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Abstract

This thesis presents control and optimization techniques to improve the energy generated

by Photovoltaic (PV) power systems. The �rst part of this work presents an analysis of the

Perturb and Observe MPPT algorithm, providing integral procedures to design the pertur-

bation period and amplitude size parameters. The �rst method presented is aimed at design

the amplitude size from a maximum PV power losses restriction, while the perturbation pe-

riod is designed to track a dynamic irradiance pro�le with the correct three-point behavior

to guarantee the system stability. Subsequently, a second method to precisely design the

perturbation period of a Perturb and Observe MPPT algorithm is also proposed. Such a

procedure is designed to calculate the perturbation period in agreement with the settling

time of the PV voltage for any condition of the damping ratio. Similarly, this thesis propo-

ses an optimization strategy to maximize the energy generated by the PV system through

a non-linear control of the DC/DC converter. Such an optimization process is carried out

using the Sliding Mode Control (SMC) theory to drive the PV voltage to follow an external

reference provided by an MPPT algorithm avoiding the linearization of the PV system mo-

del, which is a classical solution used in the literature, to ensure the same performance in all

the PV operation range. The �rst control structure proposed in this thesis is aimed to design

an integral procedure to ensure a stable sliding regime in all the desired operation range of

the system. This design procedure exhibits advantages in comparison with existing solutions

that rely in the linearization of inner current loop dynamics. The second design method

provides a single solution that involves both the MPPT algorithm and DC/DC converter

controller. This integral design of both control systems allows to optimize the parameters

values of both controllers. The SMC-based solutions are mathematically analyzed to mitiga-

te the perturbations caused by the irradiance changes and oscillations in the load connected

to the DC/DC converter, e.g. a grid-connected inverter. Finally, this thesis also analyses the

negative e�ects caused by the mismatching phenomena at the PV array, mainly the power

drop. Hence, an optimization process for the modules connections is proposed in order to

mitigate the mismatching e�ects. That process is based on recon�guration algorithms that

change the electrical connection between the modules to maximize the PV array power. Tho-

se techniques are compared with the classical exhaustive search approach, demonstrating the

advantages of the new solution by means of circuital simulations.

Keywords: Photovoltaic systems, Grid connection, Maximum power point tracking,

Sliding mode control, Genetic algorithms..
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Resumen

Esta tesis presenta t�ecnicas de control y optimizaci�on para la mejora de la energ��a gene-

rada en sistemas de potencia fotovoltaicos (PV). La primera parte de este trabajo presenta

un an�alisis del algoritmo MPPT de Perturbar y Observar, suministrando un procedimiento

para dise~nar los par�ametros de amplitud y periodo de la perturbaci�on. El primer m�etodo

presentado es enfocado al dise~no de la amplitud de la perturbaci�on a partir de una restricci�on

de perdida m�axima de potencia del m�odulo PV, mientras que el periodo de perturbaci�on es

dise~nado para seguir un per�l de irradiaci�on din�amico con el correcto comportamiento de los

tres-puntos, para garantizar la estabilidad del sistema. Seguidamente, un segundo m�etodo

para dise~nar correctamente el periodo de perturbaci�on del algoritmo MPPT de Perturbar

y Observar es presentado. Este procedimiento es dise~nado para calcular el periodo de per-

turbaci�on en concordancia con el tiempo de establecimiento del voltaje PV para cualquier

condici�on de factor de amortiguamiento. Similarmente, esta tesis propone una estrategia de

optimizaci�on para maximizar la energ��a generada por un sistema PV a trav�es de un control

no lineal del convertidor DC/DC. Este proceso de optimizaci�on es llevado a cabo usando la

teor��a de control por modos deslizantes (SMC) para regular el voltaje PV a una referencia

externa dada por un algoritmo MPPT, evitando el uso de la linealizaci�on del m�odulo PV;

lo cual es una soluci�on cl�asica usada en la literatura, para asegurar el mismo desempe~no

en todo el rango de operaci�on del PV. La primera estructura de control propuesta en esta

tesis es enfocada a dise~nar un procedimiento integral para asegurar una estabilidad de des-

lizamiento en todo el rango de operaci�on del sistema. Este procedimiento de dise~no exhibe

ventajas en comparaci�on con las soluciones existentes que se basan en linealizaciones de los

lazos internos de control de corriente. El segundo m�etodo de dise~no provee una soluci�on que

involucra el algoritmo MPPT y el control del convertidor DC/DC. Este dise~no integral de

ambos sistemas de control permite optimizar los par�ametros de ambos controladores. Las

soluciones basadas en SMC son matem�aticamente analizadas para mitigar las perturbaciones

causadas por los cambios de irradiaci�on y las oscilaciones en la carga conectada al converti-

dor DC/DC, e.g. un inversor conectado a la red el�ectrica. Finalmente, esta tesis analiza los

efectos negativos causados por el sombreado en un arreglo de m�odulos PV, principalmente

en la extracci�on de potencia. Por lo tanto, un proceso de optimizaci�on para la conexi�on de

los m�odulos es propuesta con el objetivo de mitigar los efectos del sombreado. Este proce-

so es basado en algoritmos de recon�guraci�on que cambian la conexi�on el�ectrica entre los

m�odulos para maximizar la potencia de los arreglos PV. Estas t�ecnicas son comparadas con

la b�usqueda exhaustiva cl�asica, demostrando las ventajas de las nuevas soluciones por medio

de simulaciones circuirtales.

Palabras clave: Sistemas fotovoltaicos, Conexi�on a la red, Seguimiento del punto de

m�axima potencia, Control por modos deslizantes, Algoritmos gen�eticos.
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1. Introduction

Power generation systems based on alternative energy sources have become stronger options

to address the continuous power demand and the initiative to reduce the use of fossil fuels.

One of the most suitable option concerns the use of photovoltaic (PV) modules, particularly

for low power levels [3]. The innovation on photovoltaic energy and power electronics �elds

make this technology an important research area, particularly in modeling and control tech-

niques. The design of a controller capable of rejecting disturbances on the PV module and

the load represents one of the main challenges in the implementation of this kind of systems,

where it is essential to select an appropriate model for the PV module, the power electronics

interface, and the disturbance sources. Several PV module models have been reported in

literature: [4] presents a non-linear model of mismatched PV �elds, while in [5] a double

exponential model is introduced. In [6], the single diode PV module model and the diode

equivalent circuit are discussed, and a piecewise linear model is proposed. Similarly, in [7] a

simpli�ed model is proposed using only parameters provided by manufacturers speci�cations

to avoid the use of numerical methods. Moreover, to develop control strategies, more simple

models have been proposed based on di�erential resistance [8], Norton [9], and Thevenin [10]

circuital approximations.

Due to the strong non-linear electrical behavior of the PV module [4] [11], there exists

an optimum operating point in which the module produces the maximum power, named

Maximum Power Point (MPP). The PV module must be operated at a given voltage to

achieve the MPP, which signi�cantly changes depending on the irradiance and temperature

conditions, therefore it is not possible to predict o�-line the MPP, where it must be calculated

on-line [12] [13]. Such a condition has been addressed in literature by introducing a special

controller to track the MPP on-line, named Maximum Power Point Tracking (MPPT), aimed

at maximizing the power extracted from the PV module [8] [13].

The most commonly used MPPT solutions are the Perturb and Observe (P&O) and incre-

mental conductance (IC): the P&O technique is widely adopted due to its implementation

simplicity [12] [14]. It tracks the MPP by periodically perturbing the control variable (PV

module voltage) and comparing the instantaneous PV module power after and before the

perturbation [8], selecting the sign of the next voltage perturbation that guarantees a PV

module power increment. Instead, the IC technique tracks the operating point in which the

derivative of the PV module power with respect to the voltage is zero, since such a condition

corresponds to the MPP. The main drawbacks of the IC technique consist in the highly ac-

curate current sensor required and the increased implementation complexity in comparison
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with the P&O. However, the IC could provide a more accurate MPP calculation depending

on the current sensor dynamical response and steady-state error [12]. On the light of the

previous analyses, the MPPT technique should be designed to �nd the optimal PV module

operation for any irradiance and temperature conditions [8]. Such a condition is addressed

in Chapter 2, where an optimal procedures to design the MPPT parameters are presented.

Despite the adopted MPPT algorithm, a power converter is required to interface the PV

module and the load to allow the MPPT controller to drive the PV module to the MPP. The

classical solutions reported in literature to implement a PV system are the single and double

stages architectures. Fig. 1-1 shows the Double Stage (DS) architecture, which is composed

by a DC/DC converter controller by the MPPT algorithm, and a DC/AC converter controlled

to inject the power into the grid and to regulate the dc-bus voltage, i.e. bulk voltage. Such

DS solution is widely adopted since it makes possible to simultaneously follow the MPP and

provide power factor correction [14]. In the DS architecture of Fig. 1-1 it is also considered

the DC/DC converter controller, which regulates the PV module voltage in agreement with

the MPPT command. Moreover, the DC/DC converter adopted in DS solutions commonly

consists in a step-up topology to match the high-input voltage required by classical grid

connected inverters from the low-voltage operating conditions exhibited by the PV module,

in this thesis a Boost converter is selected [15].

In addition, double stage PV systems connected to the grid are exposed to perturbations

generated by the DC/AC converter (or inverter) operation in mono-phase systems, but also in

non-perfectly balanced three-phase systems. Moreover, PV inverters act on the input current

to regulate the voltage at their input terminals, but more common and simple inverters lack

of such a feature. In the �rst case, the inverter properly regulates the dc component of the

voltage at the bulk capacitor that interfaces the dc and ac stages, named Cb in Fig. 1-1, but

a sinusoidal perturbation on the bulk voltage is generated at double of the grid frequency,

which magnitude is inversely proportional to the bulk capacitance [14] [16]. In the second

case, the dc component of Cb voltage is not accurately regulated and the inverter absorbs a

sinusoidal current at double the grid frequency, generating an undesirable voltage oscillation

that exhibits di�erent frequency harmonics at the bulk voltage, i.e. the DC/DC converter
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Figure 1-2.: Grid-connected PV system with duty cycle perturbation.

output terminals, with an amplitude inversely proportional to the bulk capacitance [17]. In

both cases the DC/DC converter output is exposed to voltage perturbations that could be

transferred to the PV module terminals. Such a condition degrades the MPP calculation,

which is particularly critical in the classical solutions that perturb the DC/DC converter

duty cycle to act on the PV module voltage: PV module voltage oscillations with magnitude

�Vb=M(D) occurs, where �Vb represents the magnitude of the bulk voltage oscillation and

M(D) represents the voltage conversion ratio of the DC/DC converter. Therefore, a common

practice to deal with such a problem is to reduce �Vb by using large bulk capacitances, it

requiring electrolytic capacitors to avoid the high cost of large ceramic or polyester capacitor

banks. However, the electrolytic capacitors signi�cantly reduce the reliability of the system

[16] [18], it creating a bottleneck.

Fig. 1-2 illustrates the impact of the bulk capacitor in the MPPT performance, where a

classical PV system, composed by two BP585 PV panels in series and a boost converter, is

simulated adopting a P&O MPPT algorithm with large and small Cb. VPV and PPV represent

the voltage and power of the PV array, while Vb represents the bulk voltage. Fig. 1-2a

shows that using a large bulk capacitor that signi�cantly mitigates �Vb ensures an accurate

tracking of the MPP, extracting the maximum power available. Instead, Fig. 1-2b shows the

PV system simulation considering a small bulk capacitor that generates a voltage oscillation

with magnitude �Vb = 40 %. That oscillation is transferred to the PV voltage, introducing

errors in the MPP calculation that signi�cantly degrade the power extracted from the PV

array. Therefore, an additional controller that rejects such a bulk voltage perturbation must

be introduced.

To overcome the bottleneck created by the large bulk capacitor required in classical PV

systems, it is essential to design accurate PV module voltage controllers able to reject bulk

voltage oscillations from the PV module terminals. Such a controller will allow to adopt
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non-electrolytic bulk capacitors, increasing signi�cantly the PV system reliability without

impacting the overall cost. In addition, the PV array is characterized by a non-linear beha-

vior that changes signi�cantly with the operating conditions, e.g. irradiance level, shades,

temperature, among others, which makes di�cult to predict the voltage and current to gua-

rantee the maximum power production [19]. Then, the main objective of the control strategy

in a PV system is to ensure the system operation around its MPP in whichever load and

environmental conditions [19, 8, 20, 21]. This problem is addressed in Chapters 3 and 4 by

developing a new controllers to drive the PV voltage to follow an external reference provided

by an MPPT algorithm.

On the other hand, the PV modules can be connected in multiple structures to form arrays.

In a PV array operating under uniform conditions, in which all parameters of the PV modules

are exactly the same, there exists a particular voltage at which the power extracted from

the PV array is the maximum. In contrast, when the PV array does not operate under

uniform conditions due to the PV modules are not equal, or because the irradiance and

temperature conditions of each module may be di�erent [4] due to shadows of surrounding

objects, the PV arrays present the Mismatching e�ect. In such condition the current of the

PV array corresponds to the PV current of the module with lower irradiation, thus resulting

in heat dissipation in the PV modules with higher production of energy, which degrades

those modules life-time.

The traditional solution consists in using bypass diodes in parallel with each panel to short-

circuit the module with lower current, thus protecting the array [22] [23]. However, this

solution generates multiple local maximums in the power-voltage pro�le of the array, which

confuses the MPPT algorithms. This condition makes the traditional MPPT algorithms get

trapped in a local maximum, it generating a non-optimal output power [4]. This problem has

been addressed with multiple solutions as presented in Fig. 1-3. The centralized structure,

presented at the left side of Fig. 1-3, considers a multiple PV modules connected in series,

named strings. Such a strings are connected in parallel to form a PV �eld, which it interacts

with a global inverter to guarantees the operation at the MPP. The centralized structure is

widely used due to its simplicity and low cost. However, due to the large number of bypass

diodes, centralized systems su�er high power losses in presence of partial shading [24] [25].

To reduce this condition it has been proposed the strings con�guration, presented also in

Fig. 1-3. This solution considers an inverter for each string of modules, which requires M-

1 additional inverters where M is the number of strings. This con�guration signi�cantly

increases the cost and size of the solution because each inverter must to have a management

system and the respective structures for grid connection. In return, this solution su�ers lower

losses in partially shaded conditions, but the activation of some bypass diodes still prevent

the power production of the associated shaded modules [25].

