to 5.
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Example 3.2.6. For every element nonzero q € K, one defines the quantum symplectic
space Og(sp(K?)) = K{y1,...,Yn,T1,...,Tn}, where I has the following elements:

bji :=yjxi — q Ty, Vi YiYi — Vil l<i<js<n,
i = wjwi — i, Cji 1= XY — qyiwy, 1 <i1<j<m,
i—1
di = miyi — Cyimi — (@ = 1) Y ¢ 'y, 1<i<n.
=1

Let us show that Ly, (O, (sp(K?"))) is distributive for m > 2: Define N := {@1,...,Zn, Y1, -, Yn}
and let

m—1 m—1 m—1 m—1 m—1
Bn:=(|J Bi™yu(lJ ci™yu Y pimyuly BMuc Fiu g,
s=1 s=1 s=1 s=1 s=1

B™ :={ay - ar_1bays1- - am|bEBas e Nt =1,2,....,r —1,r+1,...,m},
Cﬁm) ={a1--ar_1car41-am |c€Ciap € N5t =1,2,...;r —1L,r+1,...,m},
™ ={ay - ap_1di@ry1 - am e €Nt =1,2,...r =1, r+1,...,m;1 <i<n},
m) ={ay---ar_1€a,41--am e € E;aqp € Nt =1,2,...,r—1,r+1,...,m},
F™ =fay - ar_1fapy1-am | fEFar € Nst=1,2,...,r —1,r+1,...,m},
Ji={zi" |1 <i<npU{y"|[1<i<n},
with

Bi={bji|1<i<j<n}Uflf[1<i<j<n}
Ci={ci|1<i<j<n}u{d;|1<i<j<n},
E = {zy; | 1<i,j <n},
Fo={zz;[1<i<j<n}U{yy; |1<i<j<n}

B, generates the canonical basis of A,, and it is linearly independent. Now consider
AplyAs < Ay, such that k,5 >0, g > 2 and k+ g+ s = m. Since Ayl A, is generated by

the set
k+g—2 k+g—2 k+g—2
M::( U B§m>>u< U C§m>> u( U ng>>,

s=k+1 s=k+1 s=k+1
then B,,NA,I,As = M, showing that L,,(O,(sp(K>"))) is distributive. Thus O (sp(K>"))
is SK.

Example 3.2.7. Consider the algebra ([7]) A = K{x,y}/(2* — xy, yx,y®), which is not
a skew PBW extension, but is a F'SG algebra. This algebra satisfies that L(A) is a
subdirect product of the family of lattices

{L;(A) U {0, A;}}>2 U {{0, K},{0, A1 }},

but L3(A) is not distributive. In fact, note that the lattice L3(A) is generated by
A1[2,12A1,13 and
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1. A1l is K-generated by D = {2® — xyx, 2%y — 2y?,y2?, yzy}, and D is K-linearly
independent. Therefore dimg (A;l2) = 4.

2. I Ay is K-generated by C = {23 — 2%y, y2? — yay, vyx,y?z}, which is K-linearly
independent. Thus dimg(l2A1) = 4.

Now, let us suppose B = {aj,ag,...,as} be a K-basis of A3 such that X := BN Al is a
basis of A1l and Y := BN IyA; is a basis of I, A;.

Without loss of generality, suppose that X = {ay,...,a4}, then yz? = Aja; + Ayag +
Asaz + Agaq and yxy = Bray + Baaz + Pzaz + Bray with Ay, 3; € K for 1 <i <4, A\ # 31
(maybe organizing), A; # 0 and \; # B3;, for some j = 2,3,4, otherwise, if \; = 3;, for

ﬁ1

j =2,3,4, then yxy — 2Lya? = 0, which is imposible. So

ya® —yry = (A1 — Br)ar + (A2 — B2)az + (A3 — B3)as + (A1 — Ba)au,
with at least ai,a; € X NY, consequently

—a1(¢” — zyx) + ao(z’y — 2y®) + as(ya®) + au(yzy)

=71 (2% — 2%y) + 12 (yz? — yay) + y3(zyz) + uy ),
=m(2® — zyz) + m(2®y — 2°) + 13(yz”) + m(yzy)
—ul(af2 — 2y) + pa(ya® — yay) + ps(zyz) + pa(y’a),

3

with ay, v, mi, b € K for 1 < ¢ < 4. Thus there exist two different K-combinations non-
trivial of C' U D equal to 0, hence the base B does not exist, and for this reason A is a
FSG algebra which is not SK.

Examples above motivate the next theorem, which gives a wide list of SK algebras.

Theorem 3.2.8. Let B be a skew PBW extension of a field K with presentation given
by B = K{r1,...,2n}/(I), where I = {x;x; — ¢; jvivj — ay, ;xy, ; | ar,, € K}. Then B is
SK.

Proof. Note that B is a F'SG algebra. Let B be a skew PBW extension of a field K, let
A= K{r1,...,;on}, N i={z1,...,zp} and J :={k;; € {1,...,n} | ap,,; # 0,1 <i < j <

We are going to show that L,,(B) is a distributive lattice for m > 2.

o If |J| = n, let us define

where

Dﬁm) ={a1 - ar1ziapq1 - am |lag €Nt =1,...,r—1Lr+1,...,n;1 <i<n}.