To ensure that all modules produce power, even under partial shading, the distributed struc-

ture presented in Fig. 1-3 was designed. This solution considers a DC/DC converter asso-

ciated with each module to ensure its operation at the MPP, it forming a structure known
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Figure 1-3.: Common PV structures.

as Modular Optimizer (MO) [26]. Similar to the centralized structure, the MO are organized

in strings depending on the voltage requirements imposed by the inverter. The distribution

of the MPP tracking allows to extract the maximum power available in each module, so this

solution avoids the e�ect of partial shading. This condition is due to each bypass diode is

replaced by a DC/DC converter, which adjusts its input impedance according to the MPP

and adjusts its output impedance according to the inverter requirements[24] [26]. In any

case, this solution requires a high number of additional power converters, NxM where N is

the number of modules in each string, which considerably increases the size and cost of the

system. In addition, modifying a centralized system to optimize its operation, using MOs,

is di�cult due to the large number of devices to be added and con�gured. Another disad-

vantage of the distributed system are the losses generated by each DC/DC converter, which

degrade the power delivered to the load. This condition a�ects signi�cantly the distributed

operating system under uniform conditions, where the additional power losses make this

solution less e�ective than a centralized system, i.e. if the PV �eld is partially shaded for a

short time, it may be convenient to use a centralized structure.

To avoid the losses generated by the DC/DC converters in a distributed system, a modular

inverter dedicated to each PV module is designed, which ensures the operation at the MPP

and interact individually with the grid. This solution, also presented in Fig. 1-3, requires

NxM PV inverters, making it the most expensive solution described in this section. In return,

this solution is the most e�cient and scalable, but similar to the distributed solution, it

generates a large and costly system. It is also di�cult transform a centralized system to a

modular inverter system due to the large number of items to be installed and con�gured.

In addition, the inverter used in the centralized system is not compatible with the original

individual modules due to voltage levels, therefore it must be replaced.

Based on the previous analyses, the selection of the most appropriate structure depends on
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the speci�c irradiance pro�le, shading pro�le a�ecting the modules, the cost of the compo-

nents, the weight and size restrictions, among others. Furthermore, optimizing a centralized

system requires major changes considering high investment and commercially available so-

lutions. Therefore, a new concept named \Recon�guration" was proposed. Such a solution

modi�es the electrical structure of the PV �eld in agreement with the irradiance and shading

conditions. The basic structure of PV recon�gurable systems is presented in Fig. 1-4, where

the physical structure of the strings is the same as in centralized systems (left in Fig. 1-3),

but it is added a controlled set of switches (switching matrix) to dynamically modify the

electrical connections between the modules [27] [28].

Switching 
Matrix

...

...
Strings

Reconfigurable 

centralized system

dc
ac

Figure 1-4.: PV recon�gurable basic structure.

Thus, it is possible to move a module from one string to another. Also, the structure in Fig.

1-4 illustrates that transform a centralized system requires only connect a recon�gurable

switching matrix between PV �eld and inverter. Given that the switches can be implemented

with MOSFET or solid state relays, the switching matrix is a small and low cost device.

In any case, to de�ne the positions of the switches in the switching matrix it is required a

control algorithm, which must be processed in a computational system (DPS, mico-controller,

FPGA) [27] [29]. This problem is addressed in Chapter 5 by developing an optimization

strategies, based on genetic algorithms, to recon�gure the connection of the modules by

means of the switching matrix.



2. Design of the P&O MPPT algorithm

This chapter presents an analysis of the Perturb and Observe MPPT algorithm, providing

an useful procedure to design the perturbation period and the amplitude size parameters

for photovoltaic applications. Those parameters must be addressed since the improvement

of the Perturb and Observe MPPT algorithm increase the power extracted from renewable

sources [30, 31]. The �rst method presented uses the complete equation of the photovoltaic

module to calculate the exact values in the non-linear power-voltage pro�le. Moreover, the

amplitude size is designed from a maximum power losses restriction and the perturbation

period is designed to track a dynamic irradiance pro�le with the correct three-point behavior

[8]. Simulations are used to validate the proposed methodology and to demonstrate the

e�ectiveness of the solution.

Subsequently, to precisely design a Perturb and Observe MPPT algorithm in a photovoltaic

application, a procedure to accurately calculate the perturbation period is proposed. Since,

the PV system model is characterized by a second-order transfer function, the perturbation

period is calculated based on the settling time of the PV system for any damping ratio and

natural frequency. In addition, settling time calculation for second-order systems is reviewed

in this chapter, illustrating the errors generated by classical approximations reported in

textbooks and research papers.

2.1. Introduction

Photovoltaic modules provide an electrical power that depends on the solar irradiance and

temperature acting on it, generating a large amount of possible operating points. Such a

condition can be observed in Fig. 2-1, where the electrical characteristics of a BP585 PV

panel, formed by two PV modules, are reported for two irradiances. Fig. 2-1 also presents

the reproduction of the BP585 electrical characteristics by means of the PV model reported

in [11]. Moreover, such a current-voltage and power-voltage pro�le exhibits the optimal

condition named the MPP.

The MPP current, voltage, and power change with the irradiance and temperature [11],

therefore the MPPT technique have been developed to �nd such an optimal condition [8].

Fig. 2-2 presents the 
ow chart of the MPPT P&O algorithm, where the sign of the next

perturbation depends on the sign of the PV power change [8]: if the PV power increases with

respect to the previously measured PV power, the voltage perturbation �VPV conserves the
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Figure 2-1.: Electrical characteristics of a BP585 PV panel

sign of the previous perturbation; in contrast, if the PV power decreases the voltage pertur-

bation sign is changed. Such an algorithm is composed by two parameters: the perturbation

period (Ta) in which the algorithm perturbs the control variable; and the amplitude size of

such perturbation (�d), which considering a Boost converter becomes �VPV = �d � Vb (Vb
is the bulk voltage) [9].

Those parameters must be optimized since large values of �d increase the steady state losses

caused by the oscillations of the MPPT controller around the MPP, and small values of �d

makes the controller less e�cient when the irradiance rapidly changes and the MPP moves

from its original position [8]. Similarly, small values of Ta causes an inestable P&O algorithm

behavior; on the contrary, a large Ta makes the controller slower to found the new MPP,

causing large power losses[8] [32].

2.2. Perturbation period and amplitude size optimization

Femia et al. [8] propose a design procedure for the P&O algorithm, where Ta is calculated

to avoid instability of the MPPT algorithm and to reduce the number of oscillations around

the MPP in steady state; while �d is calculated to accurately track the MPP in variable

irradiance conditions. However, that presented optimization does not consider the optimal

three-point behavior on the P&O algorithm to minimize the power losses in both steady-state

and rapidly changing irradiance conditions.

Based on this drawback, this section proposes a new optimization of the P&O algorithm

calculating a combination of �d and Ta that guaranties a satisfactory performance and a

minimum desired power loss. The �d parameter is calculated to ensure a desired maximum

power losses in steady-state condition on the irradiance. Subsequently, the analyzes of the
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dynamic changes in the irradiance de�nes an appropriate Ta to ensure the proper operation

of the P&O algorithm, i.e. three-point behavior [8].

2.2.1. Calculation with constant irradiance

Several PV module models have been reported in literature. Such a models normally consist

in non-linear equations due to the physical variables involved in the PV module operation.

In this way, the work reported in [4] models a monocrystalline PV module by means of a

single-diode circuital scheme [13]. Such an approach, depicted in Fig. 2-3, is used to develop

complex models of PV strings considering mismatched conditions, which are important since

in real cases it is common that the PV panel does not receive an uniform irradiance, it

increasing the probability of operating in a non-optimum operating point due to incorrect

MPP calculation.
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The relation between the array current (ipv) and voltage (vpv) is the following [33]:

iPV = Iph � Io � (e
Rs�iP V +vP V

Vtd � 1)� Rs � iPV + vPV
Rp

(2-1)

where Rp and Rs are the parallel and serie resistances that represent the leakage current and

voltage losses, respectively, Iph is the light induced current that depends of the irradiance

level (S), Io is the diode saturation current and Vtd is the termal voltage that depends on

the array temperature [8]. Therefore, the PV current ipv is a nonlinear function of the PV

voltage vpv and atmospheric conditions (irradiance and temperature).

Fig. 2-4 presents the correct performance of a P&O algorithm, where the position A is

exactly the MPP, which is an unlikely condition since it requieres a precise discretization

of �d for the MPPT. The position B is at the right of the MPP and it is characterized

by a higher voltage with respect to VMPP . Position C is at the left of MPP and it has

a voltage lower than VMPP [34]. Taking the ideal behavior of the MPPT controller, where

VPVA
= VMPP , the maximum steady state power losses due to the imposed duty cycle

perturbations �Pd is measure from position A to position B . The position B is selected

because the magnitude of the power curve derivative is higher at the right of the MPP, hence

the power losses are always larger between points A and B in relation to the power losses

between points A and C . [35]

Taking into account the previous analysis, �Pd is represented as:

�Pd = iPVA
� vPVA

� iPVB
� vPVB

(2-2)

where the current for each point is evaluated from (2-1). Moreover, if the voltage at point

A is VMPP for a given irradiance and the voltage at point B is vMPP + �d � Vb [11], �Pd
is presented in (2-3).

�Pd = iMPP � vMPP � iPVB
� (vMPP + �d � Vb) (2-3)
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Finally, if the design criteria is to obtain a maximum steady state losses �Pd = vMPP �iMPP ��,

where � 2 (0; 1] represents the maximum admissible percentual losses, the �nal relation can

be written as:

(vMPP � iMPP ) � (1� �) = iPVB
� (vMPP + �d � Vb) (2-4)

Equation (2-4) must be solved to calculate the �d limit (�dlim) that guarantees a given

power losses in steady state, i.e. without changes in the irradiance, by means of numerical

methods, e.g. Gauss-Newton or Levenberg-Marquardt.

2.2.2. Calculation with dynamic irradiance

Considering dynamic changes on the irradiance that causes a displacement of the MPP, the

points to the next irradiance pro�le generate a new power perturbation for the search of the

new MPP (�Ps). As show in Fig. 2-5, the movement of the MPPT starts from point 1

located in the MPP, then it moves a magnitude of �d � Vb to the point 2 at the right.

The next movement is in the new irradiance pro�le appearing point 3 , preserving the

same voltage of the point 2 . The correct performance of the MPPT happens when the PV

power perturbation (�Pd) caused by the action of the duty cycle is larger than the PV power

perturbation (�Ps) caused by the irradiance change. This is due to a negative �Ps ��Pd
makes the algorithm decrease the PV voltage and to used only 3 points to come back to the

MPP zone 4 (central point, right point and left point).

On other side, when �Pd < �Ps, as in Fig. 2-6, the performance of the MPPT controller

is not correct [36]. In such a condition, the PV power in point 3 is higher than the PV
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power in point 1 , it making a positive di�erence that increase the PV voltage causing an

extra point to the right side (point 4 ), it forcing the MPPT algorithm to perform 4 points

to come back to the MPP zone [8] (central point, left point and two right points).

Therefore, the critical condition in which the P&O algorithm has a correct operation is:

�Pd ��Ps = 0 (2-5)

where �Ps can be represented as in (2-6).

�Ps = iPV3 � vPV3 � iPV2 � vPV2 (2-6)

Replacing (2-3) and (2-6) in to (2-5) the equation 2-7 is obtained.

(iMPP � vMPP )� (iPV2 � vPV2)� (iPV3 � vPV3) + (iPV2 � vPV2) = 0 (2-7)

The voltages in points 2 and 3 are the same but each point have a di�erent current

due to the increment in the irradiance induced current (�Iph), presented in (2-8), where

�s is the average irradiance variation measured in the desired operating point and � is the

transformation factor of irradiance to induced current.

�Iph = Ta ��s � � (2-8)
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Similar to the previous section, the system of equations (2-9) must be solved, using numerical

methods, to obtain the appropriate Ta satisfying �Pd � �Ps that guarantees a correct PV

voltage pro�le with 3 points behavior (correct MPPT performance) instead of 4 or more

points (wrong MPPT performance).

(iMPP � vMPP )� (iPV3 � vPV3) = 0

iPV3 = (Ta ��s � �)� Io � (e
Rs�iP V3

+vP V3
Vtd � 1)� Rs�iP V3

+vP V3

Rp

vPV3 = vMPP + �dlim � Vb

9
>=
>;

(2-9)

2.2.3. Simulation examples

The simulation results consider an initial irradiance S = 100 W=m2 with an average irra-

diance variation of �s = 500 W=(m2 � s). From the PV BP585 manufacturer datasheet, the

following parameters have been calculated: Io = 1:1086e�7 A, Rp = 909 
, Rs = 0:2497 
,

Vtd = 1:0984 V , VMPP = 13:8074 V and IMPP = 0:4603 A.

Moreover, de�ning the bulk voltage Vb = 24 V and a maximum PV power losses of 0.3 %

(� = 0:003), equation (2-4) is solved to obtain a maximum perturbation of the duty cycle

�dlim = 0:011767.

Subsequently, a Ta parameter is evaluated with the equation system presented in (2-9).

Using the PV parameters and the �dlim previously calculated, the Ta value that guarantee

the �Pd � �Ps = 0 is equal to 0:00053 s. Additionally, in order to validate the predicted

MPPT behavior (3, 4 or more points performance), the �Pd ��Ps di�erence is evaluated
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using the equation system (2-9) under a Ta range value (0:0003 s to 0:0007 s). Those results

are summaryzed in Fig. 2-7, which it presents the critical point where (2-5) is exactly zero

(Ta = 0:00053 s), the Ta zone with higher probability of obtaining a 3 points behavior

(Ta < 0:00053 s) and the Ta zone with higher probability of obtaining 4 or more points

(Ta > 0:00053 s).
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Figure 2-7.: Ta evaluation for a BP-585 module at S = 100 W=m2.

A test bench in the simulation software PSIM with the optimized values of �d and Ta was

implemented. In such simulations the PV non-linear behavior and the irradiance changes

around S = 100 W=m2 with a variation of �s = 500 W=(m2 � s) are implemented to test the

concept proposed in this section.

The �rst test, presented in the Fig. 2-8a, considers a �dlim and Ta = 0:0003 s, to guaranty

a 3 points performance, which denotes a correct P&O operation [8]: the PV voltage exhibits

3 points, the central point is VMPP and the PV power losses are constant.

Then, the parameters �dlim and Ta = 0:00053 s are used, as presented in Fig. 2-7 this Ta
value indicates the transition of the system operation since the correct behavior (3 Points)

to wrong behavior (4 points). This test is presented in Fig. 2-8b, which put in evidence

the performance predicted in Fig. 2-7, where the MPPT algorithm presents 3 or 4 points

operation intervals. Moreover, the simulation shows the additional PV power losses that

appears when the 4 points behavior occurs.

The third test uses the �dlim and Ta = 0:0006 s to obtain the simulation presented in Fig.

2-8c, in which the Ta is longer than in the previous cases, this in order to show the behavior

of MPPT in an extreme condition, where the possibility to obtain 4 points is higher and the
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PV power losses due to the extra points are larger.
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Figure 2-8.: Simulation under step irradiance perturbation.

Finally, in order to test the proposed solution with the best and worst Ta, the PV system

was simulated with both parameters at di�erent irradiance conditions as presented in Fig.

2-9. The simulation shows a step-down variation on the irradiance of 900 W=m2 in t = 2

s, it simulating a shadowing perturbation in the PV application caused by objects, animals,

etc. Fig. 2-9a presents such simulation results: when the step perturbation occurs at t = 2

s the system with correct value of Ta conserve the 3 points behavior and converge to the

new MPP. In contrast, the system with wrong Ta exhibits a 4 points behavior and it takes

a larger time to converge to the MPP. A zoom of Fig. 2-9a from t = 2:01 s to t = 2:02 s is

presented in Fig. 2-9b in order to show the lower PV power losses generated by the correct

Ta.
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2.3. Accurate perturbation period design

Fig. 2-10 shows a detailed PV generation system controlled by a P&O algorithm based on

Fig. 1-1, where the duty cycle d of the DC/DC converter is sequentially modi�ed to �nd the

MPP, which maximizes the PV power PPV . The DC/DC converter in Fig. 2-10 has a Boost

topology due to its extensively use in grid-connected and stand-alone photovoltaic applica-

tions. Moreover, the PV module operating at the MPP is modeled by a Norton equivalent,

which is an accurate representation in the neighborhood of the MPP as demonstrated in [15];

and the load is modeled by a voltage source as proposed in [15], this because photovoltaic

inverters and batteries impose a dc-link voltage at the DC/DC converter output terminals.

To guarantee a correct operation of the P&O algorithm, the PV voltage must be stable at

the instant tPV (tPV = ktpv � Ta; ktpv = 1; 2; :::) in which the P&O measures the PV power,

therefore Ta must be longer or equal than the settling time of the PV system [8].

L

C iL

_

+

VbVPV

_

+

PWM

d

iPV

dc-link

MPPT

RMPP

PV module

ISC

VPV
iPV

DC/DC converter

Figure 2-10.: Small-signal model of a PV system based on a DC/DC converter
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In [8], Femia et al. propose to calculate the Ta parameter as given in (2-10), where C re-

presents the input capacitance of the DC/DC converter, RMPP models the current/voltage

derivative of the PV module at the MPP and " speci�es the acceptable band to consider

stable the PV voltage. In [8], the authors use " = 0:1 (10 %) band, but other used settling

time bands can be assumed, e.g. 2 % and 5 % bands.

Ta � �2 �RMPP � C � ln (") (2-10)

Equation (2-10) was based on the classical settling time approximation proposed by Ogata

[37], which introduces signi�cant errors depending on the damping ratio (�) and natural

frequency (!n) of the PV system. Such � and !n parameters were derived from the small-

signal model of the PV system given in (2-11) and reported in [15], where GPV (s) is a second

order system with an additional gain �Vb. In such a small-signal model, Vb is the dc-link

voltage and L is the inductance of the DC/DC converter.

GPV (s) =
� Vb

L�C
s2 + s

C�RMP P
+ 1

L�C
; � =

p
L � C

2 � C �RMPP

^ !n =
1p
L � C

(2-11)

To provide a more precise and reliable P&O design it is required an accurate calculation

of the PV system settling time. However, the settling time calculation procedures reported

in classical literature for second-order systems are given for particular bands or damping

ratios, introducing also approximations that increase the prediction errors [37, 38, 39, 40,

41, 42, 43, 44]. In addition, a recent work published in [45] proposes a settling time calculation

procedure based on a decomposition of deterministic, random or mixed non-stationary signals

in steady-state and transient components. However, such a procedure is intended for sensors

and transducers modeling due to the random nature of the input signals, which makes the

solution suitable for the particular application, but di�cult to apply to di�erent second-order

systems.

Such undesirable characteristics make the settling time calculation procedures reported in

literature not reliable to accurately design Ta in P&O algorithms. Therefore, this section

reviews the settling time calculation for second-order systems, providing information to es-

timate the errors generated by approximations reported in textbooks and research papers.

In such a way, the reported calculation procedures are evaluated to quantify their prediction

errors for a wide range of damping ratios and natural frequencies. Moreover, this section

proposes a procedure to accurately calculate the settling time of second-order systems for

any damping ratio and natural frequency conditions, which could be implemented in any

programming language. Finally, the novel procedure is used to improve the design a P&O

algorithm in a photovoltaic application.
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2.3.1. Settling time of second-order systems

The settling time ts, as de�ned in [37, 38, 39, 40, 41, 42], is the time interval required by

an output signal of a dynamical system to get trapped inside a band around a new steady-

state value after a perturbation is applied to the system. To analyze the settling time of a

second-order system, the general G2O(s) expression given in (2-12) is adopted [37, 40].

G2O(s) =
!2
n

s2 + 2 � � � !n � s+ !2
n

(2-12)

In classical textbooks [37, 38, 39, 40, 41, 42] and research papers [8, 43, 44], the settling time

analysis is mainly focused on under-damped systems (� < 1), providing limited information

concerning critically-damped systems (� = 1) and over-damped systems (� > 1). In general,

the damping ratio of industrial systems could exhibit any value, as in the photovoltaic case

(2-11), therefore all the damping ratio conditions are addressed in the following subsections.

2.3.1.1. Under-damped systems

Since in � < 1 conditions the poles of G2O(s) are complex [5, 8], the inverse Laplace transform

of G2O(s) step-response, C(t) = L�1[G2O(s)=s], is:

C(t) = 1� exp (�� � !n � t)p
1� �2

sin

"
!n � t �

p
1� �2 � tan�1

 p
1� �2

��

!#
(2-13)

Equation (2-13) describes the exact time response of the second-order system to a step

perturbation depending on � and !n. To isolate the settling time analysis from !n, the time

response of the second-order system is normalized in terms of the variable tN = !n � t as

described in [37, 40]:

C(tN) = 1� exp (�� � tN)p
1� �2

sin

"
tN �

p
1� �2 � tan�1

 p
1� �2

��

!#
(2-14)

The normalized settling time tsN corresponds to the instant in which C(tN) enters into the

band 1� " to keep trapped inside. From (2-14) is noted that C(tN) changes depending on �

as reported in Fig. 2-11a, where � = [0:5; 0:6; 0:7; 0:8] conditions were simulated. Performing

a zoom to Fig. 2-11a around the 2 % band for � = [0:5; 0:8], as in Fig. 2-11b, two types

of under-damped systems are di�erentiated: the systems with more than one cross over the

band limits, named m-cross systems, and systems with one cross over the band limits, named

s-cross systems.

From Fig. 2-11b it is noted that � = 0:5 de�nes an m-cross system while � = 0:8 de�nes an

s-cross system. The settling time tsN for m-cross systems corresponds to the maximum tN
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Figure 2-11.: Normalized step response

among all the crosses over the band limits, since after the last cross the system gets trapped

into the band. In such a way, in m-cross systems the equations C(tN) = 1� " provide all the

crosses over the band limits, where tsN corresponds to the maximum tN value. Instead, in

s-cross systems, the settling time corresponds to the tN of the unique cross with the lower

band limit, therefore only the equation C(tN) = 1 � " must be solved. Such discrimination

enable to simplify the settling time calculation for s-cross systems.

From (2-14) and Fig. 2-11b it is noted that s-cross systems are characterized by exhibiting a

maximum overshoot lower than the upper band limit 1 + ". Therefore, de�ning �s < 1 as the

damping ratio in which the maximum overshoot is equal to 1 + ", all second order systems

with � > �s are s-cross systems, while � � �s are m-cross systems. The limit �s can be found

from the maximum overshoot time [37, 40] following the procedure proposed by Bert [43]

and Piche [44]:

�s =
�ln (")q
�2 + ln(")2

(2-15)

Fig. 2-12 shows the limit �s for di�erent settling time bands, where the classical 1 %, 2 %

and 5 % bands are speci�ed. It is noted that wider bands have lower �s values and larger

ranges of s-cross systems; while narrower bands have higher �s values with larger ranges of

m-cross systems.

From (2-14) and Fig. 2-11b it is also noted that �s speci�es a discontinuity in the settling

time vs. damping ratio relation, this because in � = �s the settling time corresponds to the

tN in which C(tN) = 1 + " (second cross of the band limit); while in a � condition slightly

higher than �s, i.e. � = �s + � with � ! 0+, the settling time corresponds to the tN in which

C(tN) = 1� ". Such a di�erence in C(tN) for �s and �s + � describes an step-down change in
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the settling time for consecutive � conditions. Moreover, � = �s provides the lower settling

time possible for m-cross systems because that condition has a single cross with each band

limit, therefore the settling time occurs earlier than in systems with more than two crosses

over the band limits. Similarly � = �s + � represents the lower settling time possible for s-

cross systems because increments in � cause increments in the raising time, which increments

the settling time. Finally, due to the step-down change in the settling time for consecutive

� conditions inside [�s; �s + �], the settling time for � = �s + � is the lowest one for C(tN)

on any condition. For practical purposes, such lowest settling time can be found considering

� = 0 from C(tN) = 1� " in the condition � = �s as in (2-16).

C(tN)j�=�s
= 1� " (2-16)

Other discontinuities in the settling time vs. damping ratio relation are generated by the

increasing decay of the exponential envelope of (2-14) when � increases, which causes that

the last cross over the band limits changes from one peak-zone to a previous one, changing

the position of the settling time. Such a condition can be observed in Fig. 2-13, where the

C(tN) with � = 0:36 and � = 0:49 have been simulated: it is noted that in � = 0:36 the

settling time occurs at the third peak, while in � = 0:49 the settling time occurs at the second

peak. The limit case takes place when the settling time of a system occurs in the peak P of

C(tN) with � = �pk;P , because a slightly increment in the damping ratio to � = �pk;P + �,

with � ! 0+, generates a new settling time, which occurs in the previous peak P � 1, it

producing a discontinuity in the settling time vs. damping ratio at � = �pk;P .

In this way, (2-15) can be generalized to �nd all the discontinuities of the settling time vs.

damping ratio relation: such discontinuities occur when the peaks of C(tpN) = 1� ", where

tpN is the normalized peak time given in (2-17) for the peak n [37, 40], and �pk;n is the

damping ratio to ful�ll C(tpN) � 1 = " as given in (2-18) [37, 40], obtaining the critical
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Figure 2-12.: �s for multiple settling time bands: 0 < " < 1
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damping ratios given in (2-19) where the discontinuities take place.

tpN =
n � �q

1� �2
pk;n

; n = 1; 2; 3::: (2-17)

C (tpN)� 1 = " = exp

0
@�n � � � �pk;nq

1� �2
pk;n

1
A ; n = 1; 2; 3::: (2-18)

�pk;n =
�ln (")q

�2 � n2 + ln(")2
; n = 1; 2; 3::: (2-19)

From (2-19) it is noted that n = 1 corresponds to the �rst peak, therefore it de�nes the �rst

discontinuity previously speci�ed by �s as the limit between m-cross and s-cross systems,

which put in evidence the generality of (2-19). Moreover, from (2-19) it is concluded that

there exist an in�nite number of discontinuities, but the corresponding limit damping ratio

�pk;n decreases almost inversely proportional to the number of peaks to be analyzed.

In conclusion, the continuous zones of the settling time vs. damping ratio relation can be

de�ned from (2-19): all damping ratios � inside [�pk;n; �pk;n+1], with n = 1; 2; 3::: and � � �s,

generate continuous settling time values, while at � = �pk;n and �pk;n+1 a step change on

the settling time occurs. Moreover, the settling time of m-cross systems is found by solving

C(tN) = 1�" using (2-14) selecting the higher tN solution tsN (normalized settling time) and

removing the time normalization by calculating ts = tsN=!n. Similarly, the settling time of

s-cross systems is found by solving C(tN) = 1� " using (2-14) to �nd the unique ts solution

tsN , it removing also the time normalization by calculating ts = tsN=!n.
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Fig. 2-14 shows the previous analyses results, which have been mathematically condensed

in (2-14) to (2-19), for under-damped second-order systems. Such a �gure depicts the nor-

malized settling time tsN (tsN = ts � !n) for the classical bands of 2 %, 5 % and 10 %, where

the predicted discontinuities on the m-cross systems are observed. Moreover, it is con�rmed

that no discontinuities occur for s-cross systems. Finally, Fig. 2-14 also put in evidence the

existence of a minimum tsN for each band, which could be used to optimize the response of

a photovoltaic system.

2.3.1.2. Critically-damped and over-damped systems

The critically-damped systems (� = 1) have the poles of G2O(s) equal and real [37, 40].

Therefore, the inverse Laplace transform of G2O(s) step-response, C(t) = L�1[G2O(s)=s],

normalized in terms of the natural frequency using tN = t � !n, is given by:

C(tN) = 1� (1 + tN) � exp (�tN) (2-20)

Since (2-20) has no sinusoidal components, the settling time of a critically-damped system

occurs in the same condition than in the s-cross systems: C(tpN) = 1 � ". Similarly, the

over-damped systems (� > 1) have the poles of G2O(s) di�erent and real [37, 40], and the

normalized time response of G2O(s) step-response is given by:

C(tN) = [AN/BN ] � [1� exp (�BN � tN)] + [CN/DN ] � [1� exp (�DN � tN)]

AN = 1

2
p
�2�1

; BN = 1

�+
p
�2�1

; CN = �AN ; DN = 1
BN

(2-21)

Again, since (2-21) has no sinusoidal components, the settling time of an over-damped system

occurs in C(tpN) = 1 � ". From (2-20) and (2-21) it is concluded that both critically and
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over-damped systems have no discontinuities in the settling time vs. damping ratio relation.

In addition, since the settling time of s-cross systems is calculated at the same condition than

in both critically and over-damped systems, it is evident that � � 1 generates larger settling

times than �s < � < 1 due to the larger rising time of longer damping ratio conditions.

Figure 2-15 illustrates the previous concepts: Fig. 2-15a presents the normalized step res-

ponses for � = 1, � = 1:5 and � = 2, where the settling time increases with the damping

ratio. Moreover, Fig. 2-15a contrasts the settling time for 2 %, 5 % and 10 % bands, where

it is veri�ed that a single cross with the band limits occurs. In addition, Fig. 2-15b provides

a more general view of the normalized settling time for 2 %, 5 % and 10 % bands, presenting

a sweep on the damping ratio for 1 � � � 3.

Figure 2-15 con�rms that both critically and over-damped systems are continuous in the

settling time vs. damping ratio relation, also they con�rm that increment/decrement in �

generates an increment/decrement in the settling time.

2.3.2. Evaluation of classical settling time criteria

Taking into account the complexity of solving the implicit relations between normalized

settling time tsN and the � given in (2-14), (2-20) and (2-21), some authors have proposed

calculation procedures to approximate tsN by means of explicit equations. However, such

expressions could introduce signi�cant errors depending on both � and !n. In particular,

the widely adopted relation given in (2-22) was proposed by Ogata [37], which provides a

continuous relation that interpolates the intermediate points of Fig. 2-14, therefore it is only

valid for 0 < � < 1. Similarly, Kuo et al. [40] propose the continuous relation given in (2-23),

based on the exponential decay of under-damped systems (2-14), which again is valid for
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0 < � < 1 only. Kuo et al. also provide a set of relations for a wider range of �, given in

(2-24), which are only applicable to the 5 % band (" = 0:05).

tsN;Ogata =
�ln (")

�
; 0 < � < 1 (2-22)

tsN;Kuo =
�ln

�
" �
p

1� �2
�

�
; 0 < � < 1 (2-23)

tsN;Kuo(5 %)
=

(
3:2
�
; 0 < � < 0:69

4:5 � �; � > 0:69
(2-24)

Other interesting relations where proposed by Bert in [43], where (2-25) approximates the

settling time by means of the �rst two terms of a power series representation of (2-14). But

Bert’s expression requires to calculates the constants a and b by means of a precise solution

of (2-14), which reduces its simplicity. In particular, Bert provides a = 2:99 and b = 0:56 for

the 5 % band. Then, Piche improves Bert’s solution by expanding (2-14) into McLaurin series

instead of power series [44], obtaining (2-26), which provides a more general equation since

no external, or o�ine, parameterization is required to �t any settling time band. In general,

Bert and Piche works have the same accuracy if Bert’s parameters are externally calculated.