CHAPTER 3. SEMI-KOSZUL ALGEBRAS 38

B,, is linearly independent and generates the canonical basis Y = {a1---a;, | a; €
N;1 < i< m} of Ay, so By, is a basis of A,,. Now, consider A;1,A, < Ay, with
s,h > 0,9 >2and s+ g+ h = m. Since A1, A}, is generated by Dgﬂ, . ,DgTS)],
then A I A N By, = UiigH Dﬁm), which is a basis of AsI;Ap,.

o If |J| =n — 1, define

where [ ¢ J, and

DM .= {a1- ar_1@i@ri1 - am |ar € Nyt =1,...;r =1, r+1,...,n;i € J}.

r

B,, is linearly independent and generates the canonical basis Y = {a1---a;, | a; €
N;1 <i < m} of Ay, so By, is a basis of A,,. Now, consider A;I;A, < A, with
s,h >0, g >2and s+ g+ h =m. Since A;I;A) is generated by Dgﬂ, e ,DgT;,
then AsI,Ap N By, = UfigH Dﬁm), which is a basis of AsI;Ap,.

o If |J| < n—2,let us define

m—1 m—1 m
B, = (U B;m>> 0 (U q(m)) U (U Dg,m)) UE,
r=1 r=1

r=1

where

B,(«m)::{a1---arflexiawrg---am|az€N;t:1,2,.“,r71,r+2,“.,m;i,j¢J;i<j},
C,Em)::{a1---a,-,l(:Ei:pjfcijszi)awrz---am|at€N;t:1,2,.“,r71,r+2,.A.,m;i,j¢J;i<j},
Dﬁm)::{al---ar_lxlar_H---am\atEN,t:l,...,rfl,rJrl,...,n;lEJ},

E={a|i¢gJ}.

B,, is linearly independent and generates the canonical basis Y = {a;---an, | a; €
N;1 <i < m} of Ay, so By, is a basis of A,,. Now, consider A I Ay < A,, with

s,h >0, g9 >2and s+ g+ h =m. Since AsI;A} is generated by Céf%, e ,Cgf;_Q,

DU, DU, then AL Ay 0 By = UsZ0,, 0 U (USES1 D), which is a basis
of A Ay
O

Example 3.2.9. We classify the examples of F'SG rings as Koszul and Semi-Koszul; it is
presented in the next table, where the symbols v'and % denote affirmation and negation,
respectively.
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FSG Ring

Classical polynomial ring k[z1,. .., Zy]

Universal enveloping algebra of a Lie algebra G,U(G)
Particular Sklyanin algebra

Homogenized enveloping algebra A(G)

Algebra of shift operators Sp

Algebra of discrete linear systems k[t1, ..., tn|[z1;01] -+« [Tn; on]
Linear partial shift operators k[t1, ..., &,][E1, ..., Ey]
Linear partial shift operators k(t1,...,tn)[En, ..., En)

L. Partial ¢g-dilation operators k[t1, . .., t,] [H{q), cey Hfff ]
L. Partial ¢g-dilation operators k(t1, . .. ,tn)[Hl(q), . ,H,(fm
Difusion algebras

AN RN RN T RN N A v VR A NN A S VA B B I B RNV AN

Ed

Multiplicative analogue of the Weyl algebra O, (\;;)
Quantum algebra U’ (s0(3, k))

Some 3-dimensional skew polynomial algebras
Dispin algebra U (osp(1,2))

Woronowicz algebra W, (sl(2, k))

Complex algebra V,(sl(2, k))

Algebra U

Manin algebra My(2), O4(Ma(k))
g-Heinsenberg algebra H,(q)

Witten’s deformation of U(sl(2, k))

Quantum symplectic space Og(sp(k%"))

Some quadratic algebras in 3 variables

Multi-parameter quantum affine n-space
Jordan plane

Table 3.1: FSG rings, Koszul(K), Semi-Koszul(SK).

N ENENENENENENENENENENEN P ENENEN ENENENENENENENENEN

3.3 Poincaré series of skew PBW extensions

Theorem 3.3.1. Let A = o(K)(x1,...,z,) be a skew PBW extension of the field K
which is a Koszul algebra, then the Poincaré series is well-defined and given by

Pa(t) = (1+1)".

Proof. Recall that if A is a Koszul algebra, then F(A) is generated in degree 1 and
ha(t)Psa(—t) =1 (Theorem 1.1.12). Therefore the theorem follows from Proposition 2.3.6
and Collorary 2.3.11. O

Example 3.3.2. From examples in 3.2 and Theorem 3.3.1, we present next the Poincaré
series of some skew PBW extensions of the base field K:
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H SK algebra H Py(t) H
Classical polynomial ring k[z1,. .., 2] (L+t)"
Some Sridharan enveloping algebras of 3-dimensional Lie algebras || (1 + )3
Particular Sklyanin algebra (1+1)3
L. Partial g-dilation operators kl[t1, ..., ty] [Hl(q), cee H,Sif)] (1 +¢t)ntm
Multiplicative analogue of the Weyl algebra O, (\j;) (1+t)"
Some 3-dimensional skew polynomial algebras (1+1t)?
Multi-parameter quantum affine n-space (L+t)"

Table 3.2: SK algebra, Poincaré series (Pa(t)).
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