Moreover, Bert and Piche are continuous and simple relations applicable to under-damped

systems only.

tsN;Bert =
a+ b � �2

�
; 0 < � < 1 (2-25)

tsN;P iche =
�ln (")

�
+
�

2
; 0 < � < 1 (2-26)

In any case, relations given in (2-22)-(2-24) are the most widely adopted ones in control

systems textbooks: for example, Carstens [38] and Dorf [39] books use the Ogata relation (2-

22), while Nise [42] and Mandal [41] books use the Kuo relation (2-23). Fig. 2-16 shows the

evaluation of relations (2-22)-(2-26) for 2 %, 5 % and 10 % bands. The 5 % is evaluated in Fig.

2-16a and Fig. 2-16b, where large errors are caused by the classical criteria in comparison

with the exact settling time measured using the exact time response of the system. It is

observed that Kuo’s criterion is the only one predicting for � � 1 using (2-24), which is valid

for " = 0:05 only. Moreover, Fig. 2-16b put in evidence the large errors introduced by such

explicit equations, which can be up to 60 % at damping ratios around 0:7.
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Figure 2-16.: Evaluation of classical settling-time criteria

In addition, Fig. 2-16b also highlights that, classical criteria given in (2-22)-(2-26), could

either underestimate or overestimate the settling time, it depending on the �. Therefore,

a system designed with such criteria could exhibit a settling time shorter or larger than

the expected one. Fig. 2-16c and Fig. 2-16d show the behavior of the classical criteria for

both 2 % and 10 % bands, where Bert criterion is not presented since a and b parameters

are not reported for 2 % and 10 % bands, and also because Piche criterion is close to Bert

approximation. Fig. 2-16c and Fig. 2-16d show the same characteristics than Fig. 2-16a:

the classical criteria do not reproduce the settling time vs. damping ratio discontinuities,

introducing large errors. Moreover, the settling time is estimated for 0 < � < 1 only. The-

refore, to perform an accurate design of a second-order system, a more precise settling-time

calculation procedure is required.
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2.3.3. Method to accurately calculate the settling time

The normalized settling time can be accurately calculated by using (2-14), (2-20) or (2-21),

depending on the � value, at the cross of C(tN) with the band limits. In m-cross systems,

i.e. 0 < � � �s, the settling time is the higher tN that ful�lls C(tN) = 1 � ". From C(tN)

expression for m-cross systems given in (2-14), the settling time is obtained from the solutions

of (2-27). However, due to the implicit nature of such an equation, an optimization technique

must be used to �nd the solutions. This section adopts the Newton-Raphson (NR) method

[11], which can be easily automated.

f (tN) =
exp (�� � tN)p

1� �2
sin

"
tN �

p
1� �2 � tan�1

 p
1� �2

��

!#
� " = 0 (2-27)

The derivative of (2-27), given in (2-28), is equal to zero in multiple points, therefore multiple

solutions of f(tN) exist as illustrated in Fig. 2-13. Such a characteristic makes impossible

to guarantee that the NR algorithm �nds all the solutions to select the higher tN , since the

NR trajectory and the NR solution depends on the adopted initial condition.

df(tN )
dtN

= exp (�� � tN)

�
cos

�
tN �

p
1� �2 � tan�1

�p
1��2

��

��

� �p
1��2

sin

�
tN �

p
1� �2 � tan�1

�p
1��2

��

��� (2-28)

Taking into account that the �rst relation proposed by Kuo (2-23) is based on the exponen-

tial envelop of C(tN) in (2-14), it provides a good initial condition for the NR algorithm:

relation (2-23) gives an overestimation of tsN , even for a 5 % band where (2-24) provides

underestimations. Therefore, starting from (2-23), the NR algorithm will �nd the nearest

solution, which corresponds to the maximum tN that ful�lls (2-27), i.e. the settling time

tsN . Similarly, in s-cross systems (�s < � < 1) the settling time is obtained from the nega-

tive solution of (2-27), where again the NR initial condition is calculated from (2-23). For

critically-damped systems (� = 1), the settling time is found from C(tN) = 1� " considering

C(tN) expression given in (2-20). C(tN) = 1 � " in this case corresponds to the solution of

(2-29), which derivative is given in (2-30). Since in � = 1 there is a single cross with the

band limits, as previously concluded, then the NR algorithm must be able to �nd the solution

starting from any initial condition. This is veri�ed by analyzing (2-30), which is negative

for tN > 0 and zero for tN = 0; hence (2-29) is a monotonically decreasing function with

f(0) = 1 � " > 0. Therefore, (2-29) has a unique solution and (2-30) is continuous, which

ensures that the NR method will converge to tsN from any initial condition. For practical

purposes, the initial condition can be set from (2-23) with � = 1 � � and 0 < � < 1, where
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the near � to 1� makes faster the convergence of the NR algorithm.

f (tN) = (1 + tN) � exp (�tN)� " = 0 (2-29)

df (tN)

dtN
= �tN � exp (�tN) (2-30)

For over-damped systems (� > 1), in the same way as in critically-damped systems, there is

a single cross with the band limits; hence the NR algorithm must be able to �nd the solution

starting from any initial condition. In this case the settling time is found from C(tN) = 1�",
given in (2-31), considering C(tN) expression given in (2-21). Therefore, a single-solution is

obtained from (2-31). Moreover, from (2-21) it is noted that 0 < BN < 1 due to � > 1,

therefore the derivative of (2-31), given in (2-32), is positive for tN > 0 and zero for tN = 0,

which implies that (2-31) is a monotonically increasing function with f(0) = �1 + " < 0.

Such conditions guarantee that (2-31) has a unique solution, and taking into account that

(2-32) is continuous, the NR method will converge to tsN from any initial condition.

f (tN) =
AN
BN

[1� exp (�BN � tN)]� AN �BN [1� exp (�tN/BN)]� 1 + " = 0 (2-31)

df (tN)

dtN
= AN � [exp (�BN � tN)� exp (�tN/BN)] (2-32)

Similar to the critically-damped case, for practical purposes the initial condition of the NR

algorithm can be set from (2-23) with � = 1� � and 0 < � < 1, this taking into account that

over-damped systems have larger normalized settling times than critically-damped systems.

To solve f(tN) given in (2-27), (2-29) or (2-31), selecting the proper equation depending

on the system damping ratio, the NR method starts from the initial condition tsN = tsN0

previously de�ned. Then, f(tsN) is calculated to evaluate the present value tsN , and the NR

algorithm stops if jf(tsN)j � � , where � is a threshold to balance the calculation precision

and the processing time: smaller � produces higher precision but longer processing times. If

jf(tsN)j > � , a new tsN value to test is obtained using (2-33) [11] (non-constant modi�cation

to tsN), where tsN;old is the value previously evaluated. New tsN values are sequentially tested

until jf(tsN)j � � is achieved.

tsN = tsN;old �
f (tN)jtN =tsN;old

df(tN )
dtN

���
tN =tsN;old

(2-33)
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The simplicity of both NR method and relations (2-27)-(2-33) enable to implement the

proposed solution in any programming language to accurately calculate the settling time.

The proposed method (named Method) was implemented in Matlab, where Fig. 2-17 shows

the comparison between Method and the stepinfo function (named Exact) from the Matlab

control systems toolbox for 2 %, 5 % and 10 % bands. Fig. 2-17a shows the normalized

settling time, where the high accuracy of Method is evident. Such an accurate calculation is

veri�ed by the small error between Method and Exact data presented in Fig. 2-17b, which

is constrained up to 0.6 % for all the bands with an average value of 0.1 %. To perform a

fair comparison between the bands, the NR threshold � was balanced to achieve the same

error spectrum: � was modi�ed proportionally to the band, therefore � is larger for larger

bands. Such a condition is illustrated in Fig 2-17b, where the errors distribution is similar

for all bands tested. Moreover, Fig 2-17c presents the processing time required by Method,

in comparison with Exact, to calculate the settling time. Such results put in evidence the

improvement achieved by the proposed solution, in comparison with Matlab stepinfo, since

the former requires a small fraction of the time to obtain a small prediction error, which is

almost negligible.

2.3.4. Calculation of the perturbation period

To design the Ta parameter of the P&O algorithm it is required to de�ne the appropriate

irradiance condition. In [8] the authors propose to design at the lowest irradiance in which

the PV system will operate. To test such a consideration, the PV system in Fig. 2-10 was

parameterized with L = 600 �H, C = 100 �F , Vb = 48 V , and considering the BP585

PV panel presented in the previous section. Moreover, the PV system was considered with

irradiances between 500 W=m2 � S � 1000 W=m2.

The accurate settling times of the PV system were calculated using Method, and the results

are reported in Fig. 2-18a. Those results validate the consideration given in [8] because

lower irradiances produce larger settling times. To avoid the condition Ta < ts, Ta must be

designed at the lower irradiance required by the application. In this way, Fig. 2-18a is used

to select the accurate Ta for the system.

From Method results, the PV system exhibits a settling time of 11:71 ms at S = 500 W=m2,

while at S = 750 W=m2 and S = 1000 W=m2 the settling times are 8:55 ms and 6:40 ms,

respectively. Fig. 2-18b, Fig. 2-18c and Fig. 2-18d illustrate the performance of Method

for the P&O design, where the settling times previously calculated predict the PV system

behavior under di�erent conditions. In such �gures the settling times are measured in the

average PV voltage, since the voltage ripple do not degrade signi�cantly the system power

[8]. This application example shows the usefulness and high accuracy of the Method in PV

applications.

Finally, Fig. 2-19a presents the PV system simulation under irradiance changes from 500

W=m2 to 1000 W=m2 at 60 ms. As presented in Fig. 2-19, the correct Ta parameter selection
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Figure 2-17.: Evaluation of proposed method for 2 %, 5 % and 10 % bands

for S = 500 W=m2 is Ta = 12 ms (Ta > ts) and a wrong Ta calculation (Ta < ts) is de�ned as

Ta = 1 ms. The simulation presents both PV system performances with correct and wrong

Ta selection. The simulation of the PV system with Ta = 1 ms shows the instability of the
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Figure 2-18.: Settling time of the PV system for 2 % band

PV voltage caused by the reduction of the Ta value (Ta < ts), which causes larger losses in

the PV power. In contrast, the simulation with Ta = 12 ms presents the predicted behavior

presented in Fig. 2-19 where the PV voltage converges to Vref before the Ta perturbation

(Ta > ts), which reduces the losses in the PV generated power.

2.4. Conclusions

In this chapter a new methodology to calculate the parameters of the P&O MPPT algo-

rithm was presented. The parameters calculation is aimed to optimize the PV power and to

guarantee a good performance of the algorithm. The proposed methodology was evaluated

with simulations taking into account the non-linear behavior of the PV module and the

dynamics of the DC/DC converter. Those validations were carried out by means of circuital

simulations in PSIM software.

The �rst part of the chapter presents an optimization of the P&O MPPT parameters, which
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Figure 2-19.: PV system simulation considering Ta = 1 ms and Ta = 12 ms.

enables to reduce the losses in the PV power and to guarantee a correct three point behavior.

The amplitude size and the perturbation period of the P&O algorithm are jointly designed

to maximize the power generated by the PV module both in steady-state and in dynamic

changes of the irradiance.

Based on the second-order transfer function modeling the PV system, this chapter also

proposes a method to accurately calculate the settling time in this kind of systems. Approxi-

mations reported in textbooks and research papers were reviewed illustrating the prediction

error generated for those methods. The new method, named Method, was used to calcula-

te the Ta parameter of a P&O algorithm in a PV application. The analytical results show

that Method accurately calculates the settling time predicting the PV system behavior. In

addition, the calculated Ta parameter was evaluated by means of simulations results of the

PV system under irradiance variations. Moreover, due to the accurate results, Method can

be used to automatize the settling time calculation in any second order system such as

excitation system, operational ampli�ers, DC/DC converters, etc.

The methodology presented in this chapter can be also used to optimize the controller in

distributed MPPT systems, which is an active topic in PV applications. Since, the imple-
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mented controller could be designed to follow a correct reference value, it considering the

calculation of the parameters presented in this chapter.



3. Sliding mode control P&O-based

technique

The correct design of both MPPT algorithm and the control system optimize the generated

energy from the PV module. As in the previous chapter the MPPT design was explained,

this chapter is focused on optimize the control strategy of the PV system.

This chapter presents a procedure to design a sliding controller for the PV system, which

drives the PV voltage to follow a reference provided by an external MPPT algorithm and

to mitigate the perturbations caused by the irradiance changes and oscillations in the bulk-

voltage. The proposed integral procedure, by taking also into account the e�ects in the closed

loop system dynamics of a reference �lter, ensures a stable sliding regime in all the desired

operation range of the system, while the settling time and overshoot of the PV voltage

required by an MPPT algorithm are provided.

3.1. Introduction

In many grid-connected applications a DC/DC switching converter is usually connected

between the PV modules and the inverter. The DC/DC converter is controlled to mitigate

the inherent perturbations of the system following a reference value given by the MPPT

algorithm. The �rst alternative is to design a linear controller (PI, PID or lead-lag) to

guarantee a satisfactory tracking of the voltage reference generated by the MPPT algorithm,

as presented in Fig. 3-1, and at the same time to mitigate the perturbations generated by

the load and by the irradiance variations [15]. The main problem associated to this kind

of controllers concerns the requirement of linearizing the model of the PV system around a

given operating point, which does not ensure the same performance in all the PV operation

range.

Other types of controllers have been proposed in the literature to improve the behavior of

the PV system accounting for changes on the operating point. Some of those controllers

are based on adaptive laws [19], energy balance [46] and sliding-mode theory. In particular,

the sliding-mode approach o�ers stability and robustness against parameters, input and

load uncertainties, which are common in PV systems. Moreover, sliding-mode controllers

(SMC) are simpler to implement in comparison with other types of non-linear controllers [47].

Therefore, some solutions based on SMC have been proposed to provide a good performance
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Figure 3-1.: PV system scheme based on classical PID controller.

in the mitigation of the load voltage oscillations and to ensure the tracking of the reference

provided by the MPPT algorithm [48, 1, 49, 50, 51]. However, in general, those solutions

do not guarantee the existence of the sliding-mode in all the operation range. Moreover, the

reported design of the SMC parameters is not necessarily related with the requirements of

the MPPT algorithm, hence it is di�cult to ensure the desired behavior of the complete PV

system, e.g. an accurate settling time of the PV voltage is required to ensure the stability of

a P&O algorithm at any operation condition, as presented in the previous chapter.

This chapter proposes an integral procedure to design a SMC accounting for all the elements

required to ensure the desired operation of the PV system, i.e. a stable SMC to track the refe-

rence provided by an MPPT algorithm in presence of load and environmental perturbations.

By considering that the switching surface is the linear combination of the input capacitor

current and the PV voltage error, the proposed design exhibits advantages in comparison

with existing solutions that rely in the linearization of inner current loop dynamics. Such a

design procedure is aimed at providing the settling time and overshoot that ensures a sta-

ble operation of the MPPT algorithm at any operation condition. The procedure overcomes

the defects of a previous approach reported in [2], in which the design of an inner current

capacitor loop is followed by the designs of a cascaded voltage PI controller and a �rst order

low-pass �lter that limits the voltage reference derivative. Di�erently from a previous similar

but less rigorous approach, the switching function and reference �lter parameters are obtai-

ned by numerically solving a set of nonlinear equations. Simulations and experiments were

used to demonstrate the e�ciency of the proposed solution in presence of environmental and

load perturbations.
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Figure 3-2.: PV system scheme based on the inductor current control.

3.2. Background of the proposed design procedure

The control structure presented in Fig. 3-1 is commonly used to regulate the PV voltage

to follow the reference given by the MPPT algorithm, and at the same time, to mitigate

both the perturbations propagated from the load and those generated by changes on the

environmental conditions [15]. The PID controller is designed using a linear model of the

PV system around an speci�c operating point, e.g. the MPP at the lowest irradiance level

[8]. Thus, to guarantee the same performance in all the operation the range, it is necessary

to design more robust controllers that do not depend on linearized models only.

The solution proposed in this chapter is based on two previous works published in [1] and

[2], which apply the sliding-mode control technique to regulate the PV voltage and to miti-

gate the low frequency voltage oscillations caused at the bulk capacitor Cb by the inverter

operation [52, 15]. The �rst implementation, given in [1] and presented in Fig. 3-2, is based

on the regulation of the average input current of the boost converter by means of the in-

ductor current iL control. The voltage and current of the PV array are provided to a P&O

algorithm, which de�nes the reference to the voltage controller Gic. Such a linear controller

imposes the reference iref to the SMC based on the switching function 	iL and surface �iL

given in (3-1).

	iL = iL � iref ^ �iL = f	iL = 0g (3-1)

The design of the Gic controller is based on the linearized model given in (3-2), which

considers the inductor current controlled by the SMC as a current source. Such a condition

generates the main problem of this �rst approach: the transfer function GvP V =iref
is based

on the parameter RMPP that models the impedance of the PV panel. Therefore, Eq. (3-2)

must be evaluated in some operating point in order to obtain a transfer function suitable for

design the controller Gic. However, when the PV array experiments changes in the irradiance
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Figure 3-3.: System scheme based on input capacitor current control.

or in the temperature the value of RMPP changes, which makes the controller design based

on the evaluated Eq. (3-2) not suitable to ensure a consistent performance in all the PV

system operation range.

GvP V =iref
=
VPV (s)

Iref (s)
= � RMPP

1 +RMPP � Cin � s
(3-2)

The second implementation, given in [2] and presented in Fig. 3-3, is based on the regulation

of the input capacitance current iCin
. In this approach, sensing the capacitor current is simpler

than sensing the inductor current because iCin
exhibits a zero DC component and the sensor

is connected to ground.

Similarly to the previous solution, a P&O algorithm generates the reference of the voltage

controller Gcc, which produces the reference ivr of the input capacitor current SMC based

on the switching function 	iCin
and surface �iCin

given in (3-3).

	iCin
= �iCin

� ivr ^ �iCin
=
n

	iCin
= 0
o

(3-3)

That surface imposes changes in the capacitor current iCin
to mitigate both the perturbations

present in the bulk capacitor voltage vb and the perturbations caused by the irradiance

changes. The controller Gcc design is based on the linearized model given in (3-4). This

control approach presents an improvement with respect to the previous work because transfer

function (3-4) does not depend on any PV panel parameter, hence the designed controller

must to provide the same behavior regardless the operation conditions [2].

VPV (s)

ICinref
(s)

= � 1

Cin � s
(3-4)
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However, the switching function in (3-3) can be rewritten as in (3-5) where Kp and Ki are

the proportional and integral parameters of the PI controller. Then, the main problem of

the design process in [2] concerts the adoption of three strong simpli�cations that makes

impossible to guarantee the system performance in all the operation range: �rst, considering

the SMC as a current source to design Kp and Ki exclusively based on Eq. (3-4). However, as

reported in (3-5), the sliding surface depends on Kp and Ki, hence the sliding-mode analysis

must to account Kp and Ki values to ensure stability.

	iCin
= �iCin

�Kp � (vPV � vref )�Ki �
Z

(vPV � vref ) dt (3-5)

The second simpli�cation is to consider the PV voltage constant even in presence of changes

in both the irradiance and the capacitor current, which is not true, hence the stability

analysis with such assumption is not general. The third simpli�cation is to assume that a

pre-�lter inserted between the reference and the controller does not modify the settling-

time and overshoot of the PV voltage, which is not true since such a �lter changes the

reference waveform provided to the SMC. Moreover, the controller Gcc design requires a

reduction of the system bandwidth, which is usually close to 1=5 of the switching frequency,

to guarantee a good performance in all operation range [14]. However, due to the changes in

the switching frequency caused by the SMC implementation based on hysteresis comparators,

such a condition is not granted.

The previous disadvantages of the design procedures reported in [1] and [2] severely a�ect the

performance of the PV system: �rst, the stability condition of the P&O algorithm imposes

that the perturbation period must be longer than the settling time of the PV voltage as

demonstrated in [14, 8]. The design procedures in [1] and [2] are not able to guarantee such a

condition. Second, it is desirable to ensure a null overshot in the PV voltage to avoid power

losses due to oscillations around the MPP, however the procedures reported in [1] and [2] do

not ensure such a performance. Therefore, those solutions do not ensure a correct tracking

of the MPP, or even system stability, in the complete operation range.

3.3. Analysis of the sliding controller

Based on the previous section, it is required a design process for the SMC that ensures

the system stability, the desired settling time and null overshoot. Therefore, such a design

process must to take into account all the elements in the control loops, e.g. requirements of

the MPPT algorithm, SMC, �lters, etc.

A good alternative to de�ne the behavior of the PV voltage vPV is to include both the

error with respect to the reference and the voltage derivative into the switching function,

where the voltage derivative can be acquired by measuring the input capacitor current iCin
.

The main advantage of such a switching function concerns the regulation of the PV voltage
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without additional controllers based on linearized models. Therefore, this work is based on

the switching function 	 and surface � given in (3-6), which enable to analyze the stability

of the PV voltage in presence of load, environment or reference changes.

	 = (vPV � vref ) �K1 + iCin
�K2 ^ � = f	 = 0g (3-6)

It must be pointed out that such a switching function 	 is similar to the one adopted in

[2], i.e. equivalent switching function (3-5). However, this chapter is focused in providing

a new analysis and design procedure for the control system, without including any of the

simpli�cations adopted in [2], to guarantee a stable behavior of the SMC and a correct

tracking of the MPP.

The scheme presented in Fig. 3-4a is used to implement the switching function 	, where the

voltage reference vref is provided by a P&O controller. The dynamic behavior of the DC/DC

converter is modeled by (3-7) and (3-8) presented in the previous chapter, where iPV and vb
represent the PV current and the bulk voltage, respectively, while the manipulated variable

u corresponds to the activation signal of the semiconductor switches.

iCin
= Cin �

dvPV
dt

= iPV � iL (3-7)

vL = L � diL
dt

= vPV � vb � (1� u) (3-8)

The PV current can be modeled by the simpli�ed single diode model (3-9) [11, 2], where iSC
represents the short-circuit current, IR is the diode saturation current and � represents the

thermal voltage that depends on the array temperature [2]. The parameters of this model

can be calculated from the operation condition and data sheet values as described in [11],

where the short-circuit current is approximately proportional to the irradiance iSC = KS �S
[53].

iPV = iSC � IR � (e��vP V � 1) (3-9)

Fig. 3-4b presents the block diagram of the control system including the model of the PV

system and the SMC structure, where u is generated using a comparator centered in zero.

The design of a stable SMC requires to ful�ll three conditions: transversality, equivalent

control and reachability [54]. In the following, such conditions are used to develop a design

procedure for the control system that ensures the desired performance criteria of the PV

voltage.
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Figure 3-4.: Sliding mode control based on voltage error and input capacitor current.

3.3.1. Transversality condition

The transversality condition (3-10) guarantees that the manipulated variable u is present in

the switching function derivative [48], which is required to modify the system dynamics.

dd	
dt

du
6= 0 (3-10)

To verify condition (3-10), the derivative of the function 	 with respect to the time is

obtained in (3-11) and the derivative of the PV current is given in (3-12), where Y =

�IR � � � e��vP V .
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d	

dt
= K1 �

�
dvPV
dt
� dvref

dt

�
+K2 �

�
diPV
dt
� diL

dt

�
(3-11)

diPV
dt

=
diSC
dt

+ Y � dvPV
dt

(3-12)

Replacing (3-8) and (3-12) in (3-11), the resulting equation is presented in (3-13).

d	

dt
=
dvPV
dt
�
�
K1 +K2 �

diPV
dvPV

�
�K1 �

dvref
dt

(3-13)

+K2 �
diSC
dt
�K2 �

�
vPV � vb � (1� u)

L

�

The transversality condition is analyzed deriving (3-13) with respect to u obtaining (3-14).

Then, the transversality condition is ful�lled if the parameter K2 6= 0 since both vb and L

are positive.

dd	
dt

du
= �K2 � vb

L
6= 0 (3-14)

3.3.2. Equivalent control condition

The next step is to analyze the equivalent control condition, which imposes that the average

value ueq of the control variable u must be constrained within the operation range of that

control variable [54]. For the DC/DC converter, the correct range is 0 < ueq < 1. These

analyses are illustrated in (3-15).

d	

dt
= 0! 0 < ueq < 1 (3-15)

Substituting u by ueq in (3-13), and inserting such an expression into (3-15), the following

inequality is obtained.

0 < ueq =
L

vb

��
K1

K2

+ Y

�
� dvPV
dt
� K1

K2

� dvref
dt

�
+
L

vb
� diSC
dt
� vPV

vb
+ 1 < 1 (3-16)

Moreover, since the analysis considers the system within the surface 	 = 0, expression (3-

17) is obtained from (3-6) and (3-7). Expression (3-17) describes the sliding-mode dynamics,

which can be analyzed in the Laplace domain as given in (3-18).
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�
vPV � vb

L

�
+

K1

K2 � Cin
�
�
K1

K2

+ Y

�
��vMPPT < �

K1

K2

dvref
dt

+
diSC
dt

(3-19)

�K1

K2

dvref
dt

+
diSC
dt

<
�vPV
L

�
+

K1

K2 � Cin
�
�
K1

K2

+ Y

�
��vMPPT (3-20)

dvref
dt

<
K2

K1

�
�
KS �

dS

dt
�
�
vPV � vb

L

�
� K1

K2 � Cin
�
�
K1

K2

+ Y

�
��vMPPT

�
(3-21)

dvref
dt

>
K2

K1

�
�
KS �

dS

dt
�
�vPV
L

�
� K1

K2 � Cin
�
�
K1

K2

+ Y

�
��vMPPT

�
(3-22)

iCin
= Cin �

dvPV
dt

= �K1

K2

� (vPV � vref ) (3-17)

VPV (s)

Vref (s)
=

1
K2�Cin

K1
� s+ 1

(3-18)

Eq. (3-18) shows the existence of an equivalent pole in � K1

K2�Cin
. Therefore, both K1 and K2

must to exhibit the same sign to ensure the system stability.

Taking into account that the reference vref of this SMC is provided by a P&O algorithm

as in Fig. 3-4a, the reference signal exhibits the following behavior: it remains constant

during the perturbation interval Ta; and each Ta seconds it changes in constant incremental

or decremental steps of �vMPPT volts looking for positive changes on the PV power [14].

Then, since relation (3-18) guarantees that vPV = vref when the system is in steady-state,

and taking into account that Ta must be designed longer than the settling of the PV voltage

[8, 14], it is concluded that each perturbation of the P&O generates an error of magnitude

�vMPPT between the PV voltage and the reference. Such a condition can be formalized as

(vPV � vref ) = �vMPPT , which could be positive or negative.

Then, replacing (3-17) into (3-16), and including the previous consideration, the inequalities

(3-19) and (3-20) are obtained.

Inequalities (3-19) and (3-20) de�ne the dynamic limits for the derivatives of both the refe-

rence and the short-circuit current, i.e.
dvref

dt
and diSC

dt
, respectively. Therefore, the maximum

and minimum values of
dvref

dt
that must be granted to ful�ll the equivalent control condi-

tion are given by (3-21) and (3-22), respectively. Such expressions depend of the maximum

irradiance derivative dS
dt

and the operating conditions of both the PV array and the DC/DC

converter.

The constraints in (3-21) and (3-22) put in evidence that step-like waveforms, i.e.
dvref

dt
!1,

must be avoided in vref . However, since P&O controllers produce step-like changes on its
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Figure 3-5.: Complete PV system including the reference �lter.

output signal, it is necessary to introduce a low-pass �lter between the P&O controller and

the SMC to ful�ll (3-21) and (3-22). Fig. 3-5 presents the complete PV system including

such a reference �lter.

3.3.3. Reachability conditions

The reachability conditions analyze the ability of the system to reach the desired state 	 = 0.

The work in [54] demonstrated that a system that ful�lls the equivalent control condition also

ful�lls the reachability conditions. The work also shows that the sign of the transversality

condition imposes the value of u for each reachability condition. Due to the implementation

constraints, which are discussed in Section 3.4, the proposed design of the SMC requires a

negative value for the parameter K2. Hence, the transversality condition in (3-14) is positive,

which imposes the reachability conditions (3-23) and (3-24) provided that the control action

is implemented as u = 1 for 	 < 0 and u = 0 for 	 > 0 [54].

l��m
	!0�

d	

dt

����
u=1

=
d	

dt

����
u=1;	=0

> 0 (3-23)

l��m
	!0+

d	

dt

����
u=0

=
d	

dt

����
u=0;	=0

< 0 (3-24)

Then, the reachability conditions are calculated by evaluating (3-13) in (3-23) and (3-24),

obtaining (3-25) and (3-26). By replacing (3-17) in (3-25) and (3-26), the same inequalities

given in (3-19) and (3-20) are obtained. Therefore, ensuring that
dvref

dt
is constrained within

the dynamic limits given in (3-21) and (3-22) also grants that both reachability conditions

are ful�lled.
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l��m
	!0�

d	

dt
=
vPV
dt
� (K1 +K2 � Y )�K1 �

dvref
dt

+K2 �
diSC
dt
�K2 �

�vPV
L

�
> 0 (3-25)

l��m
	!0+

d	

dt
=
vPV
dt
� (K1 +K2 � Y )�K1 �

dvref
dt

+K2 �
diSC
dt
�K2 �

�
vPV � vb

L

�
< 0 (3-26)

Mos

u

Flip-Flop S-R

S

R

Q

+
-

+
-

-H/2

H/2

!

Figure 3-6.: Implementation scheme of the control action.

3.4. Controller implementation and parameters

calculation

This chapter uses hysteresis comparators for implementing the SMC, which is a common

practice for DC/DC converter applications. Moreover, an hysteresis band H must be added

to the sliding surface to limit the switching frequency [47], hence the surface is constrained

within �H
2
� 	 � H

2
. From such a condition, inequalities (3-23) and (3-24) are implemented

as in (3-27), whose electrical scheme is presented in Fig. 3-6. Its practical realization was

performed using a TS555 integrated circuit, which exhibits the same internal structure. The

conditions for u in (3-27) are de�ned by the positive sign of the transversality condition (3-

14), it requiting a negative value of K2, which also imposes a negative value to K1. Adopting

positive values for K1 and K2 will require additional implementation circuitry.

	 � �H
2
! u = 1 ^ 	 � H

2
! u = 0 (3-27)

3.4.1. Switching frequency analysis

The SMC implementation based on hysteresis comparators imposes a variable switching

frequency fsw. Taking into account that the input capacitor and the inductor of the scheme

in Fig. 3-5 form a second-order �lter [55], and due to the small-ripple condition of the PV

voltage, the magnitude of the current ripples for both the inductor �iL and the capacitor

�iCin
is the same [55], i.e. �iCin

= �iL. Then, the switching frequency fsw imposed by the

SMC is calculated from the derivative of the inductor current (3-8) and the duty cycle of the

boost converter as in (3-28). Such an expression can be used to de�ne �iCin
in agreement
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with the practical limitations of the switching frequency imposed by the semiconductors and

sensors.

fsw =
vPV � (vb � vPV )

�iCin
� L � vb

(3-28)

3.4.2. Calculation of K2

The sliding-mode behavior, described in (3-6) and (3-18), ensures that in steady-state vPV =

vref , hence the hysteresis �H
2
� 	 � H

2
becomes �H

2
� iCin

� K2 � H
2

. This expression

correlates the hysteresis band H of the sliding surface with the minimum and maximum

values of the steady-state current in the input capacitor, which corresponds to the associated

current ripple �iCin
as given in (3-29). The magnitude of K2 can be calculated from (3-29).

j K2 j=
H

�iCin

(3-29)

Since sliding-mode controllers are commonly implemented using commercial circuits, e.g. the

TS555 and operational ampli�ers, H must be chosen according to the operation range of

those components. Moreover, �iCin
must be designed to guarantee continuous conduction

mode and to avoid large ripples in the PV voltage. In addition, as point out in (3-28), �iCin

must be also de�ned in agreement with the practical limitations of the switching frequency.

3.4.3. Design of the reference �lter

The �rst step to design the low-pass �lter added in Fig. 3-5 for the voltage reference is to

de�ne the �lter order. Such a topic was addressed in [2] by using a �rst order �lter designed

as in (3-30), which avoids overshoots in the reference delivered to the SMC and exhibits a

settling time equal to ts;1st = 3:9 � �f .

vref (s)

vMPPT (s)
=

1

1 + �f � s
(3-30)

However, using a second order �lter enables to obtain the same performance with a shorter

settling time, which is desirable to achieve shorter Ta values to improve the MPPT tracking

speed. Therefore, this work adopts the second order �lter given in (3-31), which considers a

damping ratio � = 1 to avoid overshoots in the reference of the SMC. In addition, this �lter

exhibits a settling time equal to ts;2nd = 5:8339
Wn

.

vref (s)

vMPPT (s)
=

W 2
n

s2 + 2 �Wn � s+W 2
n

(3-31)
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The time response YFil(t) of the second order �lter to a step input of magnitude �vMPPT is

presented in (3-32), where Wn must be designed to guarantee that the SMC reference vref
ful�lls the constraints in (3-21) and (3-22). Such a design requires to evaluate both upper

and lower limits within the operation range of the PV system, e.g. minimum and maximum

PV voltages, to obtain the most restrictive limit for
dvref

dt
, i.e. max

�
dvref

dt

�
.

YFil(t) = �vMPPT �
�
1� e�Wn�t � (1 +Wn � t)

�
(3-32)

Then, the maximum value of the �ltered voltage derivative (3-33) must be equal tomax
�
dvref

dt

�
.

The value of t at which (3-33) presents the global maximum is t = 1
Wn

, then the �lter para-

meter Wn must be calculated as in (3-34).

dYFil
dt

= �vMPPT �
�
W 2
n � t � e�Wn�t

�
= max

�
dvref
dt

�
(3-33)

Wn =
max

�
dvref

dt

�
� e1

�vMPPT

(3-34)

To illustrate the improvement of the system performance by using the second order �lter,

the �rst order �lter in (3-30) was designed as proposed in [2]: �f = �vMP P T

max
�

dvref
dt

� . Then, to

obtain the same limitation max
�
dvref

dt

�
in the dynamic behavior of the SMC reference, the

second order �lter provides a settling time 54 % shorter than the �rst order option. Hence,

taking into account that Ta � ts [14], the second order �lter enables to implement a faster

P&O algorithm.

3.4.4. Calculation of K1 and Wn

The e�ect of the reference �lter in the settling time of the complete system must be conside-

red. Otherwise, the settling time of the PV voltage will not be the desired one, which makes

impossible to guarantee Ta � ts. In addition, the PV voltage could exhibit overshoots that

degrade the power generation. This is the case of the design process given in [2], which does

not take into account the �lter e�ect into the PV voltage dynamics.

In contrast, parameter K1 in this work is designed to achieve a desired settling time ts of the

PV voltage imposed by the P&O algorithm: the complete time response of the PV system

composed of both (3-18) and (3-31) is given in (3-35), where the value of K1 depends on the

desired t = ts � Ta and �vMPPT .
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vPV (t) = (1 + a � e�Wn�t + b � t � e�Wn�t � c � e
�t
Q ) ��vMPPT

���
t=ts

Q = K2�Cin

K1
; a = 2�Wn�Q�1

(Wn�Q�1)2 ; b = Wn

Wn�Q�1
; c = W 2

n �Q2

(Wn�Q�1)2

9
=
; (3-35)

3.4.5. Summary of the design procedure

The 
ow chart presented in Fig. 3-7 describes the summary of the design procedure. The

design of the proposed SMC is based on the requirements of the P&O algorithm used to

perform the MPPT: perturbation magnitude �vMPPT and period Ta. Moreover, practical

constraints must be also considered, e.g. maximum switching frequency, maximum inductor

current ripple, voltage constraints of the circuits implementing the hysteresis band, etc.

The �rst step is to de�ne �iCin
from requirements on �iL, PV voltage ripple or switching

frequency (3-28). Then, K2 is designed from (3-29) based on the desired hysteresis band H

and �iCin
value. Subsequently, constraints in (3-21) and (3-22) must be evaluated within

the operation range of the PV system, where the maximum reference derivative max
�
dvref

dt

�

permissible depends on the parameter K1. These expressions together with (3-34) and (3-35)

form a non-linear equation system that must be solved by means of numerical methods, e.g.

Newton-Raphson, Trust-Region, Levenberg-Marquardt, genetic algorithms, among others.

The solution of the equation system gives the required values of K1 and Wn to guarantee

the SMC desired behavior.

3.5. Simulation results

The proposed procedure to analyze and design the SMC for the PV system in Fig. 3-5 is

illustrated in the following conditions. An irradiance operation range within 100 W=m2 �
S � 1000 W=m2 with a maximum continuous irradiance derivative dS

dt
= 1 kW= (m2 � s),

which simulates a transition from the highest irradiance to complete shade in 1 second.

The adopted PV module is a BP585 with average parameters iSC = 5 A, IR = 11:6 nA,

� = 0:9009 V�1, KS = 0:005 (A �m2) =W and MPP voltages between 16:39 V and 18:13 V.

The parameters of the DC/DC converter are L = 22:5 �H, Cin = 66 �F, Co = 66 �F,

vb = 29 V, and a PV voltage operation within 10 V � vPV � 20 V. In addition, the load

perturbations generated by a grid-connected inverter consider a grid frequency fgrid = 50 Hz

and a maximum variation of vb equal to 34.5 %, i.e. 24 V � vb � 34 V.

The SMC design considers the following P&O parameters: Ta = 2 ms and �vMPPT = 2 V. To

ensure the P&O stability, the desired settling time of the PV voltage is set to ts = 0:5 ms,

but many other ts � Ta can be adopted. Concerning practical limitations, the switching

frequency must be lower than 95 kHz, and the implementation of the control action in

Fig. 3-6 is performed using a TS555 integrated circuit, which imposes an hysteresis band
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Begin

Define: PV, DC/DC and MPPT 
Parameters

Calculate             using (3-28)    ∆iCin

Define H to calculate                                                
         from (3-29)               K2

Evaluate                          in 

(3-21) and (3-22)    
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)
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means of numerical methods                 

Wn

K1

End

Figure 3-7.: Flow chart of the design procedure.

H = 1:667 V for a supply voltage Vcc = 5 V.

The current ripple of the input capacitor is calculated from (3-28) at the maximum load

voltage and MPP voltage obtaining �iCin
= 4 A. Then, the magnitude of K2 is calculated

from (3-29), obtaining K2 = �0:417 V=A.

Subsequently, the equations system formed by (3-21), (3-22), (3-34) and (3-35) is solved

using the fsolve() function of Matlab with the Trust-Region method, obtaining K1 = �0:212

and Wn = 1:0535 � 106 rad=s with a maximum derivative of the reference max
�
dvref

dt

�
=

0:76 V=�s.

Despite the SMC was designed for a continuous irradiance derivative dS
dt

= 1 kW= (m2 � s) in

dynamic conditions of the reference, when the system is in steady state, e.g. with constant

reference, the SMC is able to support much faster irradiance changes. Such a condition is

evaluated from (3-19) and (3-20) by replacing
dvref

dt
= 0 to obtain �80:36 MW= (m2 � s) <

dS
dt
< 90:51 MW= (m2 � s), which corresponds to near step irradiance transitions.

Fig. 3-8 presents the simulation of the SMC for step-like up and down variations in the

reference of 10 V. The simulation in Fig. 3-8a corresponds to the scheme in Fig. 3-4a, which

does not include the �lter: despite the SMC forces the PV voltage to satisfactorily track the



3.5 Simulation results 49

10

15

20
V

o
lt

ag
e

[V
]

 

 

1 2 3 4 5
−2

0

2

Time [ms]

S
u
rf

ac
e

[V
]

 

 

v
PV

v
ref

Ψ

 

 
Loss of
sliding mode

(a) Without the �lter (Fig. 3-4a)

10

15

20

V
o
lt

ag
e

[V
]

 

 

1 2 3 4 5

−1

0

1

2

Time [ms]

S
u
rf

ac
e

[V
]

 

 

v
PV

v
ref

Ψ

 

 

t
s

t
s

2% Band

(b) With the �lter (Fig. 3-5)

Figure 3-8.: Simulation of the SMC.

reference vref , the sliding mode is lost at the instant the reference changes. Such a condition

validates the requirement of constraining the derivative of the reference described in (3-21)

and (3-22). In contrast, Fig. 3-8b presents the simulation of the scheme in Fig. 3-5, which

includes the �lter: the SMC ensures the tracking of the reference while the surface operates

into the hysteresis band for all the conditions, i.e. the sliding mode holds even in the step-

like transients of vref . Moreover, the characteristics of the PV voltage con�rm the accurate

calculation of parameters K1, K2 and Wn: a null overshoot and a settling time ts = 0:5 ms,

both matching the design requirements.

Fig. 3-9a presents a simulation of the PV system with the voltage reference provided by

the P&O algorithm. Moreover, the simulation considers 100 Hz voltage oscillations in the

load voltage vb to illustrate the satisfactory mitigation of bulk voltage perturbations. This

simulation shows a correct tracking of the P&O reference with the desired setting time

ts = 0:5 ms in presence of large load voltage variations of 34.5 %. The correct operation of

the P&O is con�rmed by the accurate tracking of the maximum PV power available pmax.

The simulation considers a PV array formed by two BP585 panels in parallel, both with an

irradiance level of S = 600 W=m2. At t = 10 ms one of the panels is disconnected to simulate

a step-like disturbance of 50 % in PV current, and at t = 20 ms the PV module is connected

again. The results show the accurate tracking of the MPP and the satisfactory mitigation of

the perturbations, which demonstrates the e�ectiveness of the proposed design procedure.

Fig. 3-9b presents a similar simulation but considering a PV array formed by two BP585

panels in series. The PV system operates with a single panel up to t = 10 ms, from that

instant the second panel is connected to illustrate the tracking performance when the optimal

PV voltage changes considerably. Again, the designed SMC enables the P&O to track the

new MPP.

To illustrate the improvement of the proposed design method over the procedures reported
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Figure 3-9.: Simulation of the PV system with perturbations in the bulk voltage.

in [1] and [2], the design of the SMC based on 	 in (3-6) is contrasted with the design of the

controller based on 	iL in (3-1), reported in [1], and with the design of the controller based



3.5 Simulation results 51

on 	iCin
in (3-3), reported in [2]. To perform a fair comparison, the linear controllers required

for both 	iL and 	iCin
where designed to provide null overshoot and a settling time equal to

0:5 ms. Fig. 3-10a presents the controllers response to a step change in the reference, where

both 	iL and 	iCin
options do not ful�ll the overshoot and settling time requirements.

To provide comparisons in di�erent operating conditions, the three controllers were redesig-

ned for 19 di�erent settling times between 0:1 ms and 1:0 ms. Fig. 3-10b, Fig. 3-10c and

Fig. 3-10d compare the settling time errors, overshoots and energy losses provided by the

three options. Those simulations con�rm that the design procedure proposed in this chapter

ensures the required settling time and overshoot, while the design procedures reported in [1]

and [2] lead to large errors in both the settling time and overshoot as analyzed in sections

3.2 and 3.3.

Moreover, the inaccurately long settling times provided by both 	iCin
and 	iL , e.g. 350 % to

450 % in some cases, could lead to violate the P&O stability condition Ta � ts. In addition,

the longer settling times and overshoots make that both 	iCin
and 	iL produce larger energy

losses, 30 % to 50 % in some cases.
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Figure 3-10.: Performance comparison of the SMC based on 	, 	iL [1] and 	iCin
[2] desig-

ned for di�erent settling-times.
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The simulations presented in this section put in evidence the e�ectiveness of the proposed

design procedure since the SMC based on 	 provides a correct tracking of MPP, in presen-

ce of perturbations in both irradiance level and load voltage, for a wide operation range.

Moreover, the simulations also con�rm the advantages of the proposed procedure over the

design methods reported in [1] and [2].

3.6. Implementation and Experimental Results

This section presents experimental validations of the proposed design procedure. The expe-

rimental test bench consists in a PV array made of two BP585 modules, a boost DC/DC

converter, an electronic load, a DSP device with a MCP4822 DAC (Digital-to-Analog Con-

verter) to implement the P&O as in [56], and a circuit based on operational ampli�ers

and a TS555 to implement the SMC. The TS555 and all OpAmps (rail-to-rail TLC2272

& OPA2350) are unipolar 5-V powered. The structure of the experimental platform is pre-

sented in Fig. 3-11, where the PV panels can be connected in series or parallel depending

on the test. Additional switches make possible the connection or disconnection of the PV

modules to emulate 50 % step-like irradiance transients or to instantaneously change the

optimal PV voltage. The converter, PV array, settling-time and P&O parameters are the

same ones previously adopted for the simulation results, therefore the SMC parameters K1,

K2 and Wn calculated in Section 3.5 hold for the experimental system. The laboratory setup

is presented in Fig. 3-12, which also shows the PC used to program the DSP.

The reference �lter in Fig. 3-11 was implemented using analog components, i.e. two resistors

and two capacitors. However, since a DSP is used to process the P&O algorithm, it is possible

to discretize such a �lter to be processed by the DSP.

The DAC used in the experimental platform has a minimum sampling time of tsF = 4:5 �s,

hence the digital �lter must be designed accordingly: Fig. 3-13a shows the dynamic response

of both the analog �lter and its digital version with tsF = 4:5 �s, where the digital �lter

exhibits a settling time 244 % longer than the required one and an unacceptable overshoot.

Therefore, using the MCP4822 DAC it is not possible to implement a digital version of the

reference �lter. Fig. 3-13a also shows the performance of two digital �lters designed with

shorter sampling times tsF = 1:5 �s and tsF = 0:5 �s, where only the one with tsF = 0:5 �s

achieves the desired settling time (0:5 ms), but it requiring a DAC 9 times faster, i.e. a much

costly device.

Another option is to implement a derivative limiter instead of a traditional �lter. In this

case, the step-like reference provided by the P&O becomes a ramp waveform with slope

equal to max
�
dvref

dt

�
, where the time required by the ramp to reach the reference voltage

is tRAMP = �vMPPT=max
�
dvref

dt

�
. Then, the number of steps forming the digital ramp is

NRAMP = 1 + tRAMP=tsF . Using the DAC with tsF = 4:5 �s adopted in the experimental

platform NRAMP = 1, hence no slope limitation is performed as depicted in the simulations of
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Figure 3-11.: Electrical scheme of the experimental test bench.

Fig. 3-13b. Such a �gure also presents the digital ramps achieved with shorter tsF = 1:5 �s

and tsF = 0:5 �s, where the �rst one provides 2 steps while the latter one provides 6

steps. Again, a much faster DAC is needed, in comparison with the MCP4822, to achieve an

acceptable digital ramp.

The previous analyses show that the adopted DAC forces the analog implementation of the

reference �lter. However, faster DACs enable to integrate the reference slope limitation into

the digital device used to process the MPPT algorithm.

The proposed procedure for designing the sliding-mode controller was validated by repro-

ducing the simulation tests using the experimental platform of Fig. 3-11: Fig. 3-14 shows

the experimental behavior of the PV system in presence of step commands injected to the

reference, similar to the simulations presented in Fig. 3-8. This test validates the design of

the analog �lter added to the reference of the SMC to ensure the system operation inside

the sliding band. Moreover, Fig. 3-14b validates the procedure to calculate K1, K2 and Wn

to impose a desired settling-time to the PV voltage including the �lter e�ect.

Two additional experiments were made to verify the performance of the complete PV system

including the MPPT algorithm: the �rst one considers a fast change in the irradiance and
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Figure 3-12.: Laboratory setup.
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Figure 3-13.: Digital implementations of the reference �lter.

the second one considers a fast change in the MPP voltage. In both tests the electronic load

was con�gured to impose a 100 Hz oscillation at the output port of the DC/DC converter

to emulate a disturbance of 34.5 % generated by a grid-connected inverter.

In the �st case the PV array is formed by two parallel connected modules. Then, one of those

modules is disconnected to emulate a step-like 50 % perturbation in the irradiance. Fig. 3-

15a presents the experimental waveforms, where the P&O exhibits a stable 3-point pro�le

in presence of both the irradiance and load voltage perturbations, which put in evidence the

satisfactory performance of the proposed design procedure. This experiment con�rms the

simulations reported in Fig. 3-9a.

In the second case the PV array is originally formed by a single module. Then, an additional

module is connected in series to produce a fast change on the MPP voltage. Fig. 3-15b

presents the results of this experiment, where the P&O accurately tracks the new MPP in
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Figure 3-14.: Experimental veri�cation of the SMC performance.

presence of the load voltage perturbations, which veri�es again the satisfactory performance

of the design procedure. This experiment con�rms the simulations reported in Fig. 3-9b.

Finally, the experimental results presented in this section validate the correctness of the

proposed procedure to design the SMC in agreement with the requirements of the MPPT

algorithm.

3.7. Conclusions

This chapter has proposed an improved over a previously published solution for designing the

sliding mode controller of a boost converter in a grid connected PV system. The PV voltage

tracked the reference provided by an external MPPT algorithm with a speci�ed settling

time and no overshoot while being insensitive to changes in environmental conditions, such

as solar irradiation or PV module temperature, and the 100/120-Hz perturbations in the

bulk capacitor voltage linking the boost converter and the cascaded inverter connected to

the grid. In the analysis of the selected switching surface, formed by a linear combination

of the input capacitor current and the PV voltage error, a single control loop has been

considered. This approach di�ers from other similar solutions previously reported that used

cascade controllers based on inner fast current control loops and outer voltage loops designed

after a linearization of the current loop dynamic response. Avoiding the linearization is a

key feature of the improved procedure because the validity of the analytical expressions is

not restricted around an operating point, provided that the sliding regime is not lost.

As expected from other solutions, the expression of the equivalent control obtained in the

sliding analysis indicated that a low-pass pre-�lter had to be inserted between the MPPT
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Figure 3-15.: Experimental veri�cation of the PV system performance.

module and the controller input, so that the usually large time-derivatives in the MPPT-

provided reference voltage were su�ciently limited to avoid losing the sliding regime. It has

been found that, instead of the �rst-order low-pass �lter of previous solutions, a second-order

critically-damped �lter provided the same smoothing functionality but with much shorter

settling times. While the poorly-designed �lters of previous approaches caused the controllers

to fail in providing the PV voltage responses with no overshoot and the speci�ed settling

times required by MPPT algorithm. Simulation and experimental results showed that the

controller designed following the improved procedure ful�lled correctly all these requirements.

The controller parameters were calculated by solving a non-linear set of equations obtained

by combining the �lter design equations with the restrictions necessary for the sliding regime

to hold in all the PV module and DC/DC converter operating points.

In the simulations and experiments a sliding mode controller with a very simple variable-

switching frequency hysteretic-modulation was considered. A description of the experimental

setup together with a detailed controller implementation based in rail-to-rail OpAmps and

the well known 555 timer, powered by a 5-V unipolar supply, has been provided to help

readers in reproducing the experimental results. The same detailed analysis and design of

SMC can be applied in further developments to PV systems based on other converter to-

pologies such as buck (e.g. battery charges), buck-boost (e.g. module optimizers), inverters

(e.g. PV micro-inverters), among others.

As presented in this chapter, the SMC technique was designed to regulate the PV voltage in

agreement with an external reference given by an MPPT algorithm. However, both designs

are not integrated in a uni�ed solution to optimize the PV power. Hence, a complete solution

that merges an optimization of the MPPT algorithm with the design of a SMC technique

represents a good alternative to improve the PV system performance.



4. Regulation of the PV admittance for

MPPT purposes

As presented in the previous chapters, both an optimization technique to improve the MPPT

behavior and a correct control of the DC/DC converter are fundamental components of the

PV system design. Those solutions are presented separately to highlight the design of each

technique. However, a single solution that involves both the MPPT algorithm and DC/DC

converter controller is required to improve the generated energy, since, the integral design of

both systems allows to improve the parameters optimization.

This chapter presents a SMC based on the admittance of the PV module to follow a reference

provided by an MPPT algorithm, and at the same time, to mitigate the perturbations

generated by the load. The proposed MPPT algorithm is designed to detect the optimal

PV admittance and it is designed in agreement with the SMC requirements. The SMC is

mathematically analyzed, and a design process is proposed to ensure the desired performance

in all the operation range.

4.1. Introduction

In this chapter, the DC/DC converter associated to the PV module should be analyzed

as an adaption stage to transform the power provided by the PV source to the conditions

required by the DC load, as depicted in Fig. 4-1 [57, 8, 58, 59, 60, 61]. The DC load is

characterized by a function that depends on the current and voltage output fo(ib; vb) with

its associated impedance [58, 59], which is not necessarily the optimal impedance of the PV

source. Therefore, to extract the maximum power from a PV module, the DC/DC converter

regulated by an MPPT algorithm is inserted between the source and the load to match the

optimal operating point of the PV module with the load operation [58, 59, 60, 61, 62, 63].

On the light of the previous analysis, a SMC should be designed to impose a desired PV

impedance in agreement with the MPPT algorithm requirements as presented in [58, 59,

64, 65]. Those works propose an adaption stage based on a DC/DC converter regulated

by a SMC technique connected to an external MPPT algorithm, which gives the optimal

reference to the controller following the structure presented in Fig. 4-2. However, those

works do not present the complete design process for the MPPT algorithm in terms of the

characteristics of the PV module and DC/DC converter. In contrast, other works dealing
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Figure 4-1.: Adaption stage between a PV module and a DC load.

with the complete design of the MPPT algorithm do not consider the load perturbations

[57, 66, 60, 34, 67, 68]. Therefore, an uni�ed solution dealing with both the MPPT algorithm

design and the mitigation of the DC-link voltage oscillations is needed to improve the PV

system e�ciency and reliability.

Load

PV module

i
PV

v
PV

DC/DC
Converter

v
PV iPV

MPPT
& 

SMC

Adaption Stage

u

Figure 4-2.: Impedance matching of a PV module and a load by means of a DC/DC con-

verter controlled by a SMC and an MPPT algorithm.

This chapter proposes a new SMC solution to impose the optimal admittance to the PV

module by tracking the reference provided by a new admittance-based MPPT algorithm,

and at the same time, to mitigate the oscillations in the DC-link without using additional

voltage controllers based on a linearized model. The SMC is mathematically analyzed, and

a design process is proposed to ensure the desired performance in all the operation range.

Finally, simulations and experimental results are used to demonstrate the e�ciency of the

proposed solution in presence of both irradiance level and load perturbations.
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4.2. Proposed sliding surface

Based on the previous section, control the PV impedance (or admittance) by means of

an SMC linked to an external MPPT algorithm is a good alternative as demonstrated in

[58, 59, 64, 65]. However, such works do not present the complete design process for the

MPPT algorithm. As will be explained afterwards in Section 4.6, basing the SMC in contro-

lling admittance, instead of impedance, enables to reduce the hardware implementation, in

comparison with [58, 59, 64].

The PV system presented in Fig. 4-3, which is based on the step-up boost topology, exhibits

in node (a) the current law presented in (4-1). Tacking into account that the charge balance

principle [55] guarantees an average current equal to zero to any capacitor in a steady-state

DC/DC converter, i.e. hiCin
i = 0 for the input capacitor Cin, then in node (a) the average

PV current is equal to the average inductor current, i.e. hiPV i = hiLi. Therefore, the average

value of the admittance iL=vPV is equal to the average value of the PV module admittance

iPV =vPV , i.e. hiLi = hvPV i = hiPV i = hvPV i. On the basis of the previous analyses, this chapter

proposes the switching function 	Y and surface �Y given in (4-2) to regulate the average

value of the admittance iL=vPV following an external reference given by the MPPT algorithm

(Yref ), as presented in Fig. 4-3. This strategy ensures that the average PV admittance is

imposed by the MPPT algorithm, i.e. hiPV i = hvPV i = Yref .
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Figure 4-3.: PV system based on the proposed SMC

iPV = iL + iCin
(4-1)

	Y =
iL
vPV
� Yref ^ 	Y = f	Y = 0g (4-2)

Fig. 4-4 presents the block diagram of the control system including the model of the PV

system and the SMC structure, where u is generated using a comparator centered in zero.
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The design of a stable SMC requires to ful�ll three conditions: transversality, equivalent

control and reachability [54]. In the following, such conditions are used to develop a design

procedure for the control system that ensures the desired performance of the PV admittance.

4.2.1. Transversality condition

To analyze the SMC properties for the proposed surface, the derivative of 	Y with respect

to the time is presented in (4-3).

d	Y

dt
=

diL
dt

vPV
� dvPV

dt
� iL
vPV 2

� dYref
dt

(4-3)

Replacing (3-7) and (3-8) in (4-3):

d	Y

dt
=
vPV � vb � (1� u)

vPv � L
� iL � (iPV � iL)

vPV 2 � C
� dYref

dt
(4-4)

The transversality condition is analyzed by deriving (4-4) with respect to u obtaining (4-5).

Then, the transversality condition is ful�lled since vPV , vb and L are positive values.

dd	Y

dt

du
=

vb
vPv � L

6= 0 (4-5)
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4.2.2. Equivalent control condition

The next step is to analyze the equivalent control condition. Substituting u by ueq in (4-4),

and inserting such an expression into the DC/DC operation range (0 < d	Y

dt
= 0 < 1) leads

to the following inequality:

0 < ueq =
dYref
dt
� vPV � L

vb
+
vb � vPV

vb
+
iL � L � iPV � iL2 � L

C � vPV � vb
< 1 (4-6)

Taking into account that the reference Yref of this SMC is provided by an MPPT algorithm,

as in Fig. 4-3, the reference signal exhibits the following behavior: it remains constant during

the perturbation interval Ta; and each Ta seconds it changes in constant incremental or

decremental steps in Yref looking for positive changes on the PV power [14]. Then, inequality

(4-6) de�nes the dynamic limits for the derivatives of the reference, i.e.
dYref

dt
. Therefore, the

maximum and minimum values of
dYref

dt
that must be granted to ful�ll the equivalent control

condition are given by (4-7) and (4-8), respectively. Such expressions depend on the operating

conditions of both the PV array and the DC/DC converter.

dYref
dt

<
C � vPV 2 � iL � L � iPV + iL

2 � L
C � vPV 2 � L

(4-7)

dYref
dt

>
C � vPV 2 � C � vPV � vb � iL � L � iPV + iL

2 � L
C � vPV 2 � L

(4-8)

The constraints in (4-7) and (4-8) put in evidence that step-like waveforms must be avoided

in Yref , i.e.
dYref

dt
< k, where k is a �nite value.

4.2.3. Reachability conditions

The reachability conditions analyze the ability of the system to reach the desired state

	Y = 0. Since the transversality condition in (4-5) is positive, this imposes the reachability

conditions (4-9) and (4-10) provided that the control action is implemented as u = 1 for

	Y < 0 and u = 0 for 	Y > 0 [54].

l��m
	Y!0�

d	Y

dt

����
u=1

=
d	Y

dt

����
u=1;	Y =0

> 0 (4-9)

l��m
	Y!0+

d	Y

dt

����
u=0

=
d	Y

dt

����
u=0;	Y =0

< 0 (4-10)

Then, the reachability conditions are calculated by evaluating (4-4) in (4-9) and (4-10),

obtaining (4-11) and (4-12). Therefore, ensuring that
dYref

dt
is constrained within the dynamic

limits given in (4-7) and (4-8) also guarantee that both reachability conditions are ful�lled.
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l��m
	Y!0�

d	Y

dt
=

1

L
� iL � (iPV � iL)

vPV 2 � C
� dYref

dt
> 0 (4-11)

l��m
	Y!0+

d	Y

dt
=
vPV � vb
vPv � L

� iL � (iPV � iL)

vPV 2 � C
� dYref

dt
< 0 (4-12)

4.3. Design of the admittance-based MPPT algorithm

As presented in the previous section, the Yref variable is the admittance reference given by an

MPPT algorithm. This algorithm is based on the traditional P&O technique [8] presented in

Chapter 2, which perturbs the manipulated variable (Yref ) and observes the changes in the

PV power (PPV ). Hence, the algorithm manipulates Yref to optimize the power generated

by the PV module.

Fig. 4-5 presents a typical pro�le for a commercial BP585 PV module. The adopted PV

module is simulated using (3-9) with the following parameters: iSC = 5 A, IR = 11:6 nA,

� = 0:9009 V�1 and KS = 0:005 (A �m2) =W. The �gure shows in a continuos black line

the behavior of the PV module at standard test conditions (S = 1000 W=m2 and T = 25�

C). Moreover, the PV admittance value associated to the MPP condition is represented by

YMPP , which is calculated as the division between the current and the voltage at the MPP

condition, IMPP and VMPP respectively.

2

PV        = V         + I2
PV PV

2

Y        MPP = I        MPP

V        MPP

∆Arc=∆θ    .
PV∆θ 

∆P 

P        MPP

θ    =tan  (Y    ) PVPV
-1

γ

γ

Figure 4-5.: PV pro�le and MPP admittance.

In addition, any point of the PV current-voltage pro�le could be represented in terms of the

radius (
PV ), centered into the origin, and the angle �PV formed between the radius and the

voltage axis. Tacking into account the previous de�nitions, the triangle formed by the radius
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PV , the origin, the axis, and the PV admittance YPV presents the following trigonometric

considerations:

tan(�PV ) =
IPV
VPV

= YPV (4-13)


PV
2 = IPV

2 + VPV
2 (4-14)

Furthermore, the continuos oscillation around the MPP generates steady-state PV power

losses represented by �P . Usually, those losses are restricted by constraining the manipulated

variable of the MPPT algorithm to a �xed value that guarantee a maximum PV power loss,

e.g. design the manipulated variable to guarantee a maximum loss of 2 % of the power at the

MPP (PMPP ) with S = 1000 W=m2 [8]. In this proposed MPPT algorithm, the manipulated

variable that constrain the PV power is named �Arc, which represents a portion of the

current-voltage curve calculated as (4-15), where �� indicates the maximum angle variations

that ensures power losses lower than the desired value.

�Arc = �� � 
PV (4-15)

Then, the �Arc parameter is calculated as the maximum permisible arc in the current-

voltage pro�le to limit the power losses up to �P . Hence, the design criteria of the MPPT

algorithm is to obtain a maximum steady-state losses �P = PMPP � (1 � �), where � 2
(0,1] represents the maximum admissible losses percentage. Imposing a desired � value for a

selected irradiance condition enables to calculate the �P restriction and its associated I�P ,

V�P and Y�P parameters. The �� condition is calculated using a mathematical manipulation

of (4-13) as �� = tan�1(YMPP )� tan�1(Y�P ), hence the �Arc parameter that satis�es the

desired power losses is evaluated in (4-15) using the 
PV at the MPP as presented in (4-16).

�Arc =
p
I�P

2 + V�P
2 � (tan�1(YMPP )� tan�1(Y�P )) (4-16)

Finally, the summary of the MPPT process is presented in Fig. 4-6, where the 
ow chart

illustrates the Yref on-line calculation based on the �Arc de�nition and the continuos mo-

nitoring of the IPV and VPV conditions. Note that, as previously described, this algorithm

is based on a P&O technique, hence it includes a Ta parameter that represents the sampling

interval in which the algorithm perturbs the control variable. In order to guarantee that the

input capacitor achieves the desired admittance reference, the Ta parameter is assumed as

the minimum time required by the input capacitor to be charged. This condition is repre-

sented by the time constant of the input capacitor calculated from the expression given in

(4-17) [58].

Ta > 5 � Cin
YMPP

(4-17)
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Figure 4-6.: Flow Chart of MPPT admittance-based algorithm.

4.4. Summary of the design process

As presented in previous sections, the design of the proposed control system depends on

the PV module and DC/DC converter characteristics. The �rst step is to obtain (using data

sheet values or measurements) the converter parameters and the PV module operation range.

With those parameters, the
dYref

dt
values that guarantee the correct sliding performance are

calculated using (4-7) and (4-8). Such a restrictions enable to design a derivative limiter,

which constraint the maximum derivative of the MPPT reference to the acceptable
dYref

dt

value. Finally, the MPPT is implemented following the procedure de�ned in Fig. 4-6, where

the �Arc parameter is calculated from a desired � condition as reported in (4-16), and Ta
is calculated using (4-17).
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4.5. Application example and simulation results

With the aim of illustrating the analysis and the design of the SMC for the PV system

presented in Fig. 4-3, the following conditions are assumed. An irradiance operation range

within 500 W=m2 � S � 1000 W=m2, the adopted BP585 PV module has the standard test

conditions parameters presented in the previous section, and the DC/DC converter elements

are L = 22:5 �H, Cin = 66 �F and Co = 66 �F. In addition, the load perturbations generated

by a grid-connected inverter consider a grid frequency fgrid = 50 Hz and a maximum variation

in vb equal to 34.5 %, i.e. 24 V � vb � 34 V. Finally, the proposed SMC is implemented with

hysteresis comparators, which is a common practice for DC/DC converter applications [2],

hence an hysteresis band H is imposed to the sliding surface to limit the switching frequency.

Concerning the practical realization, the hysteresis comparators are implemented using the

TS555 integrated circuit, which imposes an hysteresis band H = 1:667 V for a 5 V supply

voltage.

Fig. 4-7a presents the evaluation of the proposed system under changes on the PV admit-

tance reference. The reference Yref is injected as a step-like up and down variations of 0:1

S to validate the proposed SMC performance. The simulation presents the correct behavior

of the PV average admittance Y in tracking the reference, it validating the mathematical

analysis presented in Section 4.2. The bottom of the Fig. 4-7a presents the surface 	Y = 0

under the PV admittance reference changes, where the controller presents good performance

for Yref stable conditions, but when the reference changes as a step-like variation, the SMC

presents a loss of the sliding mode as predicted by expressions (4-7) and (4-8) due to the

large value of
dYref

dt
.
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Figure 4-7.: Simulation of the SMC.

To avoid this problem, a derivative limiter for the Yref variable must be implemented. Using

(4-7) and (4-8), and the parameters of the system at the MPP, the maximum permisible
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derivative limit max
�
dYref

dt

�
= 2 S=ns is calculated, and the simulation including such a

dYref

dt
limiter is presented in Fig. 5-15b. As predicted by (4-7) and (4-8), the derivative

limiter enables to guarantee the correct SMC behavior by constraining the surface into the

limits even in case of step-like transients on Yref , thus avoiding the loss of the sliding mode

by ful�lling the transversality conditions.

Then, the MPPT algorithm is designed following the procedure presented in Section 4.3. The

maximum percent of losses selected for this example is � = 2 % of the PMPP at the lowest

irradiance value S = 500 W=m2. Hence, the maximum permisible arc that guarantee those

maximum losses is �Arc = 12�. In addition, the MPPT algorithm considers a sampling

interval Ta = 1 ms to enable the complete charge of the capacitor. The simulation of the PV

system, considering the MPPT implemented as described in Fig. 4-6, is presented in Fig.

4-8. Moreover, the simulation also considers 100 Hz voltage oscillations in the load voltage

vb to illustrate the satisfactory mitigation of bulk voltage perturbations at twice the grid

frequency generated by a grid-connected inverter. This simulation shows a correct tracking

of the MPPT reference in presence of large load voltage variations of 34.5 %. The correct

operation of the MPPT algorithm is con�rmed by the accurate tracking of the maximum PV

power available pmax. The simulation also considers a PV module exposed to an irradiance

variation: at t = 15 ms the irradiance changes from S = 1000 W=m2 to S = 500 W=m2.

The results show the accurate tracking of the MPP given by the proposed algorithm and

the satisfactory mitigation of the load perturbations, which demonstrates the e�ectiveness

of the proposed design procedure.

Two zoom of Fig. 4-8, from t = 6 ms to t = 15 ms and from t = 28 ms to t = 35 ms, are

presented in Fig. 4-9, which enable to verify the maximum acceptable losses �P . Fig. 4-9a

presents the zoom when the PV module is irradiated at S = 1000 W=m2: the top of the

simulation shows the correct tracking of the reference and the bottom presents the PV power

and the calculated maximum power at this condition. Moreover, the maximum acceptable

losses are illustrated as a continuos white line, where the system constraint due to the �Arc

restriction is e�ective. In the same way, Fig. 4-9b presents the zoom when the module has

a constant irradiance value of S = 500 W=m2. The �P condition is well-respected and,

since the �Arc was calculated for this irradiance value, it validates the analysis presented

in Section 4.3.

The previous simulations show that the proposed sliding-mode controller (4-2) satisfactorily

rejects the main perturbation generated by the grid-connected inverter in the scheme of Fig.

4-3: a sinusoidal voltage perturbation in vb at double of the grid frequency, which is shown

at the bottom of Fig. 4-8. However, a grid-connected inverter also introduces high-frequency

harmonics caused by the semiconductors switching. Therefore, a second simulation scheme

considering a detailed grid-connected inverter is introduced in Fig. 4-10 to further evaluate

the proposed solution. The adopted single stage inverter considers a control system to provide

a correct power factor and to regulate the voltage on the DC-link Cb as reported in [69].
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Figure 4-8.: Simulation of the PV system in presence of bulk voltage and irradiance per-

turbations.
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Figure 4-9.: Zoom of Fig 4-8.

The inverter is designed to operate in the following conditions: the grid voltage is 110 V AC

with a frequency of 60Hz and the average DC-link voltage vb is regulated at 220 V . Moreover,

the simulation considers the same MPPT parameters calculated for the previous simulation

and a step-down irradiance variation at t = 0:75 s. The simulation results, presented in Fig.

4-11, show the extraction of the maximum PV power even with the DC-link (bulk) voltage
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Figure 4-10.: Circuital scheme including a single stage grid-connected inverter.

oscillations caused by the grid-connected inverter with the same tracking-time exhibited in

Fig. 4-8 (9 ms). In addition, Fig. 4-11 also shows the AC voltage and the injected current

waveforms corresponding to a power factor nearby to one, which put in evidence the correct

behavior of the inverter. Finally, the simulation shows the reduction in the injected AC

current caused by the reduction in the PV power.

In conclusion, the simulations presented in this section put in evidence the e�ectiveness of

the proposed solution in the tracking of the MPP under the presence of perturbations caused

by climatic conditions and by the operation of a grid-connected inverter.

4.6. Experimental validation

This section presents experimental validations of the proposed SMC. The experimental test

bench consists in a PV module emulator Agilent E4360A, a boost DC/DC converter, an

electronic load Kepco BOP72-14MG, a DSP device with a MCP4822 DAC (Digital-to-Analog

Converter) to implement the P&O as in [56], and a circuit based on operational ampli�ers

and a TS555 to implement the Hysteresis comparators. The TS555 and all OpAmps (rail-

to-rail TLC2272 & OPA2350) are unipolar 5-V powered. The structure of the experimental

platform is presented in Fig. 4-12, where the PV module emulator is programmed to perform

the irradiance variations presented in Section 4.5.

The DSP executes the previously designed MPPT and it gives the Yref parameter to the

controller. For practical implementation, the surface 	Y is mathematically adjusted to avoid

the analog division iL
vP V

: the solution adopted consists in computing the multiplication of vPV
with the reference given by the MPPT algorithm and constrained by the derivative limiter.

The result of this operation is converted to an analog value using the MCP4822 DAC and

injected to a circuit based on operational ampli�ers, which performs the control action by

means of the TS555 device. This implementation gives the advantage of computing the high
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Figure 4-11.: Simulation of the PV system with a single stage grid-connected inverter.
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frequency signals by means of analog circuits and the low frequency signals in a digital form.

In addition, the iPV variable is generated by removing the switching ripple from the input

current iL with a Sallen-Key �lter; this avoids the use of an additional current sensor to

sense the PV current, it reducing the cost of the system. The laboratory setup is presented

in Fig. 4-13, which shows the real components used in the experiments.
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Figure 4-13.: Laboratory setup.

The proposed SMC and MPPT algorithm were validated by reproducing the simulation

tests presented in Section 4.5 using the experimental platform of Fig. 4-13. In that way, Fig.

4-14 shows the experimental behavior of the PV system in presence of step-like perturba-

tions injected to the reference Yref , similar to the simulations presented in Fig. 4-7. This

test veri�es the requirement of the derivative limiter to ensure the system operation insi-

de the sliding hysteresis band. Moreover, the experimental tests validate the mathematical

expressions proposed in Section 4.2.

Two additional experiments were made to validate the performance of the proposed cascade

admittance-based MPPT algorithm connected to the SMC. In both tests the electronic load

was con�gured to impose a 100 Hz oscillation at the output port of the DC/DC converter

to emulate a disturbance of 34.5 % generated by a grid-connected inverter. The �rst test

is presented in Fig. 4-15, which considers the PV module irradiated at a constant value

S = 500 W=m2, where the P&O exhibits a stable 3-point pro�le in presence of the load

voltage perturbations, which demonstrates the satisfactory performance of the proposed

design procedure.

In the second case, the PV emulator is con�gured to perform the irradiance transient si-

mulated in Fig. 4-8. That experiment presented in Fig. 4-16, where the P&O accurately

tracks the new MPP in presence of the load voltage perturbations, which veri�es again the

satisfactory performance of the design procedure.

Finally, the experimental results presented in this section validate the correctness of the SMC

performance in agreement with the requirements of the admittance-based MPPT algorithm.
